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ABSTRA CT

This dissertation concentrates on the problem of intermediate view reconstruction, which is

de�ned asfollows: given few imagesof a scenecaptured by real cameras,reconstruct images

that would have been captured by virtual cameras. Our main goal in this dissertation is

to reconstruct intermediate views using two input imageswith a special focuson occlusion

areas. Occlusion areasare the areasthat are visible only in one of the input images.

We start the dissertation by identifying the main challengesin intermediate view re-

construction from two images,and then o�er novel solutions to each challenge. First, we

present in detail the popular pivoting-based view reconstruction that requires estimation

of a separatedisparity �eld for each view under reconstruction. After pointing out the de�-

cienciesof pivoting-basedapproach, asan alternativ e, we proposea new intermediate view

reconstruction method basedon B-spline approximation. The newapproach permits recon-

struction of multiple views from a single disparity �eld, a clear computational advantage.

It also assuresbetter robustnessto image noise,although is more sensitive to disparity es-

timation errors than the pivoting-basedmethod. However, most importantly , spline-based

reconstruction allows selective forward compensation of visible areasand, therefore, is of

importance in occlusion awareness. Next, we present a new simple occlusion area esti-

mation method and show its superior performanceover other low-complexity algorithms.

The knowledgewhere occlusionsoccur in an image is a valuable pieceof information since

vi



disparity cannot be reliably estimated there and needsto be inferred in a di�eren t man-

ner. In view of this, we present a novel approach to disparity recovery in occlusion areas,

namely the image-driven disparity inpainting. We further embed this idea into a varia-

tional formulation, and propose occlusion-aware optical 
o w (disparit y) estimation that

jointly computes disparity vectors, implicitly detects occlusionsand extrapolates dispari-

ties in occlusion areas. Combining all of these proposedmethods in view reconstruction,

we reconstruct realistic and improved intermediate views especially in occlusion areas. Fi-

nally, we focus on using multiple images, instead of two images, in view reconstruction

to improve the pivoting-basedapproach. Speci�cally , we proposeanother occlusion-aware

pivoting-based disparity estimation formulation, which adaptively estimates disparity by

using di�eren t pairs of input images. The reconstruction using multiple images shows

signi�cant improvements over pivoting-basedreconstruction that usestwo imagesonly.

Intermediate view reconstruction has many applications, especially in the area of 3D

displays and communication. One of the most important applications is that it can be used

to reconstruct additional views from stereopairs, so that any stereopair can be displayed

on emerging automultiscopic displays that require many views of a sceneas input. It

is in this context that we demonstrate applications of the proposedmethods in di�eren t

areas. First, in a biomedical application, the proposedview reconstruction algorithm is

embeddedinto a neuromuscular training systemthat utilizes automultiscopic 3D displays.

Second,the proposedview reconstruction method is applied to monoscopicvideo sequences

to increaseframe rate and, therefore, enhancelow frame-rate videos captured by mobile

phones. Third, the proposedocclusion-aware optical 
o w method is used to solve a real-

world problem of NASA, namely the recovery of a missingcolor component in stereoimages.

Finally, disparity estimation in a multiview video codec that usesview reconstruction is

shown to bene�t from our methods.
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Chapter 1

In tro duction

This dissertation concentrates on the problem of intermediate view reconstruction, which

is de�ned as follows: given few imagesof a scenecaptured by real cameras,reconstruct

imagesthat would have been captured by virtual cameras. The problem is illustrated in

Fig. 1�1. We would like to reconstruct an image from the virtual cameraby using images

captured by cameras#1 and #2.

Camera #1 Virtual camera Camera #2

Figure 1�1: Illustration of intermediate view reconstruction; reconstruct
virtual cameraimage from imagescaptured by cameras#1 and #2.

The problem is of interest for it �nds various applications, among others in 3D display

systemssuch as the emerging eyewear-free multiview 3D displays. Such displays are de-

signedto project multiple viewsof a scenethat are not always available. Intermediate view

reconstruction can be usedto generatethe additional views by using few captured images,

thus enabling multiview displays even when very few camerasare usedto capture a scene.

Our focusin intermediate view reconstruction is on the impact of occlusions. Occlusions

occur when certain image areasare visible in some imagesonly. For example, a part of

the scenemay be visible in camera#1 but not visible in camera#2. Occlusion areaspose

signi�cant challengesin view reconstruction as will be discussedin this dissertation.

This chapter contains a general intro duction to the problem and motivation for this

dissertation. First, it discussesthe evolution of image and display technologies. This is

1
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followed by an overview of bene�ts of 3D systems and di�culties involved in their de-

sign. Then, intermediate view reconstruction is discussedin more detail along with its

applications.

1.1 Evolution of displa y and image technologies

Thanks to the advancesin display technology and signal processing,nowadays we have

vast opportunities to make our lives easier using visualization tools. Visualization tools

�nd applications in wide rangeof areas,from entertainment to medicine, from surveillance

to communications. They fundamentally changedhow we live.

The �rst black and white still image was captured by Nic�ephoreNi�epce in 1816. Early

black and white photosachievedhigh quality over the years,and werelater enhancedby the

addition of color. To people'sfascination, still pictures were followed by moving pictures.

The twentieth century witnessedan impressive use of images. Television is invented

by using communication technologiesthat allowed to transmit pictures. Then, the digital

era slowly started to replace analog devicesof the imaging technologies. Digital cameras

changedthe way imagesare captured. In the last twenty years,the picture quality reached

an impressive level. High-de�nition television, for example,with its 1920� 1080resolution,

amazesaudiences.

Unfortunately, there is still a missing piecein current imaging technologies: the appre-

ciation of depth. Adding the depth to the state-of-the-art visualization tools will enhance

the quality and o�er a more realistic experienceto the viewer. Flight/battle�eld simula-

tors, �elds of medicine and entertainment are among those to bene�t from this realistic

experience.

Humans perceive depth thanks to the coordination of their eyes and brain. Since the

eyesare separatedby a about 2.5 inches,they perceive the scenefrom two slightly di�eren t

angles. Theseimagesare then fusedby the brain to perceive depth. This is the basic idea

behind the stereoscopicvision. Stereoscopicimagesare captured by two adjacent cameras

mimicking the way humans seethe world. The basicsof stereoscopy and its applications
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(a)

(b)

(c)

Figure 1�2: (a) Diagram of Wheatstone's stereoscope from his pa-
per in 1838. Mirrors A and A0 are used to shows di�eren t images
to each eye (b) Wheatstone used hand drawings to demonstrate the
function of his stereoscopicdevice (c) Brewter-type stereoscopes (from
http://users.telenet.be/thomasweynants/stereoscope.html ).

will be discussedlater in this dissertation.

1.1.1 Early stereoscop y

It is actually very interesting that the work on three dimensional imageshad begun long

before photography was invented. It is noted that Leonardo da Vinci (1452-1519)studied

the perception of depth. His interest and appreciation for the third dimensioncan be found

in his notes written 500 yearsago. He writes \...the main objective of painting is to show

a raised body projecting from a plane surface. Whoever achievesthis surpassesall others

and should be considered most skilled within his profession." (Benyon, 1998).

However, the breakthrough happened in 1838 when British physicist Charles Wheat-

stone (1802-1875)invented the �rst stereoscopicviewer. Wheatstone explained the theory

of stereoscopicvision in his addressentitled \Phenomena of Binocular Vision" to the Royal

Scottish Society of Arts in June 1838 (Wheatstone, 1838). He constructed a stereoscopic

viewing deviceknowing that left and right eyesview the samescenefrom slightly di�eren t

angles. His deviceconsistedof two mirrors, shown with A0and A in Fig. 1�2.a (Wheatstone,

1838),and two planes,E and E 0, to attach the pictures for the left and right eyes. He used

hand drawings to demonstrate the device (Fig. 1�2.b).
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Following Wheatstone, David Brewster (1781-1868)made signi�cant contributions to

the �eld of stereoscopy. In 1849, he proposedhis own stereoscope consisting of a pair of

half lensesand an opening to a slot wherethe pair of imagescould be mounted sideby side.

This newdesign,shown in Fig 1�2.c, wasmore compact than that of Wheatstone'sand later

becamea template for many subsequent stereoscopes. One year later, Brewster succeeded

in interesting the French optics company Soleil and Duboscq and the company started

manufacturing the device (Howard and Howard, 1995). Soleil and Duboscqexhibited the

stereoscope in London. QueenVictoria was very impressedby the device. Having caught

the attention of a noble, it easily drew the public's attention. As a result, within a three

months period, a quarter of a million stereoscopeswere sold in London and Paris.

More sophisticated methods to deliver the left and right imagesto each eye are pro-

posedin time. Early attempts were anaglyph glasseswhich are composedof red and cyan

colored lenses.Later, new devicessuch as shutter and polarized glasseswere proposedto

deliver a better quality. Recent systemseven eliminated the need for eyewear by using

lenticular sheetsor parallax barriers. We will present a detailed analysis of technology for

3D visualization in Section 2.4. Let us �rst outline the bene�ts of using 3D visualization

in various �elds.

1.2 Bene�ts and applications of stereoscopic displa y technologies

Many applications canbene�t from stereoscopicvision becausethe depth cuesin 2D images

and videos(called `monocular depth cues', to be discussedin Section2.1.1) are not enough

to fully perceive depth. Even worse, they may be misleading; someof the popular optical

illusions are due to the incorrectly perceived depth cues. Through stereoscopicvision, we

can intro duce a realistic depth feeling to the display for the viewer.

Potential applications of stereoscopicvision in the �eld of medicinearenumerous. Stan-

dard displays in computer tomography and other radiology equipment can be replacedby

stereoscopicsystemswhich can create a more realistic experienceand can make diagno-

sis easier (Hubbold et al., 1997; Wang et al., 2004). As shown in ultrasound scan in
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(a) (b)

Figure 1�3: (a) An ultrasound scan(Property of Harvard University Med-
ical School) in 2D (left) and in 3D (right; anaglyph glassesrequired) (b) an
exercisebed for bedridden patients equipped with 3D displays.

Fig. 1�3.a, the 3D version on the right (anaglyph glassesrequired) delivers a more realistic

representation of data. Minimally-in vasive surgery, such asangioplasty or laparoscopy, can

also bene�t from stereoscopicvision. With the help from stereoscopicvision, doctors can

achieve a 3D experienceas if they were doing a full surgery (Salimpour et al., 1997; Salb

et al., 2000; Ellis et al., 2005). In neuromuscular research, virtual reality environment

created by 3D displays was shown to shorten balancerecovery time of bedridden patients

before they start walking again (Fig. 1�3.b). (Oddssonet al., 2006;Oddssonet al., 2007).

Stereoscopicvision can also be usedin remote guidance(Olson et al., 2003). One such

exampleis the recent missionof NASA to Mars (Bell I I I and et al., 2003a;Ince and Konrad,

2005b). The rovers Spirit and Opportunit y each carry a stereocamerawhich helps NASA

scientists navigate the roverspreciselywith the help of the depth information. Similar areas

for stereoscopicvision are mining and operations in radioactively-contaminated areasthat

are potentially dangerousto humans (Konrad, 2001).

Simulators, such as for 
igh t, driving etc. can be improved using stereoscopy (Ilgner

et al., 2004). The trainee will be more aware of the situation with an enhanceddisplay.

Businesseswill bene�t from stereoscopicdisplays, too. Companies can demonstrate

their products in life-size using 3D displays. Similarly, virtual visits of homes, vacation

sites can be made possible(Konrad, 2001).
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One �nal application of stereoscopicvision is entertainment. Adding the third dimen-

sion to movies and computer gameswill add realism and be more pleasing to audiences.

IMAX TM , and more recently Real-DTM , movie theaters are well-known for such an experi-

ence. Overcoming hardware and software problems, 3D TVs can replaceordinary TVs in

the future (Lipton, 1994;Matusik and P�ster, 2004).

1.3 Is stereo really 3D?

Stereoscopicdevices, as described earlier, can be used for many applications, however,

there is a crucial question: are stereoscopicdisplays really 3D displays?

Unfortunately, although thesedisplays can deliver the feeling of depth, this cannot be

considereda real 3D experience. The missing part is the abilit y to modify the perspective

on the screenwhen viewer changeshis/her position.

In real life, when looking at an object, if we move our heads,we can seearound the

object. This is called the l̀ook-around feeling'. Therefore, a realistic 3D device must be

able to changethe perspective if the viewer changesposition. This is possible,for example,

in volumetric displays becausethey createactual bright points in 3D spaceand the viewer

is able to seedi�eren t perspective by changing his/her position. However, in projected

(planar) 3D devices, this is not directly possible, becausein such devices, left and right

views of the sceneare painted on a 
at screenand proper images are delivered to each

eye by means of glassesor other devices. Therefore, when the viewer changesposition,

new imageswhich will create the correct perspective must be painted on the screen.This

inevitably brings the need for multiple imagesof the scenethat are captured at di�eren t

viewpoints as shown in Fig. 1�4.a.

Newly-emerging 3D displays solved the problem of changing perspective with respect

to the position of the viewer. While someof thesedisplays track the viewer either with a

head-tracking deviceworn by the viewer or by camerasthat capture the eyesof the viewer,

others, such as displays with lenticular sheets,even removed this tracking requirement.

Thesenew displays brought us onestep closerto a realistic and comfortable 3D experience.
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C3 C4 C5C2C1 CN-1CN

(a)

PL PRPVPV2

(b)

C2C1 CV

Left 
Eye

Right 
Eye
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Figure 1�4: (a) Multiple imagesare required for a realistic 3D experience
(b) Problem of intermediate view reconstruction. Given the images cap-
tured at positions PL and PR , is it possibleto reconstruct the view at vir-
tual position PV ? (c) Parallax on the screencan be adjusted by generating
a new view for the virtual cameraCV .

However, the needfor multiple imagespersists.

1.4 Elemen ts of realistic and non-fatiguing 3D exp erience

Having distinguished stereoand 3D, we can concludethat there are two essential elements

of a high-quality 3D experience.

Lo ok-around feeling: When observinga static scene,if the observer changesposition,

the objects in the scenedisplacewith di�eren t amounts; an e�ect called motion parallax.

Therefore, the realism of a 3D system is only possible if the display can deliver motion

parallax. Motion parallax, in turn, results in look-around feeling, which is the abilit y to

seea changing perspective asthe viewer changesposition asmentioned in previous section.

In order to deliver motion parallax, a 3D systemshould have many imagesof the scene

captured at multiple positions asshown in Fig. 1�4.a. Although displaying multiple images

is possibleby state-of-the-art technologies,generating multiple views of the samesceneis

still a problem.

Non-fatiguing viewing: Stereoscopicimages/videosare captured by mimicking the

human anatomy. Two identical cameras are positioned next to each other, similar to

human eyes, and then the images from each camera (one for the left, one for the right
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eye) are delivered to the viewer separately, e.g., glasses,lenticular sheets. However, the

distancebetweenthe camerasis vital. If this distanceis larger than the viewer's interocular

distance, viewer will have di�culties with fusion of the left and right images. On the other

hand, if it is smaller than viewer's interocular distance, the depth feeling will be subdued.

Since it is not possibleto shoot a movie for all possibleinterocular distances,the movies

are shot for the average interocular distance, which in turn results in an uncomfortable

experiencefor many people, for example children. The current technology, unfortunately,

doesnot allow viewer to adjust `3Dness'of the scene.

1.5 In termediate view reconstruction { remedy for 3D system issues

We mentioned two very important elements of a realistic 3D experiencein previoussection.

The �rst one is the abilit y to show multiple views depending on the position of the viewer.

This, of course, brings the need for many images of the sceneas shown in Fig. 1�4.a.

Using many camerasis the most trivial solution. However, this is not only an expensive

and bulky solution but also requires extra e�ort, for example, to calibrate the cameras.

Also, the number of cameraswill always be limited. It is not possible to shoot a scene

from every possibleviewpoint. For example, if the viewer wanted to seethe scenefrom a

position between C3 and C4 in Fig. 1�4.a, the system would not have the corresponding

data.

An alternativ eapproach to this problem canbeshooting the scenewith few cameras(for

example 2, 3 or 5) and then creating additional virtual views from the available images.

Such techniques are called intermediate view reconstruction (or view synthesis or view

interpolation or image-basedrendering ) and they constitute the main subject of this work.

For example, the sceneis captured by two camerasat positions PL and PR in Fig. 1�4.b.

The question is what would the scenelook like from the position of virtual camerasat PV

or PV 2?

By using intermediate view reconstruction, we can generatethe views for cameras2 to

N � 1 (Fig. 1�4.a) using only the imagesfrom camerasC1 and CN . This way, two cameras
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will be enoughto create the look-around feeling instead of a bulky rig with many cameras.

The abilit y to generate additional views with intermediate view reconstruction can

also be used to enhance the comfort of a viewer when watching a 3D movie (Konrad,

1999). As mentioned in the previous section, a 3D experiencewith optimal comfort can

only be possibleif the acquiring camerasare positioned exactly at the interocular distance

of the viewer. Intermediate view reconstruction can solve this problem by generating an

additional virtual video stream or an image that is most pleasing for the viewer as shown

in Fig. 1�4.c. The sceneis shot using camerasC1 and C2, but a new view can be generated

for the virtual cameraCV using the latter two.

As we elaborate on the background of an end-to-end 3D system in the next chapter,

we will demonstrate additional applications of view reconstruction in 3D systems. In fact,

view reconstruction has applications other than 3D systemsas well, for example, in movie

e�ects. Anyone who watched the movie The Matrix was amazed by the opening scene

where the character Trinit y jumps, time freezesand we seea full rotation of the camera

around Trinit y. This scenewasshot by more than 100cameras.Controlling and calibrating

100+ camerasis obviously a di�cult job. Intermediate view reconstruction can generate

this type of visual e�ects using a smaller number of cameras.

Intermediate view reconstruction can also be applied to a monocular sequence. For

monocular sequences,intermediate view reconstruction can be used to change the frame

rate by generating virtual frames between available ones. Intermediate views can also be

generatedin order to �ll the missing frames in a video sequence.View reconstruction for

monocular sequenceswill be discussedin Chapter 9.

View reconstruction is a challenging problem. Disparit y estimation, handling of occlu-

sion areas, formation of the intermediate view and intensity mismatches due to camera

imperfections are someof the main problems. Later in this dissertation we will examine

thesechallengesand o�er novel solutions to each of them.
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1.6 Outline of the dissertation

The outline of the dissertation is as follows:

Chapter 2 intro ducesthe main conceptsof stereovision, disparity being the most of

important of all. This chapter also describes components of a full end-to-end 3D system

including human depth perception, acquisition, display and transmission of 3D data. Fi-

nally, this chapter outlines how view reconstruction can be utilized in every stageof a 3D

system, therefore presents the motivation of this work.

Chapter 3 discussesprior work on intermediate view reconstruction. It starts by

summarizing the assumptionsand constraints of our work, then it categorizesthe previous

work with respect to the number of input imagesand e�ect of occlusionson each method

and �nally positions our work relative to other methods.

Chapter 4 is dedicated to one of the challenges;formation of intermediate view. It

proposesoverconstrainedspline-basedview reconstruction algorithm. Experimental results

comparethis method to the well-known pivoting-basedmethod on ground truth data and

prove its e�cacy . It alsodiscusseswhy this approach will bebene�cial in handling occlusion

areas.

Chapter 5 discussesthe problem of occlusionsfrom two perspectives. First, how to es-

timate occlusionareasand subsequently how to handle the occlusionareasonceestimated.

An occlusion estimation method is proposedto solve the �rst problem. Next, a disparity

handling method, image-driven disparity inpainting, basedon anisotropic di�usion is pro-

posedto solve the secondproblem. Finally, this chapter elaborates on the interrelation of

occlusionsand disparity, and how thesetwo problems can (and should) be solved jointly .

Chapter 6 is dedicated to disparity estimation. It starts by intro ducing optical 
o w

and then proposesan occlusion-aware optical 
o w-baseddisparity estimation method. The

proposedformulation jointly computesdisparity, estimatesocclusionareasand extrapolates

disparity in occlusion areas. Experimental results show the superior performance of the

method comparedto state-of-the-art methods.
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Chapter 7 combines all methods presented so far to create occlusion-aware spline-

basedview reconstruction. Experimental results demonstrate its e�cacy especially in oc-

clusion areas.

Chapter 8 focuseson extending the pivoting-basedmethod to multiple images. The

original pivoting-basedmethod, which usesonly two images,is unable to handle occlusions

properly. Consideringthis problem, a newpivoting-basedmethod that usesmultiple images

is proposed. Multiple imagesare essential to estimate and handle the occlusionareas. The

proposedvariational formulation adaptively usesdi�eren t pairs of input imagesto estimate

a disparity �eld and subsequently to reconstruct an intermediate view. Experimental

resultsof proposedmethod show that the reconstruction quality in occlusionareasimproves

signi�cantly .

Chapter 9 presents several applications of methods and ideas presented in this dis-

sertation to real-world problems. First, proposed view reconstruction algorithm is used

in health care as part of a special exercisebed for bedridden patients. Second,the view

reconstruction algorithm is applied to monoscopicvideo sequencesto improve the quality

of videos captured by mobile phones. Third, a problem faced by NASA during Mars mis-

sion is solved by using proposedoptical 
o w and view reconstruction algorithm. Finally,

a block-baseddepth estimation algorithm is improved by using spatial regularization and

usedin a multiview video codec as a predictor.

Chapter 10 discussescontributions of this dissertation, drawsconclusionsand presents

possibledirections for future work.



Chapter 2

3D system design background

This chapter intro ducessystem design issuesof an end-to-end 3D system namely, percep-

tion, acquisition, transmission and display of 3D data. We will �rst discusshow humans

perceive depth, and then we will present how stereoscopicimages are acquired. Next,

transmission of multiple image/video streams will be discussed. Then, we will classify

the technologiesused to display stereo. Finally, we will present applications of interme-

diate view reconstruction (IVR) in each of these steps, therefore presenting a part of our

motivation for IVR.

2.1 Human perception: How do we perceiv e depth?

Depth is the relative distance of objects from the observer within a scene.Humans do not

require any special e�ort to perceive depth of a scene. This is automatically achieved by

the coordination of our eyesand brain. Our brain usesmany cuesto �nd the depth of an

object. Thesecuescan be classi�ed as monocular and binocular depth cues.

2.1.1 Mono cular depth cues

Monocular depth cuesdo not require the use of two eyes and as the name implies, they

can be viewed with one eye only. We learn thesecuesstarting from our childhood. Major

monocular cuesare as follows:

1. In terp osition (o cclusion): The most important monocular cueis the interposition

of objects. If an object is blocking the view of another object, then it is obvious that

the occluded object is further away from the viewer while the occluding object is

12



13

closer to the viewer. Figure 2�1.a shows a simple example; gray object is closer to

the viewer.

2. Geometric persp ectiv e: Objects appear to be getting smaller as they get further

away from the viewer. This e�ect is called geometric perspective (Franich, 1996).

For example, the distance of points to the camera increasesfrom A to B to C in

Fig. 2�1.b.

3. Ligh t and shading: Artists often use the lighting and shading in their works to

emphasizedepth. Shadows give an idea about the shape of objects and help us

estimate the relative positions of points. Figure 2�1.c shows this e�ect (Lipton, 1991).

4. Motion parallax : This particular depth cuecanbenoticed during continuousmove-

ment of observer. In a static sceneas the observer moveshis/her head depending on

the distanceof objects from the observer, objects displaceat di�eren t amounts. This

e�ect can easily be noticed when traveling in a car. As the car moves, hills in the

landscape move very slowly, while the tra�c signson the road passby very quickly

(Lipton, 1991).

5. Relativ e size: Another monocular depth cue is the relatives size of objects in the

scene.Sinceour brain has a general idea about the sizesof objects in the world, we

know that objects that appear larger are generally closer to us. Therefore, if two

objects are known to have similar sizesand oneof them is seenbigger than the other,

then we know that the bigger one is closer to us. The houseon the left in Fig. 2�1.d

is closer to the viewer. This cue is very similar to `geometricperspective' cue.

6. Textual gradien t: Textual gradient depth cue is de�ned as the gradual change in

the appearanceof the object texture from coarseto �ne (Lipton, 1991). The objects

whosetexture is more distinct appear closer. The object in the lower sideof Fig. 2�1.e

appear closerbecauseof the textual gradient and geometric perspective.

7. Aerial persp ectiv e: The blurring of distant objects in the scenebecauseof haze
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(a) Interposition

A

C

B

(b) Perspective

(c) Light and shade(Lipton, 1991) (d) Relative size

(e) Texture gradient (f ) Aerial perspective
(g) M.C. Escher's
\ Belvedere"(1958)

Figure 2�1: (a){(f ) Examples for monocular depth cues(g) Famousartist
Escher uses monocular cues to confuse the viewer. (M.C. Escher's
\Belvedere" c
 2007 The M.C. Escher Company - the Netherlands. All
rights reserved. Used by permission. www.mcescher.com).

and scattering of light in the atmosphereis due to the aerial perspective. The objects

in Fig. 2�1.f have the samesizesbut the blurry one seemsto be more distant.

The drawings of famousartist and mathematician Escher are best known to exploit the

monocular depth cuesto confusethe viewer (Franich, 1996). One such example(Belvedere,

1958) is shown in Fig. 2�1.g.

2.1.2 Bino cular depth cues

Binocular depth cues,unlike monocular ones,are perceived by two eyes. Sincehuman eyes

are positioned about 2.5 inchesapart, projections of a sceneonto retinas of eyesare slightly

di�eren t. The brain fusesthese two di�eren t images to perceive the depth of the scene.

This is often referred to as binocular stereopsis.

In order to understand this e�ect, onecan do this easyexperiment: While looking at a
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Figure 2�2: Two commonly usedstereoacquiring con�gurations.

stationary scene,closeand open oneeye at a time. It is easyto notice the di�erences when

looking with left or right eye. The main di�erence betweenboth eyes' perceptions is that

positions of objects are di�eren t. This displacement between projections of the same3D

point in left and right imagesis called disparity , a very important concept in stereovision.

The brain usesdisparity information in order to �nd depth.

The disparity is larger for objects that are closerto the viewer, in other words, disparity

is inverselyproportional to depth. One can do the previousexperiment to observe this fact,

too. Put your thumb about 5 inchesaway from your eyes. While looking at a distant object,

closeand open one eye at a time. It is easy to notice that your thumb `moves' quite a

bit, while the distant object `moves' very little. As mentioned before, disparity is a very

important conceptin stereovision becauseit givesthe depth information of an imagepoint.

This will be elaborated upon when we discusscamerastructures next.

2.2 Acquisition: Camera mo dels

2.2.1 Pinhole camera mo del

Before discussingmultiple-camera setups, we would like to �rst intro duce pinhole cam-

era model, the simplest camera model. Although very simple, this model describes the

geometry and optics of most modern camerasquite accurately (Faugeras,1993).

Acquisition of an imageusing a pinhole cameramodel is illustrated in Fig. 2�2.a. Light

rays departing the scenepassthrough a small hole, C, called the center of projection or

optical center, which resideson the focal plane, F , and fall onto the projection plane R to
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form an inverted image. The distance between planes F and R is called the focal length

and denotedby f . The focal length controls the sizeof the projection of the object. This is

why a 100mm lens has more zooming properties than a 35mm lens. Equations describing

projection of a point onto image plane are derived in Appendix A. We would like to refer

the reader to a book by Faugeras(Faugeras, 1993) for an extensive analysis of camera

models.

As we mentioned, stereo imagesare captured by two identical camerasmimicking the

human anatomy. There are two primary cameracon�gurations usedin stereoscopicvision.

The parallel camera con�gur ation is composedof two cameraswith parallel optical axes

(Fig. 2�2.b). This con�guration is often used becauseof the simplicit y of its mathemat-

ical derivations. The secondcon�guration is toed-in or converging camera con�gur ation

(Fig. 2�2.c). In this con�guration, camerasare rotated towards each other by a small

angle, so that the optical axesof the camerasconvergeat somepoint other than in�nit y.

2.2.2 Parallel cameras

Parallel cameras have parallel optical axes which intersect at in�nit y. The horizontal

distance betweenthe optical centers of the two camerasis de�ned as the baseline distance

(denoted by b in Fig. 2�2.b). Consider the point X in 3D world with coordinates (X ; Y; Z )

and its projections xL and xR on image sensorsof the left and right cameras. Assuming

that two identical cameraswith identical zoom settings are used,let the focal length of the

camerasbe f . Disparit y d is then de�ned as

d = xL � xR =

2

4
� f b

f � Z

0

3

5 : (2.1)

A detailed derivation for xL ; xR and d can be found in Appendix A. The disparity vector

indicates that there is no vertical shift betweenthe images,the most important property of

parallel cameras.The Z component, which is the depth of the point X , can be computed
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using similarit y of triangles (X ; xL ; xR ) and (X ; CL ; CR ) in Fig. 2�2.a as follows:

Z = f
b+ d

d
: (2.2)

The advantage of this setup is that the geometric relations governing parallel cameras

are simple. Moreover, the vertical component of disparity is always zero. This property is

very valuable for computational simplicit y of disparity estimation; homologouspoints must

lie on the sameimage scanline. On the other hand, one of the disadvantagesof this setup

is that since the optical axesof the camerasare parallel to each other, they will converge

at in�nit y, therefore there are not going to be any points in the imageswhosedisparity is

zero. Due to this, stereo imagescaptured by the parallel camera setup can demonstrate

excessive disparities, especially for closer objects. Viewing of such stereo imageswill not

be comfortable. Another problem is that for larger baselinesthe common �eld of view is

small. This creates problems for disparity estimation methods as these methods match

points in one image with points in the other image.

2.2.3 Toed-in cameras

The projection of a 3D point in a toed-in camera setup is more complicated than in the

parallel camerascase. A full derivation can be found in Appendix A. There is an inter-

esting geometrical concept for toed-in cameras. A 3D point that lies on the circle called

Vieth-M •uller circle (Franich, 1996), (Fig. 2�2.c) which passesthrough the optical centers

of camerasand the convergencepoint Pconv , has zero disparity after projection onto the

image planes.

The advantage of toed-in setup is that it creates positive and negative parallax in

captured images.Thereforethe absolutevalueof maximum or minimum disparity is usually

smaller than that of parallel cameras,which in turn leads to more comfortable viewing

experience. This can also be usedto createdesired3D e�ects e.g., object can be perceived

as `sticking' out of the 3D display. Moreover sincethe optical axesof camerasintersect at

a physical point, the common �eld of view is increasedcomparedto parallel cameras.On
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the other hand, the analysis of geometry is much more complicated than that of parallel

cameras. Another disadvantage is that this con�guration intro duces opposing keystone

distortions in the stereo pair. Keystone distortion can be described as a distortion that

projects a rectangular frame onto a trapezoid. Finally, disparity has a vertical component

and therefore must be represented by a two-dimensionalvector. This, in turn, brings extra

computational complexity into the disparity estimation methods.

A detailed comparisonof toed-in and parallel cameracon�gurations alongwith resulting

distortions can be found in the paper of Woods et al. (Woods et al., 1993). Subjective

evaluations of each setup can be found in the paper of IJsselsteijn et al. (IJsselsteijn et al.,

2000)

2.2.4 Camera arra ys

Recent computer graphics and vision applications extended two camera setups to many

cameras,usually called cameraarrays (Moravec, 1980;Wilburn et al., 2002;Matusik and

P�ster, 2004; Wilburn et al., 2005). The number of camerascan range from 8 up to 128

cameras. Impressive applications are createdusing thesesetups,however special hardware

is required to control and synchronize the cameras.The geometrical relationship between

pairs of cameras in an array can be derived by extending parallel camera setup after

including location of camerasin 3D space.

2.3 Comm unication: Data transfer for multiview displa ys

Transmissionof multiview data is another major obstaclein a 3D system. Although e�cien t

compressionmethods are available for a single video sequence,transmission of multiview

data is a new research area. The trade o� here is that increasing the number of cameras

improvesthe quality of 3D experienceat the expenseof increasedtransmissionbandwidth.

The trivial solution would be to compressmultiple video streamsindependently of each

other, however, sincethe redundancy betweenvideo sequencesis not exploited, this would

not be an e�cien t technique (Smolic and Kimata, 2003; Vetro et al., 2004). Considering
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Figure 2�3: General classi�cation of stereosystems.

this problem, there is currently an MPEG activit y to standardizecompressionof multiview

data. Possiblesolutions include reconstructing intermediate views (Kimata and Kitahara,

2004;Martinian et al., 2006a;Ince et al., 2007b) to increasecompressione�ciency (to be

discussedin Section 2.5) or exploiting advancedprediction orders in existing video coders

(Merkle et al., 2006).

2.4 Displa y: Classi�cation of 3D displa ys

Having discussedthe perception, acquisition, and, �nally , transmissionof stereoimages,let

us now explain how these imagesare presented to the viewer so that he/she can perceive

depth. There are many di�eren t types of 3D displays. We will present only a coarse

classi�cation. More detailed and di�eren t typesof classi�cations can be found in (Benton,

2001;Konrad and Halle, 2007)

As shown in Fig. 2�3, 3D displays can be divided into volumetric and non-volumetric

(pro jected or perceived) displays. Volumetric displays create actual bright points in a 3D

volume explicitly , thus mimicking a 3D structure. Two examplesof volumetric displays

are rotating screensand multiple semi transparent screens(Sullivan, 2005).

On the other hand, non-volumetric displays create the 3D perception by multiplexing

many images projected onto the same screen. Since the results of our work apply to

non-volumetric displays, we will concentrate on such displays from now on.

A non-volumetric 3D display can be either stereo (2 views) or multiview. The multi-

view displays deliver a more complete 3D experiencesince they are able to show di�eren t
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perspectives of the sceneas the viewer changeshis position. In real world, when we are

looking at a static object, if we move our headswe can seearound objects due to motion

parallax cue discussedearlier. This so-called`look around feeling' is possibleon a 3D dis-

play only if it can deliver multiple views. On the other hand, stereoscopicdisplays show

the scenefrom only a single viewpoint. If the viewer changeshis position, he/she always

seesthe sameimages,leading to the impressionthat the scenerotates, a clearly unrealistic

experience.

Sinceboth left and right imagesof the sceneare shown simultaneously on the screen,

a separation step is neededto deliver proper image to each eye. Many 3D systemssolve

this problem using glassesthat the viewer must wear.

There are many examplesof such glasses. Anaglyph glasseshave a red lens on the

left eye and a blue (sometimescyan) lens on the right eye. Anaglyph stereo imagesare

produced in such a way that two images,a red and blue image, are superimposedthrough

red and blue channels of a color image. Since anaglyph glasseshave colored lenses,the

left and right eyes seethe red and blue images respectively. Since two di�eren t images

are perceived by each eye, viewer can perceive depth. Anaglyphs o�er acceptablequality

for black and white images, however, a true color image is not possible since viewing is

through the colored glasses(McAllister, 1993).

Another example are polarization-multiplexed displays. In this setup, two views are

projected through light polarizersonto the screenby using two projectors. Thesesuperim-
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posedimagesare then separatedby polarized (circular or linear) glassesworn by the user

(Pastoor and W•opking, 1997). Alignment of the projectors is a challenge for this kind of

displays.

One �nal example is the time-multiplexed displays which exploit the fact that human

visual systemcan retain an image for sometime. The left and right views are sequentially

shown on the screenand lensesof liquid crystal shutter glassesopen and closein synchro-

nization with the displayed images. When the left view is displayed, the right lensoccludes

the right eye and vice versa. The operation of glassesis controlled by an infrared emitter

placed closeto the monitor or the glassesare directly connectedto the display (Pastoor

and W•opking, 1997).

Recently , researcherseliminated the necessity of eyewear. Examplesof systemswithout

eyewear include parallax barrier (Fig. 2�4.a) and lenticular sheet (Fig. 2�4.b). Parallax

barrier is a thin opaque material with a series of regularly-spaced vertical slits (Halle,

1997). Each slit acts as a window to the strip e of the image behind the parallax barrier.
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The visibilit y of a strip depends on the horizontal viewing angle. A stereoscopicimage

is displayed by interleaving columns of the two images. If the viewer is positioned at the

appropriate location, the left and right eyeswill seedi�eren t images,therefore depth will

be perceived.

The other type of monitors useslenticular sheets(sometimescalled lenssheetsor micro

lenses)which can be regardedasmany miniature lensesarrayed on a 
at sheet. This sheet

covers the surfaceof a 
at panel monitor. The screenand the lenticular sheetare precisely

aligned so that at a speci�c position of the viewer, the left and right views are properly

delivered to the viewer's eyesas a result of di�raction of light.

As we said, a multiview display can deliver di�eren t perspective if the viewer changes

position. Somesystemsusea tracking device to track the position of the viewer and they

are called active systems. This type of systemsincludes wearing a head tracker or using

softwarethat tracks the eyesof the viewer. As the position of the viewer changes,the system

adjusts to the new position by either painting new imageson the screenor sometimeseven

by changing the physical structure of the display. On the other hand, passive systemsdo

not track the position of the viewer. They accommodate the change in the position of

the viewer by displaying di�eren t views at di�eren t positions simultaneously. Obviously,

active systemscannot be used by two viewers at the sametime since the system cannot

adjust two di�eren t positions at the sametime. Passive systems,such as lenticular sheets,

let many viewers use the same screene�ortlessly, but with reduced spatial or temporal

resolution due to the view multiplexing. However, the availabilit y of very high resolution

displays remedy this problem.

After giving information about several di�eren t typesof 3D systems,we show a classi-

�cation in Fig. 2�5.

2.5 Applications of IVR in an end-to-end 3D system

Having discussedthe individual components of a 3D system, let us now summarize the

applications of IVR in a 3D system. As mentioned in Chapter 1, IVR can be used in all
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stepsof an end-to-end 3D system.

Acquisition and perception stages: As mentioned in the previous chapter, the

comfort of the viewer is highly dependent on the amount of parallax, therefore, the distance

between cameras. Intermediate view reconstruction can be used to virtually adjust the

distance betweencamerasso that a viewer �nds the most comfortable position, as shown

in Fig. 1�4.c. It is possibleto consider this as a `3Dness'knob much like the volume knob

found on TV sets (Konrad, 2001).

Comm unication stage: The goal of video compressionis to eliminate redundancy, by

predicting the current data from previously-transmitted data. Therefore, high-quality ref-

erencesare neededto e�ectiv ely eliminate the redundancy. Intermediate view reconstruc-

tion can be usedto generateadditional referencepictures by using available cameras.For

example, in Fig. 1�4.a, camerasC1 and C3 can be used to create an additional reference

for C2 to increasecompressione�ciency .

Similar to display stage, it is also possibleto reduce the number of camerasby using

view reconstruction. It may be possiblenot to transmit any data regarding C2 in Fig. 1�4.a

and save signi�cant amount of bandwidth. C2, then, can be reconstructed in the decoder

side by using C1 and C3.

Displa y stage: As pointed out in the classi�cation of 3D displays, current technology

eliminated the needfor glasses.However, thesedisplays require many imagesof the scene

(usually around 10 individual images). One approach to solve this problem is to usecamera

arrays, however this may be an expensive solution. Intermediate view reconstruction can

generatemultiple views using a small number (2-3) of cameras.

Similarly, it is possibleto migrate vast amount of historical stereo imagesto new mul-

tiview 3D displays by generating additional views for theseimages.

Finally, intermediate view reconstruction can o�er a scalable 3D broadcast. If the

number of camerasin the acquisition step is not equal to the number of required input

imagesof 3D display on the receiver side, then additional views can be generatedon the

receiver side so that requirements of the display are satis�ed. This, of course, brings a



24

computational load to the decoder but as the processingpower increases,this would be

lessof a concern.

2.6 Conclusions

In this chapter, we presented basicsof an end-to-end 3D system,an exampleof which can

be found in (Matusik and P�ster, 2004). After describing required steps and challenges

in such a system, we outlined many applications of view reconstruction to solve these

problems. It is clear that view reconstruction can improve 3D systemsand enhancethe

viewer experience.



Chapter 3

In termediate view reconstruction: state-of-the-art

and challenges

This chapter reviewsthe prior work on intermediate view reconstruction. However, it �rst

starts by stating assumptionsand envisioned applications of our work so that it will help

us position our work with respect to prior art.

Computer graphics, computer vision and imageprocessingcommunities have proposed

many solutions to IVR to date. We will give a classi�cation of past methods depending

on their requirements vis-a-vis the number of input imagesand their needto know camera

geometry. We will point out the occlusion-awarenessof algorithms as well. The chal-

lengesin view reconstruction, which are going to be elaborated upon in more detail in the

subsequent chapters, will be brie
y intro duced.

3.1 Applications and constrain ts of this work

Considering the emergenceof automultiscopic (i.e., multiview, eyewear-free) displays, our

work envisions the following applications:

� Migrating available stereo imagesto multiview displays. Similarly extending readily

available stereoacquisition setups to multiview displays.

� Content generation for multiview displays using small number of cameras.

� Applications where using a large number of camerasis unrealistic such as medical

applications or spaceexploration.

The constraints and assumptionsin this work will be as follows:

25
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Figure 3�1: A schematic illustration of occlusions. (a) Images of a 3D
sceneare captured at four di�eren t locations generating four imagesI 1 to
I 4 shown in (b)-(e). The gray object gradually occludes the text from I 1

(�rst image) toward I 4 (last image). The intermediate images I 2 and I 3

show the partial occlusion of text.

� We will mainly focus on using two input images. There must be at least two input

imagesfor a stereo application. If the proposedapproaches can successfullyhandle

two input images, extension of algorithms to multiple cameras will be trivial by

choosing any pair of images. However, for the sake of completeness,we will focus on

multiple imagesin Chapter 8 as well.

� We will assumethat the images are captured by small/medium-baseline cameras

which corresponds to 6-7 times of interocular distance. Larger baselinedistancesare

not suitable for multiview displays sincehumans cannot fuse such images.

� We will be 
exible on camerageometry restrictions. Most methods can work solely

on parallel camerastructure which is hard to achieve. Methods proposedin this work

will allow 
exible camerageometry. However, the generatedviews will be on a line

connecting the focal points of the real cameras,again due to the speci�c application

of multiview displays.

� We will focuson imagescaptured by uncalibrated cameras.The reasonis that stereo

imagesusually do not have the required calibration data. Related to this, we will
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Figure 3�2: A rough classi�cation of view reconstruction algorithms based
on the requirements of number of imagesrequired, geometric information
and e�ect of occlusions. Required number of imagesdecreasesfrom top to
bottom.

not userecti�cation which practically intro ducesblur in the reconstructed images.

The main focus and e�ort in our work is to work with small number of imagesand to

focus on the occlusion areas. The occlusion e�ect is illustrated in Fig. 3�1. Assume that

imagesof a 3D scene,shown in Fig. 3�1.a, are captured at four di�eren t locations denoted

by arrows in the image. Sincethe gray object is closer to the camera, it will have a larger

disparity valuethan the text in the background. Therefore,asthe gray object in I 1 displaces

between images and it will gradually occlude the text. In I 4 the texture is completely

occluded while intermediate views demonstrate partial occlusion. The reconstruction in

occlusion areasis particularly di�cult as will be explained in subsequent chapter. Now let

us review prior work in the area.
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3.2 Prior work on view reconstruction

Intermediate view reconstruction (or imagebasedrendering) is basically creating an image

at a speci�c position at a speci�c time. Adelson and Bergen (Adelson and Bergen, 1991)

formulated all possibleimagesby the so-calledplenoptic function that recordsall light rays

at every possible3D location (Vx ; Vy ; Vz) that is looking towards every possibledirection

(� ; � ) at every time t for every wavelength � . Considering this seven-dimensionalfunction,

P(Vx ; Vy ; Vz; � ; �; �; t), generating new imagesmeanssimply sampling this function. How-

ever, due to its many dimensions and complexity, capturing a full plenoptic function is

di�cult, if not impossible. Researchers usually make assumptionsto reducethe dimension

of function P. For example, if we consider a static scene(i.e., �xed time) and assume

grayscale images(i.e., �xed wavelength), the number of dimensions immediately reduces

to �v e. It is possibleto classify prior work depending on the number of dimensionsof the

plenoptic functions used as in the paper by Zhang and Chen (Zhang and Chen, 2004).

However we would like to classify the methods depending on their need for geometry in-

formation (similar to (Shum et al., 2003)) and, more importantly , the number of required

input images. This will also help us analyze the methods from the occlusion-awareness

point of view.

A coarseclassi�cation is shown in Fig. 3�2. The number of input imagesrequired by

the methods decreasesfrom top to bottom.

Category #1: Metho ds that rely on oversampling: The �rst type of methods

such as light�eld rendering (Levoy and Hanrahan, 1996) and lumigraph (Gortler et al.,

1996) rely on oversampleddata of the scene.In both works researchers create a 4D repre-

sentation of the sceneusing many input images. The intermediate views are then created

simply by slicing (sampling) this 4D representation, i.e., 4D plenoptic function. The input

imagesare captured by regularly spacedcamerason a 2D array. The di�erence between

lumigraph and light �eld rendering is that lumigraph can useimagestaken from arbitrarily

placedcamerasby using special markersin the scene.However, theseimagesare eventually
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projected onto a regular array of images,a processcalled re-binning by the authors.

There are no assumptionsmadeabout scenegeometry, however if the number of images

is small, then artifacts are observed in the reconstructed images. Another problem is that

the illumination must be �xed and cannot changeduring acquisition. However, the main

disadvantage of this method is its needfor many input imagesas many as thousands.

Since the sceneis oversampled, the rendering processin both of these approaches is

independent of the geometry and simply blends input images. The presenceocclusionsis

not a problem because,thanks to oversampling, occlusionsbetween nearest camerasare

negligible and all texture in the sceneis visible in at least a few cameras.

A multiple camerasystemwasalsoproposedby Kanade et al. (Kanade et al., 1997) to

create intermediate views for dynamic scenes.The input imagesare acquired in a specially

built dome which consistsof 51 cameras. The main limitation of the method is its need

for a special acquisition step; a multi cameradome.

Category #2 : Metho ds that use undersampled data sets with available

geometric information: Given the geometry of a scene, it is possible to reduce the

number of imagesneeded. Such a method was proposedby McMillan (McMillan, 1997).

If the depth (equivalent to disparity) of the input imagesis readily available, it is possible

to project pixels of the original imagesto a new viewpoint and reconstruct a new image.

Obviously, it is not guaranteed that all pixels in the new image will be visible in the input

images. Therefore,occlusionsshould be handled in someway. However, sincethe geometry

of the sceneis known, at least locations of occlusionsare known.

In another approach, called view-dependent texture mapping, given scenegeometry

and scenetexture, it is possible to render new images. Debevec et al. (Debevec et al.,

1998) proposedsuch a method that �rst createsa 3D model of the sceneand then maps

the texture onto this model. Camera geometry and camera locations are assumedto be

known. The results of the method are shown for aerial pictures where objects have well-

de�ned geometric shapes(e.g., buildings), however arbitrary objects may posedi�culties.

For example, only the buildings are modeled while smaller objects such as trees are not
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consideredin the 3D model.

Similarly, Buehler et al. (Buehler et al., 2001) proposeda method, called unstructured

lumigraph rendering, which is a generalization of someimage basedrendering algorithms.

The method becomesa lumigraph-style approach in one extremity (lack of geometry with

many input images)while it behaveslikeview-dependent texture mapping (small number of

input imageswith scenegeometry). The advantage of the method is its abilit y to generate

a virtual view when presented with di�eren t number of input imagesand camerageometry.

Another method, which usessmall number of cameras,was proposedby Matusik et al.

(Matusik et al., 2001) to recover a 3D shape of an object by computing a visual hull. A

visual hull is the intersection of projections of object boundaries. Due to the nature of

projections, visual hull cannot contain any concavities, which is a major limitation. Also,

object boundaries are extracted using segmentation methods which are prone to errors.

Theseerrors are visible around object boundaries.

As we said, in thesemethods occlusionsare a problem to a degreebecausethey must be

handled carefully. However, thanks to the known geometric information, at least occlusion

areascan be detected in advance.

Category #3: Metho ds that use heavily undersampled data sets with un-

kno wn geometry: In the �nal category that we are considering are the methods that

have no accessto the scenegeometry and work on a small number (2-3) of input images.

Therefore, they useheavily-undersampled data sets. Most of thesemethods do not useany

camera calibration information either. These methods implicitly compute the geometry

(usually from disparity) of the sceneeither using correspondencematching or projective

geometry. The work presented in this dissertation is closestto this type of methods.

Thesemethods can be categorizedbasedon two criteria. The �rst criterion is whether

thesemethods compute disparity by using backward- or forward-projection. In backward-

projection, disparity and intensity of each pixel of the intermediate view are estimated

by pivoting on the unknown intermediate image and by back-projecting this pixel onto

the known imagesto extract disparity and intensity information. In the complementary,
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forward-projection approach, the disparity is estimated on the known input images and

then intensities of input imagesare projected onto the intermediate view to reconstruct

the intermediate view. Thesetwo approacheswill be discussedin detail in Chapter 4.

Here, we would like to classify the methods basedon a secondcriterion: the type of

disparity method usedto infer the geometry of the scene.

Projective geometry-based methods: Two examplesthat rely on projective geometryare

works of Seitz and Dyer (Seitz and Dyer, 1996) and Avidan and Shashua (Avidan and

Shashua, 1997). Seitz and Dyer proposeda view morphing algorithm to generatea morph-

ing between two available imageswhich can also be used to generateintermediate views.

The method is composedof three main steps: First, original imagesare recti�ed and then

two intermediate views are reconstructedusing projective geometry, which is computed us-

ing feature points. The �nal intermediate view is generatedby blending thesetwo images

using weighted averaging. The third and �nal step is to inverse-rectify the reconstructed

image into the desiredviewpoint. Although being an e�ectiv e method, it su�ers from the

low-pass�ltering e�ect of the recti�cation steps. Moreover, since occlusion areasare not

handled explicitly , theseareasdemonstrate a `ghosting' e�ect during transition. Exposed

areasin the intermediate view are �lled using texture synthesis; an implicit property of the

method. However, e�cacy of texture synthesis is limited.

Avidan and Shashua (Avidan and Shashua, 1997) utilized tensor spaces to create in-

termediate views. Point correspondencesbetween input images are used to compute a

trilinear tensor, which can be consideredas a mapping from referenceimagesto the new

image. Then, this tensor and optical 
o w information between available imagesare used

to generatevirtual views. Occlusionsare noted as one of the major problems by authors

as the method is unaware of the visibilit y of points.

Scharstein (Scharstein, 1996) combined recti�cation with disparity estimation to han-

dle occlusions. The method computes a disparity �eld between input images and then

creates two intermediate views at the same position by forward mapping (i.e. disparity

compensating the imagesusing disparity vectors) both the left and the right images. The
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pixel positions are rounded to nearest integer, a processwhich degradesquality of images.

Newly-exposedareasare �lled by using either texture of one of the framesor texture syn-

thesisalgorithms. Occlusions,which the author calls overde�ned points i.e., more than two

points in the original image falling on the samelocation in the intermediate view, are han-

dled by ordering the depth of points. This method being simple, su�ers from the forward

mapping part. Filling the holes using texture synthesis is problematic for reconstructed

views, especially in areaswith detail.

Optical 
ow (disparity) based methods: Actually , creating virtual views using the opti-

cal 
o w between input imagesdates back to the work of Chen and Williams (Chen and

Williams, 1993) where they proposeda method to generatemultiple view of a sceneusing

a few closelyspacedviewpoints. The idea wasto compute correspondencesbetweenimages

and create a viewpoint using these correspondences. Their method focusedon synthetic

images. Occlusionsare not e�ectiv ely handled as they use texture synthesis algorithm to

generateparts of the frame. This is the most similar method to the method that we envi-

sion. However, we are considering real imagesthat requires the extraction of both depth

and occlusion information.

Most recently , Zitnick et al. (Zitnic k et al., 2004) proposed a full system for view

synthesis of dynamic scenes.Their system is composedof 8 calibrated camerasplaced on

a line. The system �rst segments all imagesusing color information and then computes

the depth of the sceneusing 3 neighboring cameras. Original videos along with disparity

maps, boundariesof objects and matting information are all stored using a specially-built

multi-view encoder. The view generation is achieved in real-time.

Block-based methods: Block-basedtechniqueshave beenusedin the context of interme-

diate view reconstruction. However, their inherent assumption that all points in a block

should have the samedisparity doesnot always hold. Therefore, it is suggestedto change

the block sizewhen required. Mancini and Konrad (Mancini and Konrad, 1998) proposed

a quadtree block matching technique which �rst calculates the disparity values for larger

blocks and then reducesthe block sizeat possibleboundary locations. The reconstruction
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of intermediate view is achieved by pivoting-basedmethod which is discussedin Chapter

4. However, occlusionsare not addressedby Mancini and Konrad.

In another block-based approach, McVeigh et al. (McVeigh et al., 1996) explicitly

detect occlusion areasand handle them by assumingthat depth stays constant within the

neighborhood of occlusions. The equations used for formation of the intermediate view

indicate that they use full-pixel precision to avoid irregularly-spaced intensities, which is

the main limitation of the method.

Pivoting-based (back-projection-based) techniques use linear interpolation (weighted

averaging of intensities at endpoints of the disparity vector) methods which tend to result

in blurry intermediate views. Mansouri and Konrad (Mansouri and Konrad, 2000)proposed

a winner-take-all approach to overcomethis problem. In their approach, the intermediate

view is reconstructed by tilings from either left or right images. In other words, every

block in the intermediate view is equal to the corresponding disparity-compensatedblock in

either the left or the right image. Although this method decreasesblur in the reconstructed

image, it also intro ducesa \patc hiness" e�ect when left and right views have signi�cant

di�erences in intensities. Although using either left or right image hints a method of

handling occlusion areas(becauseocclusion areasare visible in either image), authors do

not addressocclusionsexplicitly .

Dynamic programming-based methods: Redert et al. (Redert et al., 1997) intro duce a

method which can reconstruct views at non intermediate positions. Their motivation is to

overcomethe restriction that �xes the new viewpoint betweenthe cameras.They compute

disparity �elds using dynamic programming. Then, they compute the intermediate view

at the center point betweenthe two cameras. For the rest of the algorithm, they use this

center view and a single disparity map D (either right-to-center or center-to-left). Image

rendering using this method alsosu�ers from problemslike in Scharstein's case.Occlusions

are handled via depth ordering of points, while newly-exposedareasare �lled in by linear

interpolation of available intensities, which can o�er only limited quality.

Feature-point-based method: Siu and Lau (Siu and Lau, 2005) proposean image regis-
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tration technique for view rendering. Their aim is to reducethe number of required images

for the matching step. Their method, similar to (Kardouchi and Konrad, 2003), �rst ex-

tracts feature points using the Harris operator and matches thesepoints between images.

Unlike our method, they usethree imagesto verify correspondences.This step is followed

by Delaunay triangulation and topological consistencychecks. Once a full disparity �eld

is computed, a virtual view is reconstructed. A de�ciency of this method, which can be

observed in their results, is the `ghostinge�ect' (blurring of the edges)in the reconstructed

imageswhich is especially signi�cant in textured areasthat are being occluded/exposed.

This is an indicator of unsuccessfulhandling of occlusion areas. Also, due to Delanuay

triangulation, areascloser to boundaries of the imagescannot be reconstructed properly.

Resulting imagesare cropped such that the boundariesof original imagesare excluded.

Multi-c amera methods: Utilizing more than two camerasfor view synthesis was also

proposed in the literature. The advantage is that occluded parts may be better de�ned

using additional views. Park and Inoue (Park and Inoue, 1997)proposedan arbitrary view

generation algorithm using �v e cameras.Their camerasystem consistsof a center camera

and four additional cameras(above, below, left and right) separatedby the samedistance.

In their algorithm, they exploit a depth map of the central camera computed assuming

texture in this camera is visible in other cameras. They forward map the image of the

central camera to that of a virtual camera. However, the problem of having overde�ned

or unde�ned points again arisesdue to the forward mapping and due to occlusions. They

use various assumptions such as depth constancy to �ll in the occlusion areas. In the

event of the failure of all assumptions,they resort to texture synthesis that blendscolorsof

neighboring positions, which is another de�ciency of their method becausetexture synthesis

algorithms often fail in high-detail areas.

As we mentioned in the beginning of this category, all these methods reviewed in

categoryuseeither forward (e.g., Redert et al., McVeighet al., and Scharstein) or backward

(e.g., Mancini and Konrad, Mansouri and Konrad) projection to reconstruct images. It

shouldbenoted forward projection basedmethodssuch asRedert et al., McVeighet al., and
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Scharstein sharecommonfeatureswith the work of McMillan (McMillan, 1997)wheredepth

was readily available. More recent work eliminated the challenge of disparity estimation

by using special camerasthat record not only the photometry but also depth information.

This so-called`depth-image-basedrendering' becamea referencetool for new 3D displays

from Philips (Redert et al., 2002).

When comparedto the previous two categorieswe presented, the occlusion e�ects are

most problematic in this category for two reasons.First of all, geometry (depth, disparity

or projective mapping) should be extracted from the images,and secondlythesemethods

are uninformed about occlusion areas. Therefore, they should properly detect and handle

the occlusion areas. Moreover, as we will discusslater in this dissertation, sinceocclusion

areascausesigni�cant problemsin correspondenceestimation stage,thesealgorithm should

pay closeattention to the such areas. As we mentioned, our work falls into this category

as well.

Overall, the main problems in prior algorithms are as follows:

� Occlusionsare not handled or they are handled in a simplictic way.

� Full-pixel precision is usedto avoid irregularly-spaced intensities.

� Forward-projection basedmethods usesimple approaches(usually nearestneighbor-

hood interpolation) to convert irregularly-spaced data to regularly-spaceddata.

� Many input imagesare required.

� Additional input parameterssuch as focal length, baselinedistanceetc. are required.

Finally, there is an important point that we would like to emphasize. The results of

view reconstruction are usually evaluated subjectively. Sincethe underlying true image is

not always available, the quality of reconstruction cannot beassessednumerically, e.g.,with

meansquareerror. In this work, by using data setsthat contain many views of a scene,we

will try to present reconstruction results with Peak-Signal-to-Noise-Ratio(PSNR) values.
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Figure 3�3: (a) Illustration of occlusion areas. Point B is visible in both
cameraswhile A is visible only in the left-camera image and C is visible
only in the right-camera image (b) Disparit y estimation method creates
irregularly-sampled intensities in intermediate view.

PSNR, a measureof mean squareerror, of two imagesis de�ned as follows:

"M SE =
N xX

x=1

N yX

y=1

�
I (x; y) � bI (x; y)

� 2

Nx � Ny
; PSN R = 10log(

2552

"M SE
); (3.1)

where Nx and Ny are horizontal and vertical dimensionsof the images. As it can be seen

from this equation, higher PSNR valuesindicate smaller reconstruction error and therefore,

higher quality images.

3.3 Challenges in view reconstruction

Reviewing prior work in the �eld, we can concludethat there are three main challengesin

view reconstruction:

1. Estimation of disparit y: The �rst main challenge in intermediate view recon-

struction is the estimation of disparity �eld, or in other words �nding the structure in the

scene.As shown in Section2.2, disparity �eld of a scenecan be useddirectly to recover the

depth map of the scene.The higher the quality of the depth map, the higher the quality

of the reconstructed intermediate view. Unfortunately, disparity estimation is ill-p osed,

therefore, it is very challenging to obtain an accurate disparity �eld using two images.
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2. Handling of occlusion areas: The secondchallenge in intermediate view recon-

struction is handling of the occlusion areas. As we have de�ned in Section 3.1, an area

is called an occlusion area if it is not visible in both cameras. This results from di�eren t

positions of the camerasand scenestructure. An example is shown in Fig. 3�3.a. Point B

is visible in both camerasbut points A and C are visible in either one of the camerasbut

not both.

There are several sub-problems related to occlusions. First, a disparity estimation

method that relies on matching intensities will not be able to match point A with any

point in the right image,simply becauseit doesnot exist there. Therefore, the disparity at

this point cannot be de�ned. However, sincea disparity estimation algorithm usually has

no information about occlusionswhen starting the estimation process,it usually tries to

�nd the best match of an occluded point with a non-occluded (visible) point in the other

image, obviously a 
a wed approach. Two additional sub-problems arise at this point:

First, is there a way to estimate occlusion areas?Secondly, even if we are able to estimate

these occlusion areas,the disparity will not be de�ned there. How can this ambiguit y be

resolved?

Yet another challenge is that, as shown in Fig. 3�1, someof the texture in the scene

is visible in one of the camerasand when forming the intermediate view, this information

should be used to reconstruct a proper intermediate image. A reconstruction algorithm

should be able to explicitly �nd areasthat are visible only in one image and extract the

texture from the original imagewhich carriesthe correct information. Overall, the detection

and handling of the occlusion areasbelong to the most crucial steps in intermediate view

reconstruction.

3. Formation of in termediate view (estimation of texture): Yet another dif-

�cult y is the formation of the intermediate view, or in order words how to estimate the

texture of intermediate view. Considerthat we would like to estimate the disparity of point

x of the left image (Fig. 3�3.b). Now, consider that a disparity vector d is computed at x

under constant brightnessassumption, thus yielding I L (x) = I R (x + d). If the intermediate
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image is positioned at � (� = 0 and � = 1 correspond to positions of the left and right

imagesrespectively; 0 < � < 1 indicates a position betweentwo input images)then we can

write that J (x + � d) = I L (x) or J (x + � d) = I R (x + d).

The main problem here is that it is unlikely that � d will yield an integer vector repre-

senting a point on sampling grid of the intermediate view. Therefore, we can only compute

intensities at irr egular points. How can one convert intensities of the irregular points to

an image or can this irregularit y be avoided in the �rst place?

3.4 Conclusions

In this chapter, we �rst reviewed prior work on view reconstruction. We classi�ed the

prior work into three categories: methods that rely on (i) oversampleddata, (ii) under-

sampleddata with available geometry, and (iii) heavily undersampleddata with unknown

geometry. Our work falls into the third category. Next, we pointed out challengesin view

reconstruction from undersampleddata. Starting in the next chapter, we will provide so-

lutions to each of thesechallengesand �nally we will combine our solutions to achieve an

occlusion-aware intermediate view reconstruction algorithm.



Chapter 4

Spline-based in termediate view reconstruction

In this chapter we addressoneof the challenges,formation of intermediate view or texture

estimation, mentioned in the previouschapter. Consideringthe prior work discussed,it can

be seenthat most reconstruction algorithms, from simple two-view disparity-compensated

interpolation, to complex image-basedrendering schemes,share the need to model and

estimate the scenedepth �rst. Oncethe scenedepth is known, either explicitly or implicitly

(through disparity), texture of the unknown view is estimated basedon views from the real

camerasand the known camerageometry.

In this chapter we focus only on the estimation of texture given a disparity �eld. Our

motivation is to propose a better alternativ e to simple methods found in the literature.

By extending a recently proposedmethod basedon B-splines (V�azquezet al., 2005), we

proposea view reconstruction algorithm (Ince et al., 2007a)and compare this method to

widely-used pivoting basedreconstruction.

4.1 In tro duction

The problem of texture estimation given disparities between left and right images of a

stereopair can be better understood by examining how the disparities are computed. Let

I L and I R be two imagescaptured on 2-D sampling grid � by two closely-spacedcameras.

We assumethe distance between the two camerasis normalized to 1. Consider that we

would like to create an intermediate view J , also de�ned on � but at a distance 0 < � < 1

from I L , by computing disparities betweenI L and I R . Clearly, for � = 0, we have J = I L ,

whereasfor � = 1, we have J = I R (Fig. 4�1). It is possibleto compute two vector �elds:

dL when disparity vectors are pivoted (anchored) on the sampling grid of I L (Fig. 4�1.a)

39
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a 1-a

IL J IR

(a) dL

a 1-a

IL J IR

(b) dR

a 1-a

IL J IR

(c) dJ

Figure 4�1: View reconstruction when disparity vectors are pivoted in (a)
left, (b) right, and (c) intermediate image.

and dR when they are pivoted on the sampling grid of I R (Fig. 4�1.b). Under the constant-

brightnessassumption(Horn and Schunck, 1981),the following relationshipscanbewritten

using thesedisparity �elds:

I L (x) = I R (x + dL (x)) ; I R (x) = I L (x + dR (x)) ; 8x 2 � : (4.1)

Sincebrightness constancy holds along the whole disparity vector, the following relation-

ships can be derived:

J (x + � dL (x)) = I L (x); J (x + (1 � � )dR (x)) = I R (x); 8x 2 � : (4.2)

The reconstructions of J (x + � dL (x)) and J (x + (1 � � )dR (x)) are trivial; respectively,

substitute I L (x) or I R (x). However, the locations x + � dL (x) and x + (1� � )dR (x) usually

do not belong to �. In fact, due to the space-variant nature of disparities, the above

locations are irr egularly spaced, whereasJ de�ned on lattice � is being sought; the very

problem we would like to focus on in this chapter. The two approaches typically used to

solve this problem to date are described in the following sections.

4.1.1 Approac h #1: Backw ard disparit y comp ensation with disparit y piv oting

In reconstruction basedon backward disparity compensation, disparity vectors are de�ned

(anchored or pivoted) on lattice � (i.e., sampling grid ) of the view to be reconstructed
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and bi-directionally point toward the known images(Mancini and Konrad, 1998;Konrad,

1999;Zhai et al., 2005). We will refer to this type of methods as pivoting-based methods.

As shown in Fig. 4�1.c, the disparity �eld dJ is de�ned on � in J thus forcing disparity

vectors to passthrough pixel positions of the intermediate view (i.e., vectorsare pivoted in

the intermediate view, thus the nameof the method). The constant-brigh tnessassumption

now becomes:

I L (x � � dJ (x)) = I R (x + (1 � � )dJ (x)) ; 8x 2 � : (4.3)

Compared to equations (4.1), each lattice point of J is guaranteed to have a disparity

vector and, therefore, two intensities associated with it. Although this disparity vector's

end points will not necessarilyintersect � in I L or I R , since intensities of both imagesare

available on �, intensities o� � can be easily calculated using spatial interpolation.

In order to reconstruct view J at a distance � , a disparity �eld pivoted at � is needed.

This necessitatesa disparity estimation for each view to be reconstructed, a signi�cant

computational burden. On the other hand, view reconstruction becomesa byproduct of

disparity estimation; onceleft- and right-image points are selectedto satisfy equation (4.3),

either left or right luminance/color can be usedfor the intermediate-view texture. An even

better reconstruction is accomplishedwhen weighted averaging (linear interpolation) of

both intensities is applied as follows (Mancini and Konrad, 1998):

J (x) = (1 � � )I L (x � � dJ (x)) + � I R (x + (1 � � )dJ (x)) ; 8x 2 � : (4.4)

The �nal step of how attributes from known images (may be more than two) are

combined to recover the neededintensities is where algorithms of this type di�er ; linear

�ltering (Franich, 1996; Mancini and Konrad, 1998; Zhai et al., 2005) and non-linear

winner-take-all algorithms (Mansouri and Konrad, 2000) are someof the choices.

It is clear from (4.4) that all intermediate-view pixels areassignedan intensity and post-

processingis not needed.However, in addition to the needto compute a disparity �eld for
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each intermediate view, pivoting-basedmethods tend to producesomewhatblurred images

due to the multiple interpolation steps involved (Mansouri and Konrad, 2000). Spatial

interpolation in each view due to sub-pixel disparities (i.e., I L (x � � dJ (x)), I R (x + (1 �

� )dJ (x))) plus interpolation betweenviews as shown in (4.4) both induce blurring.

One should note that methods which employ ray-tracing (Gortler et al., 1996; Levoy

and Hanrahan, 1996) essentially use pivoting as well. Usually, these methods apply ray-

tracing at the required pixel position and �nd the corresponding texture in 3D model

or input 2D imagesby using the underlying camera calibration information. Therefore,

e�ectiv ely, they pivot on the intermediate view to be reconstructed.

4.1.2 Approac h #2: Forw ard disparit y comp ensation with disparit y rounding

Alternativ ely, in reconstruction basedon forward disparity compensation, disparity vectors

are de�ned on a sampling grid of a known image (or several images) while pointing, in

general, to o�-grid locations in the plane of the virtual image. Under constant-brigh tness

assumption (Horn and Schunck, 1981) these locations inherit texture attributes of known

imagesbut, unfortunately, are irregularly spaced.The main issue,thus, is how to recover

a regularly-spacedvirtual view from thesesamples.

Oneoption is to avoid the reconstruction of intermediate-view intensitieso� � by forcing

the disparity-compensatedlocations x + � dL (x) and x + (1 � � )dR (x) to belong to �. For

orthonormal lattices typically used,this meansforcing � dL (x) and (1 � � )dR (x) to be full-

pixel vectors (Scharstein, 1996;McVeigh et al., 1996). This can be accomplishedeither by

rounding intermediate-view positions to the nearestinteger after disparity estimation (i.e.,

J (nint (x + � dL )(x)) = I L (x)) or by estimating disparities under the constraint � dL (x) 2 �

or (1 � � )dR (x) 2 �. In consequence,most pixels in the intermediate view will have a

unique intensity assigned,but somemay have either no intensity or multiple intensities.

Although additional post-processingusing texture synthesis(to �ll in the missingintensity)

or depth ordering (to choosefrom multiple intensities) can handle such problematic areas,

the resulting imagesare usually severely distorted. Thesedistortions are due to disparity
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rounding, that e�ectiv ely implements the nearest-neighbor intensity interpolation known to

causenoticeablealiasing (Keys, 1981). In caseof constraining disparities during estimation,

it is the coarsedisparity resolution neededto meet intermediate-view lattice constraints

that is the main culprit.

4.1.3 Prop osed approac h: Irregular to regular conversion

Recently , a solution to the problem of regularly-spacedimage recovery from irregularly-

spacedsampleshas been proposed based on spline models (V�azquez et al., 2005). We

proposeto adapt this approach to view reconstruction becauseit avoids the oversmooth-

ing and disparity-per-view problems associated with backward disparity compensation al-

though, admittedly, its computational complexity is higher. The main idea is based on

minimization of a cost function that balancesa spline-model �t to the irregularly-spaced

intensity samplesand spline-model smoothness. We proposean extensionto this approach

by overconstraining the solution using intensity projections from both left and right images.

We will evaluate the performanceof the proposedreconstruction method against stan-

dard pivoting-based interpolation (backward disparity compensation). An added bene�t

of the spline-basedreconstruction is the abilit y to handle occlusionsmore e�ectiv ely. Ba-

sically, by projecting only the texture that will be visible in the intermediate view, and

eliminating the occluded texture, the �nal view can be made free of occlusion artifacts.

This will be discussedlater in this dissertation.

4.2 In termediate view reconstruction based on appro ximation in the
space of splines

First, we will intro duce B-splines, and describe a method for image reconstruction from

irregularly-spaced samplesusing B-splines developed by V�azquez et al (V�azquez et al.,

2005). Then, we will discussextension of this method to view reconstruction.



44

4.2.1 B-splines

The computation of regularly-spaceddata from irregularly-spaced input can be achieved

via B-splines (Unser, 1999), which are commonly used as interpolation kernels. A 1D

continuous function can be represented using B-splines as follows:

f (x) =
NX

i =1

ci � n (x � i ); (4.5)

where ci are spline coe�cien ts and � n (x) is a B-spline of order n, de�ned as n-fold convo-

lution of zeroth-order spline functions � 0(x):

� n =

n+1 terms
z }| {
� 0(x) � � 0(x) � :::� 0(x); � 0(x) =

8
>>>><

>>>>:

1; jxj < 1=2

1=2; x = � 1=2

0; otherwise

(4.6)

A separableextension of 1D splines to multiple dimensions is trivial: � (x1; x2; :::; xN ) =

� N
i=1 � (x i ). The main advantage of working with splines is that although the underlying

model is a continuous representation, all computations are conducted on discrete data,

speci�cally the spline coe�cien ts.

4.2.2 Image reconstruction from irregularly-spaced data using cubic B-splines

Consider a set of irregular image samples,each at x k = (xk ; yk ), with corresponding in-

tensities eI k where k = 1; : : : ; M , and M is the number of samples. For compactnesslet

us denote each pair by Pk = f xk ; yk ; I kg, k = 1; : : : ; M , which will be useful in the next

section.

A continuous function f (x; y) =
P N x

i =1
P N y

j =1 cij � 3(x � i )� 3(y � i ) is sought, where Nx

and Ny are dimensionsof the image, such that it best matchesall samplesP = f x; eI g by

minimizing the following error:

D =
MX

k=1

jf (xk ) � eI k j2: (4.7)



45

Although D = 0 can be achieved for an interpolating function f , this would not necessarily

be the best solution becausethe data may contain erroneousvalues(local outliers). More-

over, an interpolating function could yield extreme 
uctuations in areasvoid of input data.

Therefore, a regularization term should be added to prevent such behavior. V�azquezet al.

(V�azquezet al., 2005) proposedto apply the thin plate model as follows:

R =
N xX

i =1

N yX

j =1

�
f 2

xx + 2f 2
xy + f 2

yy

�
; (4.8)

where the subscripts indicate derivatives of the continuous function f with respect to x

and y. Combining the data matching and regularization terms, the cost function to be

minimized is de�ned as E = D + �R where � is the regularization factor. Minimizing E

with respect to coe�cien ts cij yields a continuous function, that, sampled on �, permits

recovery of regularly-spacedintensities.

4.2.3 Ov erconstrained in termediate view reconstruction

The above spline-basedreconstruction could be applied to irregularly-spacedintermediate-

view intensities derived from either I L or I R (4.2). However, we proposeto overconstrain

the intermediate view by using samplesderived from both views simultaneously as follows:

� Compute disparity �elds dL (x) and dR (x) anchored in I L and I R , respectively, that

satisfy (4.1).

� Create setsof irregular points P = f x; eI g by forward-disparity compensating intensi-

ties of I L and I R . In other words, createpositions x k and corresponding intensities eI k

(as usedin (4.7)) in the intermediate image (where k = 1; :::; M and M = NL + NR ;

M being number total points from left (NL ) and right (NR ) images)as follows:

PL
n = f xn + � dL (xn ); I L (xn )g for n = 1; :::; NL , and xn 2 � L ; (4.9)

PR
m = f xm + (1 � � )dR (xm ); I R (xm )g for m = 1; :::; NR , and xm 2 � R ; (4.10)

P = PL [ PR : (4.11)
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� Find optimal function f (x) that minimizes the cost function E (Section 4.2.2) for

the set of positions and intensities Pk , k = 1; :::; M .

� Find valuesof f (x) for all x 2 �.

The solution will be overconstrainedbecausefor an intermediate image of sizeN � M , we

useapproximately 2� N � M intensities. There is a number of bene�ts of overconstrained,

spline-basedintermediate view reconstruction. First, it allows us to usean arbitrary num-

ber of disparity �elds that jointly overconstrain the solution, thus facilitating an extension

to multiple views. Secondly, due to cameranoise, the intensities of homologouspoints in

I L and I R are rarely identical; using intensities from both imagesin the minimization (via

eI ) leads to a compromisesolution that, in a sense,implements averaging between views

(similarly to reconstruction basedon disparity pivoting). Thirdly , by the very nature of

spline-basedreconstruction if similar intensities from both imagesare almost co-located,

the solution will emphasizethis location (sort of a weighting mechanism). Fourthly , im-

proved image quality can be expected due to the use of original intensities in I L and I R ,

unlike in pivoting-basedreconstruction that usesspatially-in terpolated intensities. Fifthly ,

having a continuous function that represents the image can be bene�cial for warping or

changing scale of the image. Sixthly, the spatial regularization involved in the spline-

based formulation makes the algorithm more robust to image noise than pivoting-based

methods. Finally, unlike the pivoting-basedmethod, spline-basedreconstruction doesnot

require separatedisparity �eld for every virtual position.

4.3 Comparison of piv oting and spline-based view reconstruction

4.3.1 Comparison on ground-truth texture and ground-truth disparit y

In order to comparepivoting- and spline-basedview reconstruction in isolation from dispar-

it y errors, we prepareda ground-truth data set with left (I L ), right (I R ) and true midpoint

(J ) images. The disparity of the data set is known, and is freeof noiseand occlusione�ects.

This ensuresa comparison of only reconstruction capabilities of both methods. In order
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Table 4.1: Parameters used to create three ground-truth data sets (N is
the downsampling factor).

Data set N Image size Disparit y from I L to I R

#1 6 350� 300 (2.333,2.333)
#2 10 210� 180 (1.4,1.4)
#3 15 140� 120 (0.9333,0.9333)

Table 4.2: PSNR of reconstruction error for spline-basedmethod with var-
ious regularization factors (times 10� 3).

50 20 9 5 1 0:1

#1 42.04 47.46 50.62 51.11 50.52 50.20
#2 36.91 39.43 40.39 40.43 40.04 39.88
#3 31.73 32.12 31.81 31.30 29.64 28.47

to create ground-truth data set with sub-pixel disparities, we pre-�lter a high-resolution

image (2100� 1800) to avoid aliasing after downsampling and then shift it by (7,7) and

by (14,14) pixels. We downsample the original �ltered image and the two �ltered/shifted

images by factors of N = 6; 10 and 15 to generate three sets of I L , J , and I R images.

Parametersusedto generateeach data set are given in Table 4.1 and the left image of one

set is shown in Fig. 4�2. In the following tests, a reconstruction bJ , at the position of the

midpoint image is computed from the other two imagesusing pivoting- and spline-based

algorithms, and then averagereconstruction error J � bJ is calculated via PSNR (given in

(3.1)).

Sincethe spline-basedreconstruction method requiresspeci�cation of the regularization

factor � , we start by evaluating its impact on PSNR of the reconstruction error. As is clear

from Table 4.2, very small and very large regularization factors (on the scaleof 10� 3) result

in higher reconstruction error (lower PSNR). This is becausefor low regularization factors,

the continuous function modeled by splines is allowed to 
uctuate in areasvoid of input

samples.On the other hand, high regularization factors inhibit 
uctuations altogether thus

creating oversmoothed (blurry) image.



48

Figure 4�2: Left image of data set #1.

Table 4.3: PSNR of the reconstruction error in absenceof noisein images
and error in disparities (� 1 = 50� 10� 3; � 2 = 9 � 10� 3).

Pivoting Spline

Bilinear Bicubic � 1 � 2

#1 40.00 47.28 42.04 50.62
#2 33.37 36.50 36.91 40.39
#3 29.31 30.91 31.73 31.81

With � calibrated, let us compare spline- and pivoting-based reconstructions under

several scenarios. First, consider a noiselesscasefor both imagesand the disparities. It

is clear from Table 4.3 that spline-basedreconstruction performs signi�cantly better than

pivoting-basedreconstruction (0.9-3.9dBimprovement), if � is carefully selected.The same

test is conductedusing only oneset of intensities for both reconstruction algorithms, either

from the left or right image (i.e., either P L or PR instead of P), and the results are shown

in Tables4.4.a and 4.4.b. It is clear that although the spline-basedreconstruction consis-

tently outperforms the pivoting-basedreconstruction, reconstruction from either left-image

intensities or right-image intensities is numerically inferior to using both images;overcon-

straining the solution leadsto higher image quality for reasonsdetailed in Section 4.2.3.

In the next test, we evaluate the impact of disparity errors (e.g., resulting from dis-

parit y estimation) on reconstruction quality; uniformly-distributed white noisewith range

varying from [-0.1,0.1] to [-4,4] pixels is added to the ground-truth disparity �eld. Results

shown in Table 4.5, indicate that pivoting-basedreconstruction is more robust to disparity
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Table 4.4: PSNR of the reconstruction error in absenceof noisein images
and error in disparities when reconstructing only from: (a) left image, and
(b) right image (� 1 = 50� 10� 3; � 2 = 9� 10� 3), i.e., no overconstraining of
intermediate view.

Pivoting Spline

Bilinear Bicubic � 1 � 2

#1 38.49 41.37 37.89 42.99
#2 32.45 34.40 33.71 35.79
#3 29.23 30.78 30.82 31.83

(a)

Pivoting Spline

Bilinear Bicubic � 1 � 2

#1 39.12 42.18 38.38 43.88
#2 33.89 36.99 35.24 37.96
#3 29.37 31.00 30.99 32.19

(b)

Table 4.5: PSNR of the reconstruction error in presenceof uniformly-
distributed white noiseaddedto disparities (� 1 = 50� 10� 3; � 2 = 9� 10� 3)
(Test conducted on data set #1 only.)

Pivoting Spline

Range Bilinear Bicubic � 1 � 2

[� 4; 4] 25.09 24.88 24.46 22.64
[� 2; 2] 30.19 30.59 29.50 27.34
[� 1; 1] 35.20 37.88 35.49 34.34
[� 1

2 ; 1
2 ] 38.60 43.60 39.44 40.39

[� 1
4 ; 1

4 ] 39.70 46.10 41.21 45.36
[� 1

10; 1
10] 39.96 47.10 41.91 49.27

estimation errors until the error becomesnegligible, after when spline-basedreconstruction

performs better. This behavior is not unexpected, becausein pivoting-based reconstruc-

tion, each pixel is independently reconstructed using its disparity vector and therefore the

errors related to disparity estimation are isolated. On the other hand, since spline-based

reconstruction works on all irregular points jointly , one incorrect disparity vector a�ects

all points in its neighborhood.

In the �nal test, we addedwhite Gaussiannoisewith di�eren t variancesto the original

left and right imagesto better understand the impact of imagenoiseon the reconstruction.

It can be seenfrom Table 4.6 that spline-basedreconstruction outperforms pivoting-based

reconstruction, especially when regularization parameter is adjusted to the noise level.
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Table 4.6: PSNR of the reconstruction error in presenceof Gaussianwhite
noiseaddedto the original images(intensity assumedbetween0 and 1, and
regularization factor times 10� 3). (Test conducted on data set #1 only.)

Pivoting Spline

� 2 Bilinear Bicubic 90 50 25 9

10� 2 25.91 24.44 26.46 25.65 24.76 23.76
10� 2:5 30.53 29.34 30.96 30.44 29.66 28.72
10� 3 34.59 34.21 34.69 34.86 34.46 33.70
10� 3:5 37.45 38.76 37.14 38.42 38.90 38.57
10� 5 39.07 42.78 38.30 40.60 42.50 43.16
10� 4:5 39.69 45.37 38.71 41.53 44.70 46.76

This can be explainedagain by the nature of reconstruction algorithms. Sincespline-based

reconstruction incorporates prior thin-plate model that can be thought of as a smoothing

operator or low-pass�lter, the algorithm is able to combat the noisebetter than pivoting-

basedreconstruction.

Our overall conclusionfrom thesetests is that overconstrainedspline-basedreconstruc-

tion signi�cantly outperforms pivoting-based reconstruction. Also, while spline-basedre-

construction is more robust to image noise than pivoting-based reconstruction, the latter

is more robust to disparity errors.

4.3.2 Comparison on ground-truth texture

In this part, we compare the two approaches on ground-truth texture data but with un-

known disparities; any errors from disparity estimation a�ect view reconstruction per-

formance. For ground-truth texture, we constructed several data sets using a graphics

program TrueSpace
TM

, which allows to create realistic 2D renderingsof 3D scenes.For the

3D objects in the scene,we usedVRML �les courtesy of I3S Laboratory from the Univer-

sity of Nice at Sophia-Antip olis, France. Each data set consistsof left, midpoint and right

images. Again, by using left and right images, we reconstructed an intermediate image

at the position of the midpoint image and calculated the reconstruction error. An optical


o w algorithm with isotropic di�usion (Horn and Schunck, 1981; March, 1988) was used
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(a) (b) (c)

(d) (e) (f )

Figure 4�3: View reconstruction for parallel camerasetup: original (a) left,
(b) midpoint and (c) right image; (d) disparity pivoted in I L ; and locations
of reconstruction error (white) greater than zero in (e) spline-based(f )
pivoting-basedreconstruction.

to estimate the disparities. Although for spline-basedreconstruction we could have used

a more advancedoptical 
o w algorithm basedon image-driven anisotropic di�usion (Ince

and Konrad, 2007), it would have beenunfair to the pivoting-basedmethod as we would

like to compareonly the reconstruction capabilities of the methods.

Figure 4�3.a shows the midpoint imageto be reconstructed. Sincethe data are smooth,

the reconstruction quality was very good with a slight edge to the spline-basedmethod

(48.85dB) over the pivoting-basedone(48.33dB). Instead of showing reconstructed images

(di�cult to seedi�erences at this quality level), we are showing locations where errors are

non-zero(white pixels in Figs. 4�3.e-f). It can be noticed that the number of white pixels

(indicators of reconstruction error) is smaller in spline-basedreconstruction. The disparity

of the object (no information for background) is shown in Fig. 4�3.d.

We also tested both algorithms on the Flowergarden sequence,popular for its 3D qual-
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ities. Although this is a monocular sequence,sincethe cameramovesat a constant speed,

while the sceneis static, this setup is equivalent to multiview capture. Considering three

consecutive frames(3r d, 4th and 5th ) of the sequence,we reconstructedthe mid-point frame

using the other two and compared the result to the original mid-point frame. The PSNR

values were 29.84dB and 29.47dB for pivoting and spline-basedreconstructions, respec-

tiv ely. Again, since the reconstruction quality was high (di�cult to distinguish in print),

we are giving PSNR valuesonly.

The reconstructions presented so far have been of high quality since occluded areas

were rather small. In caseof signi�cant occlusions,di�culties arise sinceneither pivoting-

basednor spline-basedmethod is equipped to handle them; as texture disappearsbetween

left and right images,no match can be found during disparity estimation. Consequently ,

incorrect disparity valuesare assignedto occlusion areasthat, in turn, leadsto poor view

reconstructions. Figure 4�4 shows a stereo sequencethat exhibits signi�cant occlusions,

especially near image boundaries. Part of the speaker is not visible in one of the images,

moreover, there are occlusionson the picture betweenobjects. The disparity computed by

pivoting on the intermediate view and the reconstruction using this disparity �eld areshown

in Fig. 4�4.c and d respectively. As it is clear, there are grosserrors on the left boundary of

the image(on the speaker, shown in closeupFig. 4�4.f) due occlusions. Also, an areaon the

left-bottom of the image is not reconstructed at all, becausethe disparity in this area was

completely incorrect. These artifacts are all due to poor disparity estimates and lack of

occlusion handling. We also estimated disparity �elds on the input imagesand then used

these�elds to reconstruct an intermediate image using splines. The reconstruction shown

in Fig. 4�4.e (closeupin Fig. 4�4.g), although better than pivoting-basedreconstruction, is

not satisfactory either. Again, there are artifacts on the left boundary of the image (on

the speaker and on the wall). Finally distortions on the picture betweenobjects are shown

in closeupsFig. 4�4.h-j. The arm in the left imagesis `split' in intermediate imagesof both

methods becauseof occlusions.

This example, once again, shows the need for accurate disparity and occlusion infor-
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(a) (b)

(c) (d)

(e) (f ) (g)

(h) (i) (j)

Figure 4�4: View reconstruction for a stereo sequence: (a) left (b) right
image; (c) isotropically-estimated disparity pivoted in J ; (d) pivoting- and
(e) spline-basedreconstruction; (f ) closeupof (d); (g) closeupof (e); closeups
of (h) left image; (i) pivoting- and (j) spline-basedreconstructions.
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mation, which we will focus on the rest of this dissertation. Later, in Chapter 7, we will

revisit this test sequence.

Let us summarizethe experimental results. Although in absenceof imageand disparity

errors spline-basedreconstruction signi�cantly outperforms pivoting-basedreconstruction,

in practice, when disparity estimation intro duces errors and images contain noise, the

two methods have comparable performance. As for computational complexity, if a single

view is to be reconstructed, pivoting-based reconstruction is less costly (single disparity

�eld, simple averaging), but when several views need to be reconstructed, the complexity

between the two methods is more comparable (spline-basedreconstruction always needs

two disparity estimations plus minimization).

However, a signi�cant di�erence exists between the two algorithms in terms of their

abilit y to estimate reliable disparities and to adapt to occlusions. The pivoting-based re-

construction computesdisparities anchored on the sampling grid of the intermediate image

that is unknown. This leads to oversmooth and inaccurate disparity maps. The spline-

basedreconstruction, however, usesdisparity �elds anchored in the known left and right

imagesthus permitting to use underlying image to regularize the disparities. This allows

to useanisotropic regularization (to be discussedin Chapter 6) which greatly improvesthe

accuracyof disparity �elds. More accurate disparity �elds naturally can help us to handle

occlusion areasmore e�ectiv ely.

Considering the problemscausedby occlusionsand seeingthe potential of spline-based

method to handle occlusion, starting from next chapter we will focus on estimation and

handling of occlusion areas.

4.4 Conclusions

In this chapter, we proposed to use splines to recover intensities of the intermediate

view. We �rst comparedrelative merits of pivoting-basedview reconstruction and spline-

basedview reconstruction. We concludedthat the spline-basedapproach outperforms the

pivoting-basedmethod except for its slightly higher sensitivity to disparity errors.
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A signi�cant computational advantage of spline-basedmethod is that a singleset of dis-

parit y �elds is enoughto reconstruct an intermediate view while in pivoting-basedmethod

a separatedisparity �eld must be computed for each of the intermediate views.

Although the pivoting-basedapproach performs well in the absenceof occlusions,the

reconstruction �delit y su�ers in the presenceof signi�cant occlusions. In fact, both methods

fail to reconstruct high quality views in the presenceof occlusions;an issuethat must be

addressed.

We pointed out that pivoting-based method is ine�ectiv e when handling occlusions

becausethe disparity is anchored on the image that is being reconstructed; neither the

image nor the disparity is available. On the other hand, since the spline-basedmethod

allows disparities to be computed on the grid of available views (therefore o� the grid

of the intermediate view), it can achieve better disparity by using the known images,and

thereforecan alsousethis reliable disparity information to extract more reliable occlusions.

In the next chapter, we focus on this occlusion problem.



Chapter 5

Estimation and handling of occlusion areas

Improving the quality of reconstructed view in occlusion areasrequires solving a few sub-

problems. First, oneneedsto detect whereocclusionsoccur. This is a problem of occlusion

area detection. As mentioned in previous chapters disparity cannot be computed in oc-

clusion areas. Therefore, secondproblem is to �ll-in occlusion areaswith correct disparity

(or correct texture) that is missing. This is essentially disparity extrapolation, or we will

sometimesrefer to this problem as occlusion handling.

We will give a detailed analysis of problems related to occlusion areas in the next

section. The remaining part of this chapter is divided into two parts. We will �rst discuss

estimation of occlusion areasin stereopairs and then focus on handling of occlusion areas.

5.1 In tro duction

Occlusione�ects in a video sequenceare the result of object displacement or cameramotion.

What happens is that someof the texture in one frame becomesinvisible in the another

frame (Fig. 5.1). Occlusion e�ects occur in stereo imagesas well but this time they are

due to di�eren t viewpoints of the camerasand scenestructure.

By the term \o cclusion area" we will refer to an area in the �rst image disappearing

in the secondimage (e.g., area A in Fig. 5.1). Note that a disappearing area becomesan

appearing area(also known asuncoveredor newly-exposedarea) and vice versaif the order

of views is reversed, i.e., \left-to-righ t" versus\righ t-to-left".

The knowledge of occlusion and newly-exposedareasis valuable in intermediate view

reconstruction for a few reasons.

The illustration in Fig. 5.1 shows, left image, I L , right image, I R , and the intermediate

56
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Figure 5�1: Illustration of occlusion e�ects in (a) two imagesand (b) on a
horizontal cross-sectionof two imagesdepicting position changeof a simple
object (black): Area A from I L is being occluded in I R by the object,
while area B is being uncovered (area B would undergo occlusion had the
direction of arrows beenreversed).

image, J (Fig. 5.1.a) and their cross-sections(Fig. 5.1.b). Due to the displacement of

the square, areasA and B are occluded/exposedbetween the views. Let us analyze the

problems related to this occlusion e�ect.

1. First of all, it is important to note that disparity is unde�ned in occlusion areas,

simply becausesuch areas cannot be found in the other image. For example, in

Fig. 5.1 points in area A of the left image I L have no match in the right image I R .

Therefore, the disparity values in occlusion areasshould not be computed so as not

to yield incorrect estimates.

2. However, sincedisparity estimation algorithms are unaware of where occlusion areas

are, they compute a disparity vector for such areasby employing somesort of regu-

larization. Theseincorrect vectors will decreasethe quality of disparity �elds and of

reconstructions that usethesedisparity �elds.

3. Another challengeis that reconstructing texture in occlusionareasof an intermediate

view is not possiblewithout knowing where theseareasare, i.e., occlusion detection

problem.

4. Another implicit challenge is that even if we are able to estimate the pixels that

are going to be occluded, depth (disparit y) needsto be known for all pixels to be
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rendered (Fig. 5.1.b). The reason is that if we do not know depth of areasA and

B , then we would not know their locations in 3D space,therefore we cannot know

whether they will be visible or not in intermediate image.

5. Finally, texture in the occlusion areasis visible only in one of the images. Therefore

if J is to be reconstructed, the algorithm should explicitly �nd the correct source

image. For example, partially visible area A in J is only visible in I L and similarly

partially visible areasB is only visible in I R .

In view of all these problems, this chapter concentrates on the estimation and conse-

quently on the handling of occlusion areaswhen reconstructing intermediate views. We

will, �rst, brie
y review popular methods used to estimate occlusion areasand then pro-

posean accurate and robust, yet simple, occlusion/newly exposedarea detection method

(Ince and Konrad, 2005a).

In the secondpart of the chapter, we will focus on given occlusion areas,what can be

done to recover the disparity in these areas. We will proposean image-driven disparity

inpainting method for occlusion handling (Ince and Konrad, 2007) and show its better

performancewhen comparedto other methods.

5.2 Part I: Estimation of occlusion areas

Estimation of occlusionand newly-exposedareasis an inverseproblem and thus is ill-p osed.

Occlusion detection methods proposedin the past rely on 3 or more frames (Depommier

and Dubois, 1992;Chahine and Konrad, 1995;Iu, 1995;Lim et al., 2002;Ristivojevi�c and

Konrad, 2004). The idea behind thesemethods is that they compareintensity consistency

along a tra jectory formed by displacement vectors in 3 or more frames. In general, this

improvesreliabilit y of occlusion estimation but requires larger bu�ers and is computation-

ally more complex. More importantly , however, it requires more input data, i.e., at least

three frames, that might not be always available. Considering stereo image pairs, we will

focus on two-frame methods.
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We start by reviewing some widely used photometric and geometric approaches to

occlusion area detection.

5.2.1 Photometric approac h

The usual assumption in a photometric approach is that excessive intensity matching error

(disparit y-compensatedprediction) is observed when reference-framepixels cannot be ac-

curately matched in the target frame, becausethey disappear (Thoma and Bierling, 1989;

Driessenand Biemond, 1991). This disappearanceinducessigni�cant errors. If dL denotes

a forward disparity �eld anchored on the sampling grid of the left image and pointing to

the right (target) image, while dR denotesa backward (i.e., right-to-left) disparity �eld,

then the corresponding disparity-compensatedprediction errors at x are:

"LR (x) = I L (x) � I R (x + dL (x)) ; (5.1)

"RL (x) = I R (x) � I L (x + dR (x)) : (5.2)

Typical occlusiondetection methods then declarea pixel in the left imageasbeingoccluded

in the right imageif j"LR j > � for the left image,where� is a threshold. Similarly a point of

the right imagewill bedeclaredasoccludedif j" RL j > �. Note that although newly-exposed

areascannot be detected by this mechanism explicitly (pixels are not visible), e�ectiv ely

the occluded areas in the right image (computed using dR ) are the newly-exposedareas

for the left image.

5.2.2 Traditional geometric approac h

An alternativ e to the photometric detection of occlusion areas is a geometric detection.

Such a detection is basedon the assumption that a mismatch of left-to-righ t and right-to-

left disparity vectors is due to disappearing imageareas. In particular, the following vector

matching errors have beenusedin the past to detect occlusionand newly-exposedareasin
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referenceframe I L (Proesmanset al., 1994; Izquierdo, 1997):

� LR (x) = kdL (x) + dR (x + dL (x))k; (5.3)

� RL (x) = kdL (x + dR (x)) + dR (x)k: (5.4)

By comparing the above errors with a threshold, decisioncan be made as follows:

� if � LR > �, then x in I L is occluded in I R or x in I L is newly exposedpoint that

was not visible in I R ,

� if � RL > � then x in I R is occluded in I L or x in I R is newly exposedpoint that was

not visible in I L .

For increasedrobustness,this decision can be averagedover a window, however this will

sacri�ce resolution of the result.

5.2.3 Ordering constrain t

An ordering constraint assuresthat the order of pixels in a row of one input image will

be preserved in the same line of the other image. If the order of occurrence of a point

is di�eren t, then it is marked as occlusion (Geiger et al., 1995). The problem with this

method is that it cannot handle thin foreground objects or narrow holes. In particular, if

the disparity of an object is larger than its width, then the order will not be preserved.

This method must be applied to each row of pixels independently thus often producing

uncorrelated results betweenrows. Finally, this method must be modi�ed signi�cantly , if

the camerasare not parallel, becausethis will lead to epipolar lines that do not coincide

with image scanlines.

5.2.4 Uniqueness constrain t

A uniquenessconstraint assuresone-to-onemapping of pixels on corresponding rows (Marr

and Poggio, 1976). In particular, a point of an imagecan be matched by only one point of

the other image. However, this constraint fails in the presenceof transparent objects. One
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of the ways to implement uniquenessconstraint is the traditional geometric approach as

we discussedbefore,as it measuresthe match betweenforward and backward vector �elds.

5.2.5 Other metho ds

Someother methods to estimate occlusion areasare:

� Continuit y constraint assumesthat disparity varies smoothly everywhereexcept ob-

ject boundaries(Marr and Poggio, 1976).

� Given a disparity map, visible areaswill have smaller disparity gradient, while oc-

clusion areaswill exhibit excessive gradient (Pollard et al., 1985). This is due to the

smoothnessconstraint often usedin disparity estimation methods, which assuresthat

neighboring points have similar disparities. Sinceocclusion areasare near the object

boundaries and a good match cannot be found in the other image, they exhibit a

transition (i.e., high gradient) betweenneighboring objects.

� Visibilit y constraint (Sun et al., 2005) is a variant of the uniquenessconstraint. It

assuresthe consistencyof uncovered pixels in one image with disparity of the other

image, but it permits many-to-one matches in visible areas. In other words, this

constraint assumesthat if a pixel is newly exposed,there should not be any disparity

vectors pointing to this point.

5.3 Prop osed approac h: A new geometric approac h to the detection of
occlusion areas

In the previous section,we summarizedsomesimple methods for occlusiondetection. Now

we will proposea new method for the detection of occlusion and newly-exposedareasthat

is basedon geometric properties of the disparity �eld. The method is applicable to any

disparity �eld derived from an image pair. No assumption of parallel camerageometry is

used;camerascan be arbitrarily arranged.

The principle of the method is based on the observation that a regular grid in the

referenceimageplane, on which the disparity vectorsare anchored, forms an irregular grid
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in the target imageplane after disparity compensation. Sincethe target imagewill contain

no disparity-compensatedprojections in the newly-exposedareas,such areascan be easily

detected by a simple neighborhood test. This is the basic idea behind the method; we will

give more details in the next section.

It should be noted that the simple approaches discussedin Section 5.2 did not at-

tempt to detect occlusions based on actual physical mechanism occurring during occlu-

sions. They tried to relate mismatches in the data to occlusions. Here, we proposea new

occlusion/newly-exposedarea detection method basedon another geometric principle of a

vector �eld. Our approach is closer to the underlying physical model of occlusions;that is

as objects displace, they leave gapsbehind.

5.3.1 Detection of occlusions using the prop osed metho d

A typical disparity �eld computed under someform of spatial regularization leadsto con-

verging motion vectors originating in occlusion areas of the referenceframe (area A in

Fig. 5�2). Such vectors cannot provide a good intensity match and assumecompromise

coordinates with respect to the neighboring vectors from, e.g., a moving object and static

background. This convergent behavior is a compromisebetweenthe lack of intensity match

and enforcedspatial smoothness,and potentially leadsto multiple vectors pointing to the

same location in the target frame. This might suggest that a high spatial density of

motion-compensatedpositions in the target frame (I R in Fig. 5�2) is indicativ e of an occlu-

sion area. However, in practice, it turns out that results are very sensitive to the selected

density threshold. On the other hand, pixels in the target frame that did not exist in the

referenceframe (newly-exposedpixels in area B ) have no relationship with the reference

frame and, as such, cannot be pointed to by forward disparity vectors. Thus, areasin the

target frame that are void of disparity-compensated projections can be relatively easily

detected. This is the basisof the proposeddetection algorithm.

The detection algorithm is very simple, and is equally applicable to occlusiondetection

if I R is the referenceframe and I L is the target frame. Let � be a 2-D sampling lattice



63
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} B

IL(x) IR(x)

Figure 5�2: Simple occlusion processand typical disparity �eld; A { area
to be occluded, B { area newly exposed.

for I L and I R limited to the domain of each image. This is unlike the standard de�nition

of a lattice that does not constrain its extent. Also, let � be a set of irregular spatial

positions in I R obtained by disparity compensation of pixels from I L , i.e., � = f y : y =

x + dL [x ]; x 2 � g. Note that cardf � g � cardf � g becausecertain points from I L may

project to the samelocation in I R . Let us de�ne an indicator function as follows:

� i (x) =

8
<

:

1; jjx � zi jj � r

0; otherwise
x 2 � ; zi 2 � :

For each lattice point x and irregular point zi , both in I R , � i (x) is 1 if zi is within a disk

of radius r from x. By accumulating � i (x):

M (x) =
car df � gX

i =1

� i (x);

we can measurethe local density of disparity-compensatedprojections at each x 2 �, and

by thresholding M (x) we can �nd which areas of I R exhibit the lowest density of such

projections: x is declared newly-exposed if M (x) < 	, i.e., if su�cien tly few irregular

points are in the vicinit y of x. We use r =2, but we test a range of values of 	. For

areaswhere the motion �eld dL is uniformly translational (regular projections), we have

M (x) = 13 for r = 2. At M (x) = 6 more than half of the projections aremissingsuggesting

vicinit y of a newly-exposedarea. Sinceit is easierto �nd regularly-spacedneighbors than
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those spacedirregularly, the algorithm is implemented di�eren tly in practice. For each

projection zi 2 �, its neighbors x 2 �, such that kzi � xk � r , are found, and each

neighbor's counter is incremented by 1. After all zi have been scanned, each counter

contains the number of projections within distance of r . A computational tric k that we

suggestis using r = 2
p

2, which leads to a rectangular area of pixels rather than a circle.

A clever implementation using this fact will lead to even faster computation.

5.3.2 Exp erimen tal results

Now let usshow someexperimental resultsusing the newapproach. In all the resultsshown,

disparity wascomputedusing8� 8 block matching under spatial regularization (neighboring

blocks are encouragedto have similar motion vectors). The resulting vector �elds are

di�used on the occlusion side and have sharp boundary on the newly-exposedside of the

moving object (left column of Fig. 5�3 and middle row in Fig. 5�5). In Fig. 5�3, we show

resultsof experiment with synthetic motion of natural intensities. Wemeasurethe accuracy

of detection of occludedand newly-exposedareasusing symmetric di�erence1 betweenthe

ground-truth pixels and the detected pixels (union of false-positives and misses),shown

in the center column of Fig. 5�3 as a function of a threshold parameter for each detection

method (�, � or 	, seeSection 5.2). For each method, we show the detection result for

parameter value with the lowest detection error.

Clearly, the photometric approach provides a globally-correct result that is locally very

fragmented; extension of the method to a window instead of single pixel would solve this

but at the cost of a signi�cant resolution loss. The two geometric approaches result in

similar occlusion/newly-exposedarea descriptors, but the one basedon vector mismatch

leavesgapsin otherwisecompact regions. In terms of the detection error the new geometric

approach outperforms the traditional oneby approximately 10%. As shown in Fig. 5�4, the

photometric approach performsvery poorly under noisy conditions. This is not unexpected

1Symmetric di�erence of two setsS1 and S2 is de�ned as (S1nS2) [ (S2nS1), equivalent to XOR boolean
operator.
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Figure 5�3: Occlusion estimation results for a synthetic sequence.In the
middle column, two error plots are included, one for the detection from left
to right, and the other { from right to left. In the right column, white
denotesoccluded area, and gray denotesnewly-exposedarea. (a) I 1 (b) I 2

(c) Ground-truth occlusion newly-exposedareas(d) dL overlaid on I 1 (e)
Photometric detect. error vs � (f ) Photometric est. (g) dL as intensity
(h) Geometric detect. error vs � (i) Traditional geometric est. (j) dR as
intensity (k) New geometric detect. error vs. 	 (l) New geometric est.
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(a) I 1 + noise (b) Photometric est.(c) Traditional geometric est.(d) New geometric est.

Figure 5�4: Results for the synthetic motion sequencewith additiv e white
Gaussiannoisewith standard deviation � =36 (PSNR=17.44dB).

since the detection is baseddirectly on (noisy) intensities; using a window, again, would

sacri�ce resolution. The traditional geometric approach also fails in the presenceof noise;

disregardingthe e�ects at imageboundaries(vectorsare incorrect due to the selectedimage

boundary handling), the new method results in much more accurate estimates.

We also applied the proposedmethod to somewell-known test sequences.As can be

seenin Fig. 5�5, relatively accurate occluded and newly-exposedareaswere obtained on

Flowergarden and Map using this very simple, fast method. The results are not asaccurate

on Tsukuba and Teddy becauseof their relativecomplexity; the detectedareasare in correct

positions but are very fragmented. The accuracyof detection results is directly related to

the quality of computed motion/disparit y; better results should be possible with more

sophisticated motion estimation than block-based.

5.4 Imp ortance of the prop osed occlusion detection algorithm for view
reconstruction

Finally, we would like to elaborate on why the proposedmethod is particularly useful in

intermediate view reconstruction, especially to detect the visibilit y of points. Wementioned

this issuein Section5.1 item #5. Let us explain how the method can be usedin estimating

visibilit y of the points.

Consider Fig. 5�6, where parts of I L and I R are being occluded between images. An

intermediate view J is to be reconstructed. Assuming distance between I L and I R is

normalized to 1, J is placed at � distance from I L and at 1 � � distance from I R . Note
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I 1 I 1 I 1 I 1

dL as intensity dL as intensity dL as intensity dL as intensity

New geometric est. New geometric est. New geometric est. New geometric est.

Figure 5�5: Occlusionestimation results for four well-known test sequences
Flowergarden, Map, Tsukuba and Teddy (Last three test sequencesare avail-
able at http://vision.middlebury.edu/stereo/ .)

that 0 < � < 1.

Without losing generality, let us assumethat the background is static. If we estimate

a disparity �eld dL pivoted on I L toward I R , then we can use the proposedmethod and

estimate OR [ VR as shown in Fig. 5�6.a. Similarly OL [ VL can be estimated using dR

(Fig. 5�6.b). Although this information is valuable in itself, it is insu�cien t to estimate

what parts of occlusion areasare going to be visible in the intermediate image.

Fortunately, we can adapt the method to estimate VL and VR as follows. Since dL

yields OL [ VL , � dL will yield a partially exposedarea which will be equivalent to VR as

shown in Fig. 5�6.c. Also, since this is an exposedarea in J , it is not visible in I L , thus

must be reconstructed using texture of I R . This way, we can also estimate which input

image must be used to reconstruct the occlusion areasof J . Similarly (1 � � )dR will be
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Figure 5�6: (a) dL is usedto estimate OR [ VR (b) dR is usedto estimate
OR [ VR (c) � dL is used to estimate VR (d) (1 � � )dR is used to estimate
VL .

usedto estimate VL as shown in Fig. 5�6.d.

In summary, the idea here is that if full vector �elds can be used to estimate large

exposedareas in the known images, the vector �elds multiplied by � or 1 � � will yield

partially exposedareas.

Therefore, information that we can extract using this method is

(a) What part of occluded areasis visible in intermediate image?

(b) Which of the input imagesmust be usedto reconstruct occlusion areasof interme-

diate image?

We will later return to this topic and show experimental results by using this detection

method in Chapter 7.
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5.5 Part I I: Handling occlusion areas: What to do in occlusion areas?

As mentioned earlier, the disparity in occlusionareascannot be computed becausetexture

in such areasdisappearsbetweenimages. This leadsto di�culties when reconstructing an

intermediate view. We previously mentioned this issuein Section 5.1 item #4. The basic

problem is that since we have no disparity, thus no geometry information for occlusion

areas,we cannot concludewhether those areasare fully occluded in intermediate view or

partially visible.

Let us illustrate this problem usingFig. 5�6 again. Wewould like to reconstruct interme-

diate view J from views the I L and I R . In a simple scenario,�rst disparity betweenI L and

I R would be computed, and then intensities of I L and I R would be disparity-compensated

onto J to create the intermediate view, for example using splinesas proposedin Chapter

4.

However, the area OL [ VL of I L undergoes occlusion in I R , and so does OR [ VR of

I R . Therefore disparity cannot be computed here. Although, VL and VR are visible in the

intermediate view, there is no disparity information for either area,and thusrendering these

areas is impossible. Therefore, in order to reconstruct these areassuccessfully, a proper

correspondencewith I L and I R , respectively, needsto be establishedthrough disparity.

Therefore, the problem we would like to focus on in this section is the recovery or

assignment of plausible disparity values in occlusion areas,or in other words, handling of

occlusion areas.

The simplest and most popular method to extrapolate disparity is to use a depth

constancy assumption; disparity in a small neighborhood is assumedto be constant. For

example, if there is a point x in the occlusion area betweenthe points x 1 and x2, a simple

method to �ll the area is to assumed(x) = min (d(x 1); d(x2)) for x1 < x < x2 (McVeigh

et al., 1996;Park and Inoue, 1997;Kim and Sohn,2005). The idea behind this approach is

that larger disparities indicate closerpoints, therefore the occlusionareashould have larger

depth values, i.e., small disparities. The main problem with this approach is that, such an
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assumption will hold only for parallel camerastructures. Also, there is no guarantee that

depth in a sceneis constant. The objects and background may have varying depth values.

In another, more sophisticated approach, Bertalmio et al. (Bertalmio et al., 2000)

solved an analogousproblem for images. They proposedan algorithm to �ll in, or inpaint ,

missingareasin an imageusing surrounding intensities and their gradients. Their approach

consists of two steps: �rst, extending available gradients into a missing area, and then

applying anisotropic di�usion to propagate the available intensities into this area. The

imagegradients are extended�rst sothat the subsequent anisotropic di�usion can preserve

them (e.g., intensity/color discontinuities).

It is easyto notice that we would like to achieve a similar goal as Bertalmio et al. but

with respect to disparities. Fortunately, in the caseof disparity inpainting, we have a great

advantage; image intensities are known in occlusion areas, and thus the �rst step is not

neededunder the assumption that imageand disparity discontinuities coincide. Therefore,

we proposeto extrapolate disparities using anisotropic di�usion driven by image gradient

as will be discussednext.

5.6 Prop osed approac h: Image-driv en disparit y inpain ting

Let x = (x; y)T 2 
 be a spatial position in imageI de�ned on 
. Also, let f d(x)gx 2 
 be a

disparity �eld to be computed; d = [u; v]T with u and v being, respectively, horizontal and

vertical components of the disparity vector d. Finally, let O � 
 be an occlusion area in

image I . To inpaint disparities, we exploit the underlying image structure by minimizing

the following cost function with respect to u(x); x 2 O:

Fx (u; I ) = r T u(x)

2

4
g(jI x (x)j) 0

0 g(jI y(x)j)

3

5 r u(x); (5.5)

where g(�) is a monotonically-decreasingfunction and I x , I y are horizontal and vertical

derivatives of I , respectively. A similar cost function, Fx (v; I ), can be written for the
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vertical component v(x) as follows:

Fx (v; I ) = r T v(x)

2

4
g(jI x (x)j) 0

0 g(jI y(x)j)

3

5 r v(x): (5.6)

Therefore, in order to inpaint both components of d(x) we minimize Fx (u; I ) + Fx (v; I ).

This leads to anisotropic di�usion; disparities in occlusion areas are di�used while

accounting for the underlying image gradient. Assuming that the gradient magnitude

within an object is small, an iterativ e algorithm minimizing (5.5,5.6) will di�use disparities

inside each object only. The edge-stoppingfunction g(�) will prevent di�usion acrossobject

boundariesbecausegradient is usually large there.

The cost function (5.5) is very similar to the oneproposedby Peronaand Malik (Perona

and Malik, 1990). However, while in Perona and Malik's caseimage intensity undergoes

smoothing and at the sametime drivesthe edge-stoppingfunction g(�) to control anisotropy

during di�usion, in our casehorizontal and vertical disparity components are being (sep-

arately) smoothed but anisotropy is controlled by the underlying image intensity. This

approach has also been used by others to regularize disparities in optical 
o w baseddis-

parit y estimation methods (Kim and Sohn, 2005;Huang and Dubois, 2005).

5.6.1 Exp erimen tal results

In Fig. 5�7, we compareresults of the proposedimage-driven anisotropic disparity di�usion

with thoseof other extrapolation approacheson a synthetic image. We assumethat we are

givena stereopair (left imageshown in Fig. 5�7.a) and a partially estimatedhorizontal (1D)

disparity map with occlusionsmarked in black (Fig. 5�7.b). We would like to extrapolate

the disparity map in occlusion area closely approaching the ground-truth disparity shown

in Fig. 5�7.c as an intensity image and in Fig. 5�7.d as a 3D surface.

A simple extrapolation using depth constancyalong epipolar line (Kim and Sohn,2005)

leads to a patch-like result shown in Fig. 5�7.e, becausedepth constancy approach does

not hold here. On the other hand, isotropic di�usion where g(x) = 1 (Fig. 5�7.f) is overly
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(a) (b) (c) (d)

(e) (f ) (g) (h)

(i) (j) (k) (l)

Figure 5�7: Comparison of disparity extrapolation methods on synthetic
images: (a) I L ; (b) partial disparity map with ground-truth occlusions
(black); ground-truth disparity as (c) intensity image and (d) 3D surface;
and the extrapolated disparity basedon (e) depth constancyalong epipolar
line; (f ) isotropic di�usion; (g) standard inpainting; (h) proposedapproach;
(i-l) corresponding 3D surfacesof disparity extrapolated in occlusion areas.

smooth, becauseit disregards the underlying image gradient and di�uses into occlusion

area from all sides. The results of standard inpainting method of Bertalmio et al. and the

proposedapproach are shown in Figs. 5�7.g and 5�7.h, respectively. The last row in Fig. 5�7

shows the sameresults as a 3D surfacearound occlusion area.

Although standard inpainting preserves structure much better than depth constancy

and isotropic di�usion, there is still unwanted smoothing especially at the bottom part

of the white rectangle. This is due to a weaker gradient in the image around that area.

Standard inpainting fails to recognizethat area as an edgebecauseit doesnot useunder-
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lying image. The image-driven anisotropic di�usion, however, producesan extrapolated

disparity �eld with a clear discontinuit y and is barely distinguishable from ground-truth.

5.7 Can we join tly estimate and handle occlusion areas?

Above, we showed the e�cacy of image-driven disparity inpainting on a synthetic image.

Although it works very well, this approach stands out as a post-processingstep. If there

were errors in occlusion estimation step, then these errors would not be corrected in the

occlusionhandling stage. Even worse,if there wereerrors in the disparity estimation stage,

estimated occlusion areaswould be erroneousas well.

Clearly, step-by-step approach will have limited capabilities. The question that we

would like to further elaborate is whether it is possibleto jointly solve both problems in

a single formulation that will lead to better results. In the next chapter, we will focus on

this problem.

5.8 Conclusions

This chapter �rst concentrated on how to estimate occlusion areas. We proposeda simple

yet e�ectiv e way of estimating occlusionand newly exposedareas. We pointed out why this

method is especially important in view reconstruction as it is able to �nd areasthat will

be occluded in the intermediate view. In the secondpart, we proposedan image-driven

disparity inpainting method to assign disparities to occlusion areas. The experimental

results demonstrate better performancecomparedto other methods. Finally, we discussed

why a step-by-step approach is ine�cien t in disparity and occlusion estimation. In the

next chapter, we will utilize image-driven inpainting in an optical 
o w framework that will

jointly solve both problems.



Chapter 6

Occlusion-a ware optical 
o w estimation

In this chapter, we proposean optical 
o w method which estimatesdisparities, implicitly

estimatesocclusionareasand assignsplausible disparities to occlusionareas. We will start

by intro ducing optical 
o w work of Horn and Schunck (Horn and Schunck, 1981)and review

various improvements to this method. Then, we will intro duceour occlusion-aware optical


o w algorithm (Ince and Konrad, 2007).

6.1 In tro duction and motiv ation for a join t form ulation

As we pointed out in the previous chapter, disparity1 is unde�ned in occlusion areasand,

when only two images are available, a usual remedy is to extrapolate (inpaint) optical


o w in occlusion areas. Ideally, one would identify occlusion areasin advanceand usethe

detected labels in an occlusion-adaptive optical 
o w estimation, relying solely on spatial

regularization to �ll-in the occlusion areas. However, it is unclear how to �nd occlusion

areaswithout �rst computing optical 
o w. Hence, in practice, occlusion-unaware optical


o w is computed �rst, resulting in incorrect vectors in occlusion areas;a best-e�ort match

is forced despite the fact that a feature being matched is absent from the other image.

Then, occlusionareasare identi�ed, and, �nally , the optical 
o w is corrected in theseareas

(Kim and Sohn,2005). This three-stepapproach is often ine�ectiv e sinceincorrect vectors

from occlusion areas had already a�ected their neighbors in visible areas due to spatial

regularization typically used. Moreover, this approach does not bootstrap optical 
o w

estimates to improve occlusion detection results.

1 In this chapter, displacement of points between imagesare called disparit y or motion or more generally
optical 
o w depending on the context.
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Our motivation is to recover densedisparity (depth) from two images everywhere in

the domain of either image and also to minimize the impact of occlusion areas on dis-

parit y estimates at visible points. We deal with de�ciencies of the three-step approach

by proposing a variational formulation that jointly estimates disparity vectors, implicitly

detects occlusionsand extrapolates disparities in occlusion areas.

The basic idea behind the method is that the evolving occlusionsforcedisparity extrap-

olation (via di�usion) by automatically disabling an intensity matching term at occluded

pixels, but permit standard disparity estimation at visible pixels. By using anisotropic

di�usion driven by imagegradient, the interaction betweenocclusion-areaand visible-area

disparity vectors is inhibited. At the sametime, this joint formulation solved iterativ ely

facilitates interaction betweendisparity vectors and occlusion labels, thus leading to more

coherent solutions.

Let us �rst start by intro ducing optical-
o w estimation.

6.2 Optical-
o w-based disparit y estimation

As shown in Section 2.2, disparity �eld of a scenecan be used directly to recover the

depth map of the scene. The higher the quality of the depth map, the better will be the

reconstructed intermediate view. Unfortunately, since disparity estimation is ill-p osed, it

is very di�cult to extract reliable disparity �elds using only two images.

Among many disparity estimation methods (see(Scharstein and Szeliski, 2002) for an

overview) we would like to focus on optical 
o w methods due to their accuracy.

Optical-
o w-based motion estimation was intro duced by Horn and Schunck in their

seminalpaper (Horn and Schunck, 1981)and was later studied by March (March, 1988) in

the context of disparity estimation. The main constraint in motion and disparity estimation

is the constant brightnessassumptionwhich assumesthat intensity of point doesnot change



76

betweenimages. This constraint leadsto the following minimization 2:

argmin
u(x );v(x )

ZZ


 L

(I L (x; y) � I R (x + u(x); y + v(x))) 2 dx: (6.1)

whereu(x) and v(x) are velocities (equivalent to displacement when unit time step is used)

that are sought in horizontal and vertical directions.

The secondconstraint proposed by Horn and Schunck is the smoothness constraint

which states that points in a small neighborhood usually have similar velocities. Alterna-

tiv ely, this meansthat suddenchangesin velocity �elds are unlikely, which can be written

as follows:

argmin
u(x );v(x )

ZZ


 L

jr u(x)j2 + jr v(x)j2dx: (6.2)

By combining these two constraints using a smoothness (or regularization) factor � , we

obtain

argmin
u(x );v(x )

ZZ


 L

(I L (x; y) � I R (x + u(x); y + v(x))) 2 dx + �
ZZ


 L

jr u(x)j2 + jr v(x)j2dx: (6.3)

The �nal iterativ e solution can be found in (Horn and Schunck, 1981). The smoothness

factor � controls the relative importance of both terms. If � is increased,variations in the

displacement �eld will be penalized, therefore a smoother �eld will be obtained.

We focus on optical 
o w methods becausethey yield a densevector �eld which means

that every point in the image has a distinct vector as opposed to, for example, block

matching which yields a piecewise-constant �eld. Secondly, optical 
o w methods are able

to generate
oating-p oint (i.e., sub-pixel) disparity vectors, that can highly increasepic-

ture quality in some applications. Yet another reason is their abilit y to generate two

dimensional vectors �elds, unlike methods such as dynamic programming. Stereo images

2We should note that Horn-Schunck originally derived optical 
o w equation by expanding the constant
brightness assumption dI =dt = 0 as follows: @I =@x � @x=@t + @I =@y � @y=@t + @I =@t = 0 . The equation in
(6.1) is valid, but more related to the approach of March.
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will always have a vertical disparity component unless imagesare captured by perfectly

parallel cameras.

As we mentioned, many reliable disparity estimation methods fail in presenceof vertical

disparity. Although, the parallel camerasetup has beenextensively studied, even a slight

rotation of cameras,e.g., toed-in structure, creates two dimensional disparity as well as

keystone distortions. Therefore, algorithms designed for parallel camera setup usually

preprocessimagesusing a method called recti�cation (Papadimitriou and Dennis, 1996)so

that imagesare aligned in order to eliminate vertical disparity. This kind of setup, however,

posestwo problems. First, recti�cation involves resampling of the original images,which

decreasesimage quality. The resampling processusesinterpolation which is equivalent to

low pass�ltering and causesblur. The secondproblem is that the algorithms require extra

computation time for recti�cation and needto accessinternal cameraparameters,such as

focal length. By using optical 
o w methods, we avoid both of theseproblems and we can

work on any pair of imageswithout any needto accesscalibration parameters. Moreover,

the abilit y to capture vertical disparities will also help when we would like to apply our

algorithm to monoscopicvideo sequencesto capture motion instead of disparities in order

to generateintermediate frames.

6.2.1 Prior impro vements to optical 
o w metho ds

One of the main problems with the Horn-Schunck formulation is that the regularization

term disregards object boundaries. The main assumption of Horn and Schunck for the

regularization term was that objects in real world are rigid, and, therefore, neighboring

points in an imageshould have similar velocities. Although being a reasonableassumption,

it fails in the presenceof object boundaries. Therefore, two neighboring points in an image,

oneof them belongingto an object and the other to the background, will be forced to have

similar velocities. This kind of regularization is called isotropic regularization (stemming

from equation (6.2)). Since the objects and background have di�eren t displacements, an

ideal vector �eld should exhibit a discontinuit y at object boundaries. Unfortunately, the
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result of isotropic di�usion is that object boundaries, which are semantically important

cues, are not preserved in vector �elds. What happens is a gradual change from object

displacement towards background displacement.

Methods have beenproposedto deal with such smoothing by assumingthat intensity

discontinuities coincidewith object boundaries,such as image-adaptive, isotropic di�usion

(Alv arezet al., 1999). In this casethe smoothing term is multiplied by the inverseof image

gradient at that point. In caseof a strong gradient, i.e., an edge,the smoothnessterm is

disabled.

Others have used image-adaptive anisotropic di�usion (Nagel and Enkelmann, 1986;

Mansouri et al., 1998; Alvarez et al., 2002b; Kim and Sohn, 2005; Huang and Dubois,

2005). Thesemethods replacethe isotropic regularization term r T d(x)r d(x) in equation

(6.2) with r T d(x)D(r I )r d(x) where D(r I ) is a projection matrix de�ned, for example,

as follows (Alv arez et al., 2002b) (other Ds are possible):

D (r I ) =
1

2� + jr I j2

2

4
I 2

x � I x I y

� I x I y I 2
y

3

5 + � 2

2

4
K 0

0 K

3

5 (6.4)

where K is a scalar.

It is alsopossibleto control smoothnessby using the estimated vector �eld to determine

the gradient information. For example, if there happens to be a high gradient area in the

vector �eld, this will be enhancedas the estimation progresses.We refer the reader to a

paper of Weickert and Schn•orr (Weickert and Schn•orr, 2001) for a detailed taxonomy of

regularizers.

In another type of approach it is possible to replace the quadratic function of the

regularization term with non-quadratic robust smoothness terms such as the Lorentzian

(Black and Anandan, 1996; Robert and Deriche, 1996). These types of methods do not

rely on image gradient but on robust properties of non-quadratic regularizers.

These improved optical 
o w methods lead to discontinuit y-preserving vector �elds, as

shown in Fig. 6�1, but still produce erroneousresults at object boundariessince incorrect
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Figure 6�1: Results of disparity estimation of Truck (only horizontal dis-
parit y is shown). Stereopair is from http://www.stereovision.net .

intensity matchesare allowed despite occlusions. As mentioned earlier, the problem could

be corrected to a degreein three steps (occlusion-ignorant optical 
o w estimation, detec-

tion of occlusions, and correction of the 
o w), however such a procedure is cumbersome

and there is no interaction between visible-area 
o w vectors, occluded-area
o w vectors

and occlusion labels. Therefore, of interest are methods that would perform optical-
o w

estimation, occlusion detection, and optical 
o w extrapolation jointly .

Since occlusion models are inherently discrete in amplitude (image point is occluded,

newly-exposedor visible), their representation within the variational framework is usually

implicit, for example by meansof a continuous-amplitude inconsistency �eld (Proesmans

et al., 1994). Using such a representation, Proesmanset al. (Proesmanset al., 1994) pro-

posedan edge-preservingoptical 
o w estimation with forward/backward vector di�erences

(geometric constraint) serving as inconsistency �eld. This �eld was used to control the

local strength of image-adaptive, isotropic di�usion. A similar idea was also proposedby

Alvarez et al. (Alv arez et al., 2002a); forward/backward vector �eld consistencywas en-

forced via an energyterm in variational framework, while each vector �eld was regularized
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using anisotropic di�usion. In both works, occlusionswere detected by thresholding the

�nal disparity �eld (geometric) mismatch.

Strecha and Van Gool (Strecha and Gool, 2002) intro duced the idea of disabling a

data-matching energyterm in optical 
o w formulation in order to selectthe best prediction

among camerapairs in a multiple-camera system. Sinceweights usedfor disabling exploit

a geometric constraint, this approach can be considered occlusion-adaptive. Although

similar disabling idea is usedin our approach, the rest of our formulation is quite di�eren t.

More importantly , however, our approach usesonly two imagesand cannot seekoptimal

prediction from other images.

Sun et al. (Sun et al., 2005) also proposedjoint disparity estimation and occlusion de-

tection using a visibilit y constraint but treated the disparity correction in occlusion areas

as a post-processingstep. Moreover, this corrective step assumedthat depth in occlusion

areasand surrounding pixels is constant on epipolar line. Although often valid, this as-

sumption fails for imagebackgroundswith varying depth. The discretedisparity prior used

wasequivalent to anisotropic di�usion in variational formulations, while the overall discrete

formulation wassolved using belief propagation. Lim et al. (Lim et al., 2002)alsoproposed

to jointly estimate bidirectionally-consistent (forward/backward) motion �elds and occlu-

sion labels from a pair of images using Markov random �elds in a Bayesian framework.

However, the occlusion detection mechanism relied on a photometric constraint and no

vector correction was performed in occlusion areas. Graph cut methods (Kolmogorov and

Zabih, 2001; Xiao and Shah, 2005) have been used in disparity/motion estimation under

occlusionsas well. These methods explicitly de�ne an occlusion term in the formulation,

however intensity matching term and occlusionterm are usually not directly coupledunlike

in the approach proposedhere.

Very recently , Xiao et al. (Xiao et al., 2006) proposeda similar approach to ours, that

implemented in a loop, can be considereda joint approach. Although occlusion detection

is embedded into the formulation like in our method, there are important di�erences as

well. First, Xiao et al. employ a bilateral �lter and locally adjust �lter strength by using
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precomputed occlusion labels in each iteration, while we use anisotropic di�usion and let

the joint formulation drive the di�usion processby using \soft" occlusion information

(no explicit occlusion labeling step). Secondly, the occlusion detection usesa photometric

constraint, that is unreliable under imagenoiseand illumination changes(Ince and Konrad,

2005a),while we usea geometric constraint (Section 5.2.2).

In view of the prior work, our approach, resembling the approach of Xiao et al. (Xiao

et al., 2006), makes an important contribution. Namely, we propose a joint variational

formulation for disparity estimation, (implicit) occlusion detection, and disparity extrapo-

lation. Bene�ts of our new formulation are threefold. First, the image-driven anisotropic

di�usion �lls-in disparities in occlusion areasrespecting image structure (intensity discon-

tinuities), therefore providing plausible solutions (unlik e constant-disparit y extrapolation

alongepipolar line). Secondly, the joint formulation permits interaction betweendisparities

and occlusionsduring estimation, thus allowing mutual corrections (unlik e in the caseof

three-step approaches). Thirdly , by disabling the data-matching term in occlusion areas,

the estimation bias of disparity vectors is eliminated sincethe systemrelies exclusively on

anisotropic di�usion there (in visible areasdata-driven 
o w and di�usion work together).

6.3 Prop osed approac h: Join t disparit y estimation/inpain ting

As shown in Section 5.6, image-driven anisotropic disparity di�usion can be an e�ectiv e

tool in extrapolation of disparities in occlusionareas. However, we assumedthere that the

disparity �eld and occlusion map are known, and thus disparity inpainting is basically a

post-processingstep. Now, we proposea new approach that combinesdisparity estimation,

occlusion detection and disparity extrapolation in a single formulation.

Let I L : 
 L ! R+ , I R : 
 R ! R+ , and let x belong either to 
 L or 
 R . We would like

to compute two disparity �elds:

f dL (x) = [uL (x); vL (x)]T gx 2 
 L ; (6.5)

f dR (x) = [uR (x); vR (x)]T gx 2 
 R (6.6)
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that, for pixels visible in both images,minimize somemetric of the following photometric

errors:

� LR (x) = I L (x) � I R (x + dL (x)) ;

� RL (x) = I R (x) � I L (x + dR (x)) :
(6.7)

However, to distinguish occluded and visible image areas,we proposeto usethe disparity

mismatch (geometric constraint):

� L (x) = kdL (x) + dR (x + dL (x))k;

� R (x) = kdR (x) + dL (x + dR (x))k;
(6.8)

where k � k denotesEuclidean norm. Both � L (x) and � R (x) are expected to be small for

visible pixels and larger for occluded pixels. Note that although photometric errors (6.7)

could have been used as occlusion detectors as well, they are less robust to noise and

intensity variations (Ince and Konrad, 2005a).

In order to model data-matching, disparity and occlusionconstraints, we proposethree

pairs of energy functions that combined together will lead to the �nal formulation.

Photometric constrain t : Since photometric constraints, expressedthrough errors

(6.7), do not hold in occlusion areas(errors are large), we needto disable their impact on

the overall cost function whenever � L or � R is large. We can achieve this by multiplying

magnitude (or square)of the photometric error by a weight function inverselyproportional

to the disparity mismatch; the larger the mismatch, the smaller the contribution of this

photometric error to the overall cost function. We propose a monotonically decreasing

weight function D(z) = 1=(1 + K z2), with constant K > 0 controlling function's slope

(Fig. 6�2). It is possible to use other functions such as a Gaussian function for D . As

shown in Fig. 6�2, D (� L (x)) and D(� R (x)) approach zero as the disparities dL ; dR are less

and lesscapableof compensating each other. We de�ne the �rst pair of energy functions
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Figure 6�2: Weights: (a) D (z) and (b) 1 � D (z) for various valuesof K .

(photometric) as follows:

E P
L =

ZZ


 L

D(� L (x))[ � LR (x)]2dx;

E P
R =

ZZ


 R

D(� R (x))[ � RL (x)]2dx:
(6.9)

Theseenergiesdi�er from the usual optical 
o w formulation by their abilit y to disable the

impact of photometric error when the disparities do not compensateeach other. This is

essential becausethese areasare most likely occluded and the intensity matching term is

not bene�cial. On the contrary , it may lead to false solutions.

Inpain ting (di�usion) term : We embed the idea of image-driven disparity extrapo-

lation through the secondpair of energy functions:

E S
L =

ZZ


 L

(Fx (uL ; I L ) + Fx (vL ; I L ))dx;

E S
R =

ZZ


 R

(Fx (uR ; I R ) + Fx (vR ; I R ))dx;
(6.10)

with Fx de�ned in (5.5). Note that energies(6.9) and (6.10) jointly lead to edge-preserving

regularization (no disparity smoothing acrossstrong intensity gradients) when D(�) is close

to 1, but result in disparity inpainting when D(�) is around zero (i.e., possibleocclusion

area), sincethe data-matching terms are disabled.

Occlusion prior term : The energies(6.9) can be easily made arbitrarily small by
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choosing vector �elds with su�cien tly large � L and � R (6.8) for all x . In order to prevent

this, we proposean explicit occlusion model through the following energies:

E O
L =

ZZ


 L

(1 � D (� L (x))) dx;

E O
R =

ZZ


 R

(1 � D (� R (x))) dx:
(6.11)

Note that 1 � D (� L (x)) and 1 � D (� R (x)) approach 1 as the disparity mismatches � L (x)

and � R (x) grow (Fig. 6�2) and can be thought of as occlusion indicators in I L and I R , re-

spectively. The above energyterms, by intro ducing a penalty at each occlusionpoint, keep

the total areaof occlusionsfrom growing inde�nitely . Otherwise, all imagepoints declared

as occluded would result in a low-energy, but degenerate,solution. Sinceminimization of

these terms encouragesD(z) closeto 1, the computed vector �elds are also forced to be

closeinversesof each other, and thus local outliers are prevented.

Final cost function : In order to perform a joint disparity estimation, implicit occlu-

sion detection and disparity extrapolation, we combine the above energy terms and carry

out the following minimizations:

min
d L

EL ; EL = E P
L + � E S

L + �E O
L ;

min
d R

ER ; ER = E P
R + � E S

R + �E O
R

(6.12)

where � and � are regularization factors. Note that although minimized independently ,

energiesEL and ER are coupled through weights D(� L ) and D(� R ) used in (6.9) and

(6.11). The functionals are minimized in an interleaved fashion; dL is assumedconstant

when computing dR and vice versa. A derivation of Euler-Lagrangeequations in this case

can be found in the Appendix B.

6.4 Wh y minimize EL and ER separately?

We decided to minimize EL and ER simultaneously but independently; we minimize EL

for one iteration and then usethe estimated dL in the next iteration when minimizing ER ,
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then usethe estimated dR when minimizing EL and so on.

Instead of separate minimization of EL and ER , we also attempted minimization of

EL + ER with respect to dL and dR , however the results proved inferior. This may seem

counter-intuitiv e, therefore we would like to elaborate on this issue.

A minimization of EL + ER may look reasonablefrom the cost function's point of view.

After all, we would like both EL and ER to be small (ideally zero), so why not their sum

be zero as well?

It turns out that EL + ER may lead locally (in occlusion areas) to contradictory con-

straints. When minimizing EL + ER , dL (x) and dR (x) must be computed oneafter another

but this interleaving, unlike in (6.12), takesplaceat pixel level, or x. Consider minimizing

EL + ER with respect to dL (x). Since E S
R does not depend on dL , this minimization is

equivalent to the minimization of E P
L + � E S

L + �E O
L + E P

R + �E O
R . Clearly, compared to

the minimization in (6.12) with respect to dL , there are two additional constraints, via

energiesE P
R and E O

R . Supposethat a pixel at x in I L is visible in I R , but the samepixel

in I R is a newly-exposedpixel (has no correspondencein I L ). Then, although dL (x) can

be accurately found by minimization (6.12), it will be biased when minimizing EL + ER

becauseof the E P
R + �E O

R term. In particular, since � RL (x) (6.7) is �xed (depends on

dR only), we have E P
R + �E O

R = � D("R (x)) + � (1 � D ("R (x))) = (� � � )D ("R (x)) + � ,

where � = � RL (x) is large becausethe pixel at x in I R is newly exposed. Assuming that

� > � , this constrains D("R (x)) to be small or, equivalently , " R (x) to be large, causing

a forward/backward vector mismatch. This is in contradiction to the constraints imposed

by E P
L + �E O

L , and leadsto erroneousresults in occlusion areas.

However, if both pixels (in I L and I R ) are visible, no bias takesplacewhen minimizing

EL + ER since � = � RL (x) � 0 and thus E P
R + �E O

R is minimized by D("R (x)) � 1 or,

equivalently , by "R (x) � 0 (no forward/backward vector mismatch). This is consistent

with the constraint imposedby E P
L + �E O

L . Clearly, erroneoussolutions occur only around

occlusions,which we con�rmed experimentally .

Wecanalsonotice contradictory constraints from the total cost function's point of view.



86

Consider this: Let us assumethat uL (x) achieved a value that is closeto the true value

for this position, i.e., � LR (x) = 0, � L (x) = 0, Fx (uL ; I L ) = 0 and, �nally , since � L (x) = 0,

1-DL (� L (x)) = 0. Therefore, all penalty terms originating from I L are minimized.

Now, consider that the corresponding x in the right image is an occlusion point i.e.,

� R (x) > 0. Even if this uR (x) value somehow minimizes � RL (x) and Fx (uR ; I R ), since

� R (x) > 0, there will de�nitely be somepenalty due to the 1 � D (� R (x)) term.

If all these prediction, smoothnessand occlusion penalty terms are summed together,

the total cost would not be zero (because� R (x) > 0). Therefore, both uL (x) and uR (x)

should evolve so that the total cost is further minimized. Then, obviously, uL (x) will

deviate from the close-to-true value it had reached. However, if we separate the cost

functions, then uL (x) would stay at the optimal solution and would not be biasedtoward

a wrong solution.

Our experimental results alsocon�rmed that minimization of EL + ER leadsto inferior

results.

6.5 Implemen tation and exp erimen tal results

We discretized the resulting partial di�eren tial evolution equationsusing �nite di�erences

(see(Perona and Malik, 1990) for the discretization of anisotropic di�usion). We usedan

explicit discretization scheme for its simplicit y, and a small time step (� t = 1:5 � 10� 5)

to assurestabilit y of calculations. All subpixel (non-integer position) values, e.g., I R (x +

dL (x)), were computed using bicubic interpolation.

We useda hierarchical implementation to avoid local minima. Imageswere pre�ltered

with a Gaussian �lter and downsampled so that at the lowest resolution the maximum

disparity did not exceed1-2 pixels. The estimation was started at the lowest resolution

and the result propagatedto the next higher resolution by interpolation. We usedrecti�ed

stereopairs, i.e., d = [u 0]T ; the vertical disparity component was set to zero.

In order to carry out evaluation of the proposedalgorithm, we intro duce two di�eren t

weighting functions D in our energy formulation: D 1(z) = 1=(1 + K 1z2) which weights
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Table 6.1: Optical 
o w (OF) estimation algorithms tested.

Algorithm K 1 K 2 g(z)

Original OF (Horn and Schunck, 1981) 0 0 1

Edge-preservingOF (Alv arez et al., 2002b) 0 0 monotonically-decreasing

Symmetric OF (Alv arez et al., 2002a) 0 > 0 monotonically-decreasing

Proposedalgorithm > 0 > 0 monotonically-decreasing

the photometric error in (6.9) and D 2(z) = 1=(1 + K 2z2) which keepsthe total area of

occlusionsfrom growing inde�nitely (6.11). As shown in Table 6.1, for di�eren t valuesof

K 1 and K 2, and di�eren t functional forms of g(z) our formulation may be simpli�ed to

the original optical 
o w (Horn and Schunck, 1981), edge-preservingoptical 
o w (Alv arez

et al., 2002b), or symmetric optical 
o w (Alv arez et al., 2002a)estimation, the latter one

forcing the two disparity �elds to be closeinversesof each other. The symmetric optical


o w algorithm includes energy E3 (6.11) but does not disable the data-matching term in

(6.9). This is of interest for state-of-the-art video coding based on the discrete wavelet

transform (DWT) as it is able to ensurea closeinvertibilit y of vector �elds, important for

such coders (Konrad and Bo�zinovi�c, 2005). Also, note that for K 1= K 2=0 and g(z)=1,

minimizations in (6.12) reduceto two original optical 
o w algorithms executedin parallel.

In all experiments, whenever K 1 and K 2 are non-zerowe usethe value of 10, while � =6000,

� =2000.

First, we tested the four optical 
o w approaches on two synthetic sequences.Fig. 6�3

shows an unusually-shaped object which is displacedhorizontally by 15 pixels over a sta-

tionary background. The original imagesand corresponding ground-truth occlusion area

for I L are in the top row of Fig. 6�3. The ground-truth disparity map for I L and its four

estimates, presented as intensity, as well as the recovered occlusions, are shown in the

remaining two rows.

The secondsynthetic sequence(Fig. 6�4) is more challenging; two circles displace in

opposite directions. There are three occlusion regions between images and a signi�cant
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Table 6.2: Absolute error per pixel in computed disparity �elds.

Image #1 (Fig. 6�3) Image #2 (Fig. 6�4)

uL uR uL uR

Original OF 4.57 4.67 1.63 1.44

Edge-preservingOF 1.55 1.51 0.81 0.52

Symmetric OF 1.61 1.83 0.60 0.45

Proposedalgorithm 0.58 0.53 0.35 0.36

portion of occlusions is due to one object covering the other. Table 6.2 shows the ab-

solute error per pixel for the estimated disparities. The error is estimated as follows:

1
N M

NP

x=1

MP

y=1
jjdest(x; y) � d tr ue(x; y)jj , where N and M are numbers of columns and rows

respectively.

It is clear that the proposedmethod (Figs. 6�3.h and 6�4.h) outperforms the original

(Figs. 6�3.e and 6�4.e) and edge-preservingoptical 
o w (Figs. 6�3.f and 6�4.f) algorithms,

both subjectively and numerically. Note a signi�cant improvement o�ered by the edge-

preserving regularization comparedto the original optical 
o w algorithm. The symmetric

optical 
o w algorithm (Figs. 6�3.g and 6�4.g) o�ers somesubjective and numerical advan-

tage over the edge-preservingoptical 
o w but since it enforcesforward/backward vector

consistencyat occluded pixels, the improvement is limited. Had the occlusion areasbeen

very small, the symmetric optical 
o w would have improved the results signi�cantly (Al-

varez et al., 2002a). In our images,however, disparity mismatch over large occlusion areas

a�ects visible pixels through di�usion and results in disparity errors. Still, this method

is of interest for DWT-based video coding due to closemutually-in verseproperties of the

resulting vector �elds (Konrad and Bo�zinovi�c, 2005).

Table 6.3: The threshold vs. symmetric di�erence of true occlusion areas
and estimated occlusion areas.

� 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1

Symmetric di�erence 1515 1577 1615 1646 1666 1688 1725 1782 1886
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(a) (b) (c)

(d) (e) (f )

(g) (h) (i)

Figure 6�3: Resultsfor a computer-generatedpair of images: (a) I L ; (b) I R ;
ground-truth: (c) occlusionsfor I L and (d) disparity for I L ; and disparities
for I L computedusingprogressively morecomplexformulations: (e) original
OF; (f ) edge-preservingOF; (g) symmetric OF; (h) proposedmethod; and
(i) likely occlusionareasobtained by thresholding 1� D (� L (x)). In disparity
images, black and white graylevels represent 0 and 15 pixels of disparity,
respectively.
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(a) (b) (c)

(d) (e) (f )

(g) (h) (i)

Figure 6�4: Resultsfor a computer-generatedpair of images: (a) I L ; (b) I R ;
ground-truth: (c) occlusionsfor I L and (d) disparity for I L ; and disparities
for I L computedusingprogressively morecomplexformulations: (e) original
OF; (f ) edge-preservingOF; (g) symmetric OF; (h) proposedmethod; and
(i) likely occlusion areas obtained by thresholding 1 � D (� L (x)). In the
disparity images,black, gray and white graylevels represent -10, 0, and 10
pixels of disparity, respectively.
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(a) (b) (c) (d) (e)

(f ) (g) (h) (i) (j)

Figure 6�5: (a) True occlusionareas;occlusionareasestimated at di�eren t
threshold values (b) � = 0:9 (c) � = 0:8 (d) � = 0:7 (e) � = 0:6 (f ) � = 0:5
(g) � = 0:4 (h) � = 0:3 (i) � = 0:2 (j) � = 0:1. Symmetric di�erence between
true and estimated disparity rangesfrom 1515at � = 0:9 to 1886at � = 0:1
(Table 6.3).

Figures. 6�3.i and 6�4.i show thresholded values of 1 � D (� L (x)). White areas show

1� D(� L (x)) > � , which are the likely occlusionareas. In our experiments, we use� = 0:9,

thus we assumethat if D (� L (x)) < 0:1, then x is likely an occlusion area. The reason

for this speci�c value of 0.1 is simple: at K = 10, if D (� L (x)) < 0:1, then jj � L (x)jj >

1 pixel, which is enoughto warrant an occurrenceof an occlusion. Although � seemsto be

another parameter to set, we would like to show that the results are not sensitive to this

parameter. Figure 6�5 show the estimated occlusionsfor various valuesof � and Table 6.3

show symmetric di�erence of true occlusionareasand estimated occlusionareas. It is clear

that results in Fig. 6�5 are visually indistinguishable and symmetric di�erence values are

similar. The reasonis that in occlusion areas,1 � D (� L (x)) is very closeto one (because

D(� L (x) � 0) whereasin visible areas it is very closezero, therefore any � between zero

and one results in similar estimates.

We also compared the four optical 
o w approaches in the presenceof noise;we added

zero-meanwhite Gaussiannoise to the test image from Fig. 6�3. The absolute disparity
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Table 6.4: Absolute disparity error per pixel for uL on test image from
Fig. 6�4 at di�eren t levels of zero-meanwhite Gaussiannoise.

Resulting Original Edge- Symmetric Proposed

PSNR(dB) OF preserving OF OF algorithm

No noise 1.63 0.81 0.60 0.35

27.01 1.66 0.91 0.74 0.50

24.09 1.69 1.08 0.81 0.60

23.12 1.69 1.00 0.87 0.64

20.35 1.80 1.18 0.96 0.72

error per pixel for uL is shown in Table6.4 for di�eren t levelsof noise. Clearly, the proposed

method performs well under noiseaswell. This can be explained by the adaptive nature of

the algorithm; sincedisparities at noisy pixels usually lead to signi�cant geometric errors

(6.8), the contribution from thesepixels is disabled in (6.9). It should be also noted that

the hierarchical schemeused,which includes a pre�ltering step, acts as a noisesuppressor

and helps all tested methods deal with noise.

Finally, we tested the algorithms on camera-acquiredimages:Exit (Fig. 6�6) and Michel

(Fig. 6�7). For Exit , the improvements are clear in occlusionarea to the right of the person

closestto the camera, visible especially in close-upimages(Fig. 6�6.g-i). Original optical


o w result is very unsatisfactory. Although results of the symmetric and edge-preserving

optical 
o w are much better, there is a clear spillover of disparities from person's body

into the background in both results (pixels in the occlusionareafail to �nd correspondence

in the other image). However, such errors are largely corrected by the proposedmethod,

becausethe matching term (6.9) is disabled in occlusion areas. The estimated occlusion

areasare shown in Fig. 6�6.j. Similar improvements can be observed for Michel in Fig. 6�7.

Note the large occlusion areas, e.g., behind the head, lead to incorrect large disparities

for symmetric and edge-preservingoptical 
o w (Fig. 6�7.d and 6�7.e), but are corrected by

the proposedmethod (Fig. 6�7.f. Close-upsin Fig. 6�7.g-i clearly show the improvements.

In this example, we used � = 5000, becausethe occlusion area is much larger; unlessthe
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occlusion count is penalized, it will grow beyond reasonablelimits.

6.6 Convergence of energy minimization

In this section, we would like to comment on the convergenceof energy minimizations in

(6.12). An analytic proof of convergenceof the the algorithms minimizing energiesEL

and ER in (6.12) is very di�cult and beyond the scope of this thesis. In practice, these

algorithms have converged in all our experiments (we used a large but �xed number of

iterations). Fig. 6�8 shows the evolution of energiesEL and ER per pixel against iteration

number. Theseplots show the change in both energiesat the �nal level of hierarchy (i.e.,

no downsampling) for the synthetic sequencefrom Fig. 6�4.

It is clear that the energiesdecreaserapidly in the �rst few hundred iterations and then

reach a relatively steady state. Figs. 6�8.c and d show the last 2000 iterations, where we

note that slight oscillations take place. However, the amplitude of oscillations is negligible

when compared to the initial energies(around 0.25%and 0.13%of initial energiesfor EL

and ER , respectively). To prove that oscillations have negligible e�ect on the results, we

measuredthe lowest and highest valuesof ER in the last 2000iterations. The lowest value

is achieved at iteration #11556, while the maximum value is achieved at iteration #10839.

The resulting disparity �elds at iterations #10839, #11556 and #12000 (�nal iteration)

are shown in Fig. 6�9. It is clear that the resulting disparities are visually indistinguishable.

This suggeststhat the algorithms can be stopped after a few thousand iterations and that

a preciseselectionof the number of iterations is not critical.

6.7 Parameter selection

As in many other methods, an important issue is one of parameter selection. In the

proposedformulation, three parameters K , � and � in
uence the results. We chose� =

6000and � = 2000experimentally . While a larger � would forcean evensmoother disparity

�eld, a larger � would further reducethe number of (implicitly) estimated occlusionpixels.

We choseK to be 10 becausewhen � , i.e., mismatch betweenvector �elds, is larger than 1
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(a) (b)

(c) (d)

(e) (f )

(g) (h) (i) (j)

Figure 6�6: Experimental results for Exit image pair (property of Mit-
subishi Electric Research Labs) : (a) I L ; (b) I R ; estimated disparity for I R :
(c) original-OF; (d) edge-preserving-OF(e) symmetric-OF; and (f ) pro-
posedmethod; and (g-i) close-upsof results from (d-f ), (j) likely occlusion
areasobtained by thresholding 1 � D (� R (x)).
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(a) (b)

(c) (d)

(e) (f )

(g) (h) (i) (j)

Figure 6�7: Experimental results for Michel image pair (property of Mi-
crosoft Research Cambridge, UK):(a) I L ; (b) I R ; estimated disparity for
I R : (c) original-OF; (d) edge-preserving-OF(e) symmetric-OF; and (f ) pro-
posedmethod; and (g-i) close-upsof results from (d-f ), (j) likely occlusion
areasobtained by thresholding 1 � D (� L (x)).
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Figure 6�8: Plots of energy per pixel with respect to iteration number for
(a) EL ; (b) ER . Final 2000iterations are shown for (c) EL ; (d) ER .

pixel, D (� ) falls below 0.1, a small enoughvalue to signi�cantly reducecontribution of the

intensity matching term. Note that there exist methods such as expectation maximization

(Dempster et al., 1977), min-max principle (Gennert and Yuille, 1988) and unbiased risk

estimator (Ng and Solo, 1997) that can be usedto automatically selectparameter values.

In order to demonstrate that a very precise selection of parameters is not necessary

in our method, Table 6.5 shows the absolute disparity error per pixel for the test image

from Fig. 6�4 while changing either K , or � , or � . It can be seenthat as parameters are

increasedthreefold, the error changesat most by 10-20%. We also tested a relatively very

small value of � = 100; almost half of the pixels were marked as occlusion. This was to be
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(a) (b) (c)

Figure 6�9: Resulting disparity �elds after (a) 10839; (b) 11556 and (c)
12000iterations.

Table 6.5: Absolute disparity error per pixel for the test image from
Fig. 6�4 and di�eren t parameter values. In each experiment one param-
eter is adjusted while other parametersare unchanged.

� = 6000, � = 2000

K uL uR

3 0.52 0.46

7 0.47 0.43

10 0.35 0.36

12 0.37 0.36

K = 10, � = 2000

� uL uR

1000 0.54 0.45

3000 0.43 0.40

6000 0.35 0.36

9000 0.37 0.37

K = 10, � = 6000

� uL uR

100 1.00 1.16

1000 0.53 0.47

2000 0.35 0.36

3000 0.44 0.43

expected since, as we mentioned earlier, this leads to mismatched disparities dL and dR

and, consequently , to disabling of the photometric error (6.9).

6.8 Computational load and limitations of the prop osed metho d

We observed that the proposedapproach brings only about 40% of additional computa-

tional load to the standard optical 
o w algorithm due to the additional interpolation oper-

ations stemming from terms such as evx
� . If the occlusion areasare signi�cant, the number

of iterations must be increasedso that di�usion can �ll-in these areasusing neighboring

values. Oneshortcomingof the method is evident in highly-textured imagesbecauseimage-

driven disparity di�usion is inhibited due to the high local intensity gradient; a common

problem of image-driven regularizers.
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6.9 Conclusions

In this chapter, we presented a variational framework for joint disparity estimation, oc-

clusion detection, and disparity extrapolation basedon two imagesonly. The new formu-

lation calculates two closely-symmetric disparity �elds and also inpaints the disparity in

occlusion areas. The proposedalgorithm shows signi�cant improvement over original and

edge-preservingoptical 
o w formulations both subjectively and numerically. Moreover, the

symmetric variant of the proposedalgorithm may be interesting for DWT-based video cod-

ing becauseof the particular relationship betweenthe resulting vector �elds (closemutual

inverses).

By the end of this chapter we proposedmethods to solve the challengesthat we men-

tioned at the beginning of this dissertation. In the next chapter, we will utilize thesetools

to reconstruct intermediate views.



Chapter 7

Occlusion-a ware spline-based view reconstruction

We discussedthe main challengesin view reconstruction in Chapter 3. Thesewere: estima-

tion of disparity and occlusions,and formation of intermediate view. In Chapters 4, 5 and

6, we proposedvarious methods to addresseach of these challenges. In this chapter, we

combine the proposedmethods in a novel occlusion-aware intermediate view reconstruc-

tion algorithm. The chapter will start with an intro duction to occlusion awarenessin view

reconstruction, and then will discusshow the proposedmethods can be used to achieve

this goal. Finally, we will show experimental results on both synthetic and real images.

7.1 In tro duction

Let us �rst review the steps required in occlusion-aware view reconstruction from two

imagescaptured in a small-baselinestereosetup.

Intermediate view reconstruction can essentially be separatedinto �v e steps,hence�v e

challengesto solve, as follows:

1. Find the structure: Estimation of disparity �eld or depth map

2. Find the innovation areasor problematic areas: Estimation of occlusion areas

3. Handle the problematic areas: Recover (extrapolate) disparity in occlusion areas

4. Estimate visibilit y of points in intermediate view

5. Estimate texture of intermediate view.

Although it is possibleto handle each of thesestepsseparately, one of the ideasin our

work was to combine as many sub-components as possibleinto the sameformulation. The

99
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Figure 7�1: Block diagram showing the proposedmethod as well as input
and output of each step.

reasonis that we have observed that the above sequenceof stepsusually leads to sub-par

reconstructions.

One sourceof sub-par results is that each step intro duceserrors which are propagated

or even magni�ed in subsequent steps. Also, the unknown disparity and partitioning into

occluded/newly-exposed/visible areas are closely related. For example, disparities can

be usedto infer occlusion information, while occlusion information is required to estimate

reliable disparities. Therefore, interaction betweentheseunknowns is essential during their

estimation.

7.2 Prop osed reconstruction metho d

A block diagram explaining the proposed method is shown in Fig. 7�1. The �v e steps

described earlier are implemented as follows:

Steps #1, 2, 3: In view of a need for joint estimation, we use the occlusion-aware

disparity estimation algorithm proposedin Chapter 6 in order to accomplishthe �rst three

stepsabove.

Although the occlusion-aware disparity estimation recovers disparities and occlusion

areas,they are both de�ned on lattice � of either I L or I R , whereasin order to reconstruct
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Figure 7�2: Illustration of the needof selective forward-mapping. (a) Three
imagesand (b) their crosssections. Areas A and D are visible intermediate
view despite being occluded betweenI L and I R .

an intermediate view, visibilit y and occlusion labels of the points are neededon lattice �

in the intermediate view J .

Step #4: The estimation of visibilit y of points is a crucial step. We brie
y discussed

this problem in Section 5.4. We would like to illustrate this problem with an example.

Consider imagesin Fig. 7�2.a and their cross-sectionin Fig. 7�2.b wherean object displaces

betweenI L and I R . For the sake of simplicit y let us assumethat the background has zero

disparity, i.e., doesnot move betweenI L and I R .

The occlusion-aware optical 
o w can estimate reliable disparities for both images as

well as occlusion areasf A [ B g in I L and f C [ Dg in I R . However, the important fact is

that the occlusionareaf A [ B g from I L is not fully occludedin J . As it can be noticed, A0

(whose texture can only be derived from A in I L ) is visible in J . Similarly, the occlusion

area f C [ Dg from I R is not fully occluded in J . The area D 0 (whosetexture can only be

derived from D in I R ) is visible in J .

However, the disparity estimation stagecannot distinguish thesepartially visible areas.

It will only estimate f A [ B g and f C [ Dg. Therefore we needa mechanism to estimate

the visibilit y of points, or in other words, to identify each area.

In order to compute the pixel visibilit y in J , we will usethe method proposedin Section

5.3. One of the most important properties of this algorithm is that it allows to estimate
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Figure 7�3: Selective forward compensation. All points of I L and I R are
forward disparity-compensatedexcept areasB and C.

the areasthat wil l be occluded/exposedo� the domain of sourceimagesI L and I R at an

intermediate position 0 < � < 1 (0 being I L and 1 being I R , respectively). Therefore, this

method permits identi�cation of pixels that will be occluded in the intermediate view. For

example, in Fig. 7�2.b, the algorithm can detect areas D 0 and f C [ Dg by using vector

�elds � dL and dL respectively. This topic was previously covered in Section 5.4.

We want all points from I L and I R to be used in texture estimation in J except the

areasB and C, becausethey are occluded in the intermediate view. Therefore, our �nal

task in this step is to detect and eliminate theseareas. This can be achieved through the

following relationship (Fig. 7�3):

8x 2 f A [ B g :

8
<

:

x 2 A

x 2 B

if (x + � dL ) 2 A0

otherwise
: (7.1)

A similar relationship can be written for C and D in I R as follows:

8x 2 f C [ Dg :

8
<

:

x 2 D

x 2 C

if (x + (1 � � )dR ) 2 D 0

otherwise
: (7.2)

These relationships test whether a forward-compensated pixel from I L (7.1) or I R (7.2)

belongsto visible or occluded area. In other words, we would like to �ll in the texture of

exposedarea by using the texture from the other input image. For example,sincearea A0
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is exposedfrom I R to J , this area must be predicted from A of I L . On the other hand,

B of I L will be occluded on J and thus must be excluded from the reconstruction. The

relations (7.1-7.2) allow us to identify which point will be visible or be occluded. Note that

for the special caseof static background (i.e., dL = dR = 0 in A and D), A and D are

equal A0 and D 0, respectively.

One may ask why disparity of A [ B would be reliable. They are expected to be

reliable with the help of the occlusion-aware optical 
o w method. These areas will be

assignedplausible disparities via di�usion.

This step is the crucial step in the occlusion awareness. In contrast, pivoting-based

reconstruction, for example, is hampered by occlusionsas illustrated in Fig. 7�4. A typical

�eld estimated using pivoting in J and spatial regularization results in a \rubb er" e�ect (no

sharp boundary betweenthe object and the background). The reasonis that the absence

of an underlying imagemakesedge-preservingregularization impossible. Additionally , it is

not clear how to estimate occlusionby using a singledisparity �eld. Even if occlusionswere

somehow estimated, assigningdisparity valuesto theseareaswould be impossibleas well,

again due to absenceof underlying image(no di�usion is possible). Finally, estimating the

visibilit y of points would not be possible,becausegiven a singledisparity �eld, there is not

enoughinformation to infer this data.

Steps #5: The last step is forward disparity compensation and, consequently , spline-

basedreconstruction as proposedin Chapter 4. However, as we have mentioned, the areas

of I L and I R that are going to be occluded in the intermediate image must be excluded

from the reconstruction. Thanks to the previous step, areasto be occluded in J have been

identi�ed and we are free to chooseareasin I L and I R to forward-compensateonto J as

illustrated in Fig. 7�3.

Therefore, we propose to selectively forward-compensateonly what will be visible in

the intermediate view (i.e., A of I L and D of I R ), and eliminate occlusion areas(i.e., B of

I L and C of I R ). In order to recover J from the resulting irregular intensities, we slightly
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Figure 7�4: Illustration of occlusion e�ects on a horizontal cross-section
(single row) of I L , J , I R in pivoting-based reconstruction. Typical (incor-
rect) disparity �elds dL and dR computed under spatial regularization in
presenceof occlusions.

modify the formulation in (4.9-4.11) such that occlusion areasare excludedas follows:

PL
n = f xn + � dL (xn ); I L (xn )g for n = 1; :::; NL , and xn 2 � L nB (7.3)

PR
m = f xm + (1 � � )dR (xm ); I R (xm )g for m = 1; :::; NR , and xm 2 � RnC (7.4)

P = PL [ PR (7.5)

The di�erence is that the domains are changedfrom � L to � L nB and � R to � RnC where

B and C are occlusion areasof each image. The idea behind this selective projection is

that unlessocclusionareasare eliminated, intermediate viewswill exhibit \double-texture"

e�ects, becauseoccluded and visible areaswill overlap in the intermediate view.

The overconstrainedspline-basedmethod proposedin Chapter 4 will estimate an opti-

mal function f (x) that minimizes cost function E (Section 4.2.2) for the set P in 7.5.

7.3 Exp erimen tal results

In this sectionwecompareour results for occlusion-awareand unawareview reconstruction.

Speci�cally , we comparethe following:

1. Pivoting-basedreconstruction: Method intro duced in Chapter 4, which is occlusion-

unaware
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2. Spline-basedreconstruction (Fig. 7�1) that usesocclusion-aware optical 
o w estima-

tion and handlesvisibilit y of points; this method employs all steps listed in Section

7.2.

In order to show bene�ts of the proposedapproach, weconstructeda synthetic imageset

with signi�cant occlusions,shown in Figs. 7�5.a-c. The object displaces19 pixels between

I L and I R on a static background. The ground-truth disparities for left and right images

are shown in Figs. 7�5.d and e. The ground-truth occlusionareasbetweenthe left and right

imagesare shown in Figs. 7�5.f and g.

The computed disparity �elds using occlusion-aware optical 
o w algorithm proposedin

Chapter 6 are shown in Figs. 7�5.h and i. Note the sharp discontinuities in the disparity

�eld and accurately inpainted disparity in occlusionareas. Estimated occlusionsare shown

in Figs. 7�5.j and k, and are very accurate when comparedto the true occlusion areas.

Figures.7�5.l-m show the areasthat will be occludedin the intermediate view computed

using the newly-exposed area detection algorithm proposed in Section 5.3 (areas corre-

sponding to B and C in Fig. 7�3). Although there are a few falsepositives,such errors will

have minimal impact on the reconstruction quality due to overconstraining the solution

(texture in the intermediate view will be forward-projected from at least one source im-

age). The �nal reconstruction is shown in Fig. 7�5.n (to be comparedwith Fig. 7�5.b). The

di�erence betweenground-truth and spline-basedintermediate view is shown in Fig. 7�5.o.

The PSNR value is 31.59dB.

Since image-driven anisotropic di�usion (Nagel and Enkelmann, 1986) is not possible

in pivoting-basedmethods, the resulting disparity �eld (Fig. 7�5.p) can neither capture the

shape of the object nor give any occlusion information. The pivoting-basedreconstruction

is shown in Figs. 7�5.q (to be compared with Fig. 7�5.b) with a PSNR value of 26.77dB.

Numerically, the spline-basedreconstruction outperforms the pivoting-basedapproach by

almost 5dB. Although visible points have comparable reconstruction quality in both ap-

proaches,occlusionareasshow a signi�cant improvement in spline-basedreconstruction as

is clear from prediction error imagesin Figs. 7�5.o and r. The texture in the background
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is properly reconstructed in the spline-basedmethod but distorted in the pivoting-based

reconstruction. The only problem that can be noticed in the spline-basedresult is on ob-

ject boundary, where larger errors are present. The reasonfor this is that occlusion and

disparity estimation results, although very good, are not perfect.

Finally, Fig. 7�5.sshows prediction error for spline reconstruction if step #4 is skipped.

As it can noticed, there is a signi�cant distortion in occlusion areas. This is due to the

double-texture e�ect. Sincethe to-be-occluded texture (marked with red in Fig. 7�5.l and

m) is not eliminated, the �nal reconstructed image had con
icting data in the occlusion

area(both object and background texture). The reconstructedimagehasPSNR is 25.83dB.

Reconstruction results with explicit occlusion handling improves results on real-world

imagesas well. The stereosequencein Fig. 4�4 showed signi�cant artifacts without occlu-

sion handling. Let us show the results when occlusionsare properly handled.

Disparit y �elds estimated for this sequenceusing occlusion-aware optical 
o w areshown

in Fig. 7�6.c and d. When compared to Fig. 4�4.c, these disparity maps preserve object

shapessuccessfullyand are subjectively more accurate. The occlusion areasestimated by

using the proposedapproach in step #4 are shown in Fig. 4�4.e and f. In Fig. 4�4.f, the

occlusions marked on the bottom left of the image (on the table) seemto be incorrect,

however, theseare due to the shadow of the speaker, which have the samedisparity with

speaker.

The pivoting-based reconstruction (reproduced from Fig. 4�4.d) and occlusion-aware

spline-basedreconstruction are shown in Fig. 7�6.g and h, respectively. It is clear that

object shapes are well preserved and spline-basedreconstruction outperforms pivoting-

basedreconstruction (shown in closeupsFig. 7�6.i and j).

The closeupsof the texture around occlusion area from left image, pivoting-based

and spline-basedreconstruction also show that spline-basedreconstruction preserves tex-

ture better than pivoting-based approach. The arm is `split' in pivoting-based approach

(Fig. 7�6.l) but is properly reconstructed in spline-basedapproach (Fig. 7�6.m). The im-

provements are due to more accurate disparity �elds and successfulocclusion handling.



107

(a) (b) (c)

(d) (e) (f ) (g)

(h) (i) (j) (k)

(l) (m) (n) (o)

(p) (q) (r) (s)

Figure 7�5: Original images: (a) left (I L ), (b) intermediate (J ), and (c)
right (I R ); true disparity: (d) left-to-righ t, and (e) right-to-left ; true occlu-
sions: (f ) left-to-righ t, and (g) right-to-left; estimated OF: (h) left-to-righ t
(dL ), and (i) right-to-left (dR ); estimated occlusions: (j) left-to-righ t, and
(k) right-to-left; pixels to be occluded in midpoint imageJ that comefrom:
(l) left image(I L ), and (m) right image(I R ); (n) spline-basedreconstruction
(31.59dB), and (o) its error; (p) disparity for the pivoting-basedapproach;
(q) pivoting-based reconstruction (26.77dB), and (r) its error; (s) error of
spline-basedreconstruction without step #4 (25.83dB).
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However, as in the synthetic sequence,there are a few small artifacts on the edgesof

the objects (for exampleon left edgeof the speaker). This is again due to less-than-perfect

disparity and occlusion estimates. Nevertheless, the gain in overall quality makes these

small errors insigni�can t.

Finally, we show the views reconstructed for Ballroom sequence(property of Mit-

subishi Electric Research Laboratories). Figures 7�7.a and f show left and right images

and Fig. 7�7.b-eshow reconstructed intermediate views. Again, the intermediate views are

of high quality.

7.4 Conclusions

In this chapter, we proposedan occlusion-aware spline-basedintermediate view reconstruc-

tion algorithm. In combination with occlusion-awaredisparity estimation, it producesmuch

better results visually on data setswith signi�cant occlusionsthan the pivoting-basedap-

proach. The main advantage of the method stems from accurate disparity �elds which

can utilize the underlying image to account for object boundaries. Since occlusions are

properly handled, the spline-basedresults do not exhibit the `rubber' e�ect, typical of

pivoting-basedmethods.
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(a) (b) (c)

(d) (e) (f )

(g) (h) (i) (j)

(k) (l) (m)

Figure 7�6: Original images: (a) left (I L ), and (b) right (I R ); estimated
OF: (c) left-to-righ t, and (d) right-to-left ; pixels to be occludedin midpoint
image J that comefrom: (e) left image, and (f ) right image ; (g) pivoting-
basedreconstruction (h) spline-basedreconstruction; (i) closeupof (g); (j)
closeupof (h); closeupsof (k) left image,(l) pivoting-based(m) spline-based
reconstructions.
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(a) (b)

(c) (d)

(e) (f )

(g) (h)

Figure 7�7: Ballroom sequence:(a) left imageat � = 0; intermediate views
at (b) � = 1=8; (c) � = 3=8; (d) � = 5=8; (e) � = 7=8; (f ) right image at
� = 1; disparity maps of (g) left and (h) right images.



Chapter 8

Occlusion-a ware view reconstruction using

multiple input images

Sofar, we focusedon view reconstruction and occlusiondetection from two imagesonly. In

this chapter, we would like to extend our work to multiple input images. The main idea is

that disparity and occlusion information can be more reliably estimated if there are more

imagesavailable, i.e., what is not visible in two imagesis likely to be visible in other input

images.

This chapter will start by brie
y presenting how spline-basedmethod can be easily

extendedto multiple images. Our main focusin this chapter, however, will be on improving

pivoting-based methods by using additional images. We will proposea new method that

adaptively estimatespivoted disparity by usingmultiple images.The method �rst estimates

labels,and then usestheselabelsto direct a newvariational formulation that choosesproper

image pairs when computing disparity. The labels and computed disparities are then

used in an adaptive reconstruction algorithm. The �nal reconstruction shows signi�cant

improvements over pivoting-basedreconstruction that usestwo imagesonly.

8.1 Multi-view spline-based view reconstruction

An extension of method presented in Chapter 7 to multiple input images is trivial and

requires no change in the method itself. As many images as available can be forward-

compensatedonto the intermediate view, thus creating additional intensity/color points.

In this case,multiple imageswill be bene�cial to estimate more reliable disparities of

available images. In Chapter 6, the proposedalgorithm was able to estimate disparity of

111
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visible areasand it solved the problem in occlusionareasby using a di�usion process.The

proposeddi�usion processessentially compensatedfor the lack of information and allowed

us to intelligently guessdisparity in occlusion areas.

On the other hand, if there are additional images,an optical 
o w algorithm can utilize

theseimagesto estimate disparity in occlusion areasinstead of using di�usion.

There aremany such works in the literature, for exampleStrecha and Van Gool (Strecha

and Gool, 2002) proposedan optical 
o w method for N -images. This or other methods

can be utilized to estimate more reliable disparities. Subsequently , these disparity �elds

can be usedin multi-view spline-basedreconstruction.

8.2 Multi-view piv oting-based view reconstruction

As we mentioned at the beginning of this chapter, we would like to focuson improving the

pivoting-based approach. Let us �rst start by examining the problems in pivoting-based

method.

8.2.1 De�ciencies of piv oting-based view reconstruction

1. Absence of an underlying image in disparity estimation: Pivoting-based method

can be characterized as a backward-projected method (Section 4.1.1). The disparity

of a pixel of the intermediate view is estimated by backward-projecting this point

onto available images. This is in contrast to what we have proposedin spline-based

method, where disparity of an input image is estimated �rst and then the intensities

of the input image are forward-projected onto the intermediate view.

Although this di�erence may seemto be insigni�can t, there is a crucial di�erence in

estimating the disparity. In the forward-projected method, the disparity of a known

image is estimated, therefore it is possible to use the underlying image for edge-

preserving regularization purposes.As we have seenin Chapter 6, utilizing gradient

information of the underlying image when estimating the disparity signi�cantly im-

proves the quality of the estimated disparity. Unfortunately, when estimating the
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pivoted disparity, we have, obviously, no accessto the intermediate view (that is

what we are trying to estimate!).

Due to this problem, disparity estimated using the pivoted-based method is not

of high accuracy, speci�cally the estimated disparity is usually excessively smooth,

becausethere is no underlying image that will guide the regularization. An example

pivoted disparity waspreviously shown in Fig. 4�4.c. Although it is possibleto utilize

robust statistics in the regularization term, as in the work of Black and Anandan

(Black and Anandan, 1996),edge-preservingregularization leadsto sharper disparity

maps becausediscontinuities coincide with object boundaries.

2. Insu�cient information to estimate occlusion areas: Given only a single disparity

�eld pivoted on the intermediate view, it is unclear how to estimate occlusion areas.

For example,in Chapter 6, wemeasuredthe compatibilit y of left-to-righ t and right-to-

left disparity �elds, however, in the pivoting-basedmethod, onecan estimate a single

disparity �eld, therefore no such compatibilit y measurement can be done. Thus, we

have no clear mechanism of �nding occlusion areasin pivoting-basedmethod.

In fact, even if we were able to estimate occlusion areason the intermediate view,

handling of occlusion areaswould be problematic as well. For example,we proposed

an image-driven disparity inpainting method in Chapter 5. However, we cannot use

such a method to handle occlusionsbecause,yet again, we have no underlying image

to guide the inpainting.

In the following sections, we will proposemethods to solve both problems. A coarse

intermediate image will be used to solve the �rst problem and multiple input imageswill

be usedto solve the occlusion problem.

8.2.2 Edge-preserving regularization using coarse in termediate image

In this section, we will solve the �rst de�ciency mentioned in the previous section. As

demonstratedin Chapter 6, edge-preserving(anisotropic) regularization preservesdisparity
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(a) (b) (c)

(d) (e) (f )

(g) (h)

(i) (j) (k)

Figure 8�1: Experimental results for a synthetic image. Original (a) left
(b) intermediate and (c) right images; (d) pivoted-disparity estimated us-
ing isotropic di�usion; (e) intermediate image reconstructed using pivoted
disparity from (d); (f ) prediction error; edge map of (g) true intermedi-
ate view and (h) reconstructed intermediate image; (i) pivoted-disparity
estimated using anisotropic di�usion; (j) intermediate image reconstructed
using imagesin (a), (c) and pivoted disparity in (i); (k) prediction error.
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edgesbetter than isotropic di�usion, but requiresan image gradient to guide the di�usion

process.The main di�cult y is in providing such a gradient.

The pivoting-basedmethod using two images(as described in Section 4.1.1) results in

intermediate views which have distorted texture but, surprisingly, the edge information

is usually reliable. Although this seemsto be counter-intuitiv e, the reasonis that visible

edgesare matched easily and edgesnear occlusion areasbelong to the object closer to the

camera, therefore its edgesare visible as well. Figure 8�1 shows an experimental result

proving the point. The images shown in Fig. 8�1.a and c are the input left and right

images and Fig. 8�1.b is the true intermediate image. The estimated disparity without

using edge-preservingdi�usion is shown in Fig. 8�1.d. It is computed via the following

minimization:

argmin
d(x )

Z Z

x 2 
 J

(I L (x � � d(x)) � I R (x + (1 � � )d(x))) 2 + �
�
jjr ujj2 + jjr vjj2�

dx (8.1)

where u and v are the horizontal and the vertical components of disparity. Clearly the re-

sulting disparity is excessively smooth. The reasonfor smoothnessis the isotropic di�usion

in the formulation.

The image in Fig. 8�1.e shows the reconstructed image using this disparity. Although

there are grossprediction errors (shown in Fig. 8�1.f), the edgemapsobtained using Canny

edgedetector from the true and reconstructed intermediate images(Fig. 8�1.g and h) are

very similar.

Therefore, we proposeto usethe coarseintermediate imageshown in Fig. 8�1.eto guide

the edge-preservingdi�usion as follows:

argmin
d(x )

Z Z

x 2 
 J

(I L (x � � d(x)) � I R (x + (1 � � )d(x))) 2 + � (Fx (u; Jc) + Fx (v; Jc)) dx;(8.2)

whereJc is the coarseintermediate imageand Fx is edge-preservingdi�usion term de�ned

in (5.5). The di�erence between (8.1) and (8.2) is that (8.2) achieves edge-preserving

di�usion using Jc.
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The disparity shown in Fig. 8�1.i is computed by minimizing (8.2). It is clear that the

object shape is very well-preserved. The intermediate view obtained using this disparity

�eld and its prediction error are shown in Fig. 8�1.j and k respectively. As is clear from the

prediction error, the distortions on the top and the bottom of the object in Fig. 8�1.f are

highly reducedbecausethe excessivesmoothnessof disparity �eld is eliminated. The reason

is that although these areasare not occlusion areas,due to isotropic regularization, they

werepreviously assignedincorrect disparity valuesin (8.1). Edge-preservingregularization

in (8.2) eliminated this problem and theseareasare now assignedaccuratedisparity values,

thus are properly reconstructed.

To summarizethis section,by proposing to usea coarseimagefor disparity estimation,

we solved the �rst de�ciency mentioned in Section 8.2.1. However, in the experimental

result, we seethat areason the left and right of the object are still problematic because

theseareasare occlusion areasand edge-preservingregularization is not su�cien t to solve

the occlusion problem. The problem is due to insu�cien t information; a point is visible

only in one of the images, thus no matching is possible. Therefore, next, we propose to

useadditional imagesto solve the problems in theseareas. The idea is that given multiple

images,theseareasare expectedto be visible in at least two of the input images,therefore,

can be matched to compute an accurate disparity value.

8.2.3 Utilizing multiple images in occlusion areas

In this section, our aim is to solve the secondde�ciency mentioned in Section 8.2.1 by

using multiple images. Let us discusshow using multiple imageswill improve the disparity

estimation in occlusion areas.

Without losing generality, let us consider four input imagesas shown in Fig. 8�2. Al-

though simple, this �gure can successfullyconvey the idea of using multiple images. Images

and their cross-sectionsare shown at the top and bottom, respectively. We would like to

reconstruct the intermediate imageJ using input imagesI 1, I 2, I 3 and I 4. Note that areas

A and B are being occluded/exposedbetweenthe four images.
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Figure 8�2: Using four images is su�cien t for multi-view pivoting based
reconstruction. OcclusionareasA and B (shown in imagesabove and cross-
sectionsbelow) can be estimated either from (I 1; I 2) or (I 3; I 4). All other
points that do not belong to A or B can be estimated from (I 2; I 3).

In the caseof pivoting that usestwo input images,I 2 and I 3 would be the input images

and a disparity �eld pivoted on J would be estimated. For most points of J , it is possible

to estimate accurate disparity valuesbecausethey are visible in both I 2 and I 3. However,

areasA and B are occluded between the images, therefore it is not possible to estimate

disparities for theseareas.

If there are additional images to the left and right of I 2 and I 3, then areas A and

B would be visible in at least two images. Then, it should be possible to estimate the

disparity of area A using I 1 and I 2 and disparity of area B using I 3 and I 4. Therefore,

we need a formulation that will estimate disparity of J by choosing among three pairs:

(I 1; I 2), (I 3; I 4) or (I 2; I 3).
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8.2.4 Estimation of lab els

In order to implement the idea of switching betweenimagepairs from the previous section,

obviously we need to �rst �nd where areasA and B are. We proposeto use the method

developed in Section 5.3 for this purpose:

It is possibleto estimate a disparity �eld d12 from I 1 to I 2 pivoted on I 1. The method

proposedin Section5.3 will yield the areaB by using (1 + � )d12. The coe�cien t (1 + � ) is

usedto normalize the disparity �eld so that it is correctly mapped onto J . The estimated

area B is exposedbetweenI 1 and I 2, and therefore is visible in I 3 and I 4.

Similarly a disparity �eld d43 from I 4 to I 3 pivoted on I 4 can be estimated. Using

(2 � � )d43 will yield areaA, which is visible in I 1 and I 2. Therefore, by using d12 and d34,

we can �nd the labels of points in J : visible, occluded, exposed.

Now that we have the labels, in the next section we will propose a new variational

formulation that utilizes theselabels.

8.2.5 Prop osed variational form ulation

Let I 1 : 
 1 ! R+ , I 2 : 
 2 ! R+ , I 3 : 
 3 ! R+ , I 4 : 
 4 ! R+ be input images,and let

J : 
 J ! R+ be the intermediate image to be reconstructed, let x 2 
 J . We would like to

compute a disparity �eld: f d(x) = [u(x); v(x)]T gx 2 
 J and we would like the formulation

be directed by a label �eld L : 
 L ! R+ .

Let us �rst proposethree setsof prediction errors as follows:

� 12(x) = I 1(x � (1 + � ) d(x)) � I 2(x � � d(x)) ; (8.3)

� 23(x) = I 2(x � � d(x)) � I 3(x + (1 � � ) d(x)) ; (8.4)

� 34(x) = I 3(x + (1 � � ) d(x)) � I 4(x + (2 � � ) d(x)) : (8.5)

� 12; � 23; � 34 measureprediction errors for image pairs (I 1; I 2), (I 2; I 3) and (I 3; I 4), respec-

tiv ely. The (1 � � ); (1 + � ); (2 � � ) coe�cien ts normalize the disparity vectors depending

on the distance betweenimages.
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For every x 2 
 J , it is possibleto evaluate theseprediction errors. Most points, except

points in the occlusion areas in A and B , will yield small prediction errors in all three

cases.However, in the occlusion areasonly one of them will yield a small prediction error.

Speci�cally , in area A, � 12 will be small whereasin area B , � 34 will be small.

Let us de�ne a label �eld L(x) as follows: if L (x) is -1, 0 or 1, we would like � 12; � 23

and � 34 be usedas prediction errors, respectively1. Combining theselabels and prediction

errors we proposethree prediction errors to be usedin our formulation as follows:

P12(x) = � (L (x) + 1)(� 12(x))2; (8.6)

P23(x) = � (L (x))( � 23(x))2; (8.7)

P34(x) = � (L (x) � 1)(� 34(x))2; (8.8)

and then combine them in a single cost term as follows:

eP (x) = P12(x) + P23(x) + P34(x); (8.9)

where � (x) is the Kronecker delta function. Since this function is not continuous, we

proposeto usean approximation such as � (x) = lim
k!1

e� kx2
. For example, k = 1010 yields

a very good approximation.

Clearly, eP adaptively selectsdi�eren t pairs of input imagesdepending on the labels,

L . For example, if L (x) = � 1, then P12 is usedbecause,� (L (x) + 1) = 1 and � (L (x)) =

� (L (x) � 1) = 0.

Now that we have a prediction term, we proposeto usethe following smoothnessterm,

which will enforceedge-preservingdi�usion:

eS(x) = Fx (uL ; Jc) + Fx (vL ; Jc); (8.10)

with Fx de�ned in (5.5) and Jc being coarse intermediate image reconstructed using

1The values of labels have no signi�cance and are chosenrandomly. It is possible to useother values for
labels such as 1, 2 and 3.
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isotropic disparity estimation as proposedin 8.2.2.

Combining theseterms we proposeto minimize the following energywith respect to d:

E =
Z Z

x 2 
 J

eP (x) + �e S(x)dx (8.11)

Derivation of Euler Lagrangeequations is given in Appendix C.

Once a disparity �eld is estimated, it is possibleto reconstruct J (x) by using any in-

tensity value along the disparity vector, but weighted averaging, or simply averaging of

intensities lead to better results. Considering this, we proposeto reconstruct the interme-

diate view as follows:

J (x) = � (L (x) + 1) � 12 + � (L (x)) � 23 + � (L (x) � 1) � 34 8x 2 
 J ; (8.12)

whereL is the estimated label �eld and � � are the intensity averagesalong disparity vector

d(x) de�ned as follows:

� 12 =
1
2

[I 1(x � (1 + � ) d(x)) + I 2(x � � d(x))] ;

� 23 =
1
2

[I 2(x � � d(x)) � I 3(x + (1 � � ) d(x))] ; (8.13)

� 34 =
1
2

[I 3(x + (1 � � ) d(x)) � I 4(x + (2 � � ) d(x))] :

Note that for every J (x), only one of the values in (8.13) is used in (8.12) becauseof the

� (�) terms.

Estimate 
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Figure 8�3: The stepsof the proposedocclusion-aware pivoting-basedmul-
tiview intermediate view reconstruction method.
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Table 8.1: PSNR valuesof intermediate viewswith di�eren t reconstruction
methods for synthetic test sequence.

Description of method PSNR

Pivoting-basedmethod using two images 30.77dB

Pivoting-basedmethod using two imagesand a coarseintermediate image 32.84dB

Proposedmethod 34.15dB

To summarize the proposed method, we show the steps in Fig. 8�3. The proposed

formulation solvesboth de�ciencies of pivoting-basedmethod mentioned in Section 8.2.1.

We will show the e�cacy of the proposedmethod on synthetic and real-world imagesin

the next section.

8.2.6 Exp erimen tal results

We generatedtwo additional imagesfor the synthetic test sequenceshown in Fig. 8�1. Four

input imagesare shown in Fig. 8�4.a-d. True disparity, intermediate image and label map

are shown in Fig. 8�4.e-g. The labels estimated using the method proposedin Section 5.3

are shown in Fig. 8�4.h. Black, gray and white colors indicate that (I 1; I 2), (I 2; I 3) and

(I 3; I 4) image pairs should be used in these areas, respectively. Although there are false

positiveson top and bottom of the object, sincetheseareasare visible in all images,they

can be predicted from any pair.

Disparit y estimated using the formulation proposedSection8.2.5 is shown in Fig. 8�4.i.

When compared to Fig. 8�1.i, which used only two images,the improvement in occlusion

areas is clear. The intermediate image reconstructed using this disparity and label �eld

from Fig. 8�4.h is shown in Fig. 8�4.j. The prediction error in Fig. 8�4.k clearly shows the

improvement. Numerical results of di�eren t methods are shown in Table 8.1. Proposed

edge-preservingdi�usion improved results of pivoting-basedmethod that usestwo images

by more than 2dB, and proposedmultiview method improved this result by another 1dB.

We also tested the proposedmethod on natural images. We used four frames (10th ,

16th , 22nd , 28th frames) of Flowergarden sequenceto reconstruct the 19th frame. The four
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(a) (b) (c) (d)

(e) (f ) (g)

(h) (i) (j) (k)

Figure 8�4: Experimental results for a synthetic sequence.(a) I 1, (b) I 2,
(c) I 3, (d) I 4; ground truth (e) disparity, (f ) intermediate image, (g) label
map; (h) estimated labels (black, gray and white indicate (I 1; I 2), (I 2; I 3)
and (I 3; I 4) image pairs to be used) (i) estimated disparity by minimizing
(8.11); (j) reconstructed intermediate image; (k) prediction error.

original imagesare shown in Fig. 8�5.a-d. It can be noticed that the tree trunk occludesthe

housein the background. The disparity estimated using pivoting-basedmethod that uses

two images,i.e., 16th and 22nd frames, is shown in Fig. 8�5.e. It is excessively smooth. The

reconstruction using this disparity �eld and the two input images is shown in Fig. 8�5.f.

The occlusion area is poorly reconstructed; the texture around the tree trunk is highly

distorted (closeupin Fig. 8�5.k).

The label map that is estimated using the method proposedin Section8.2.4 is shown in

Fig. 8�5.g. Black areasare to be predicted from frames(#22, #28), white areasfrom (#10,
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#16), and gray areasfrom (#16, #22). Estimated disparity using the method proposed

in Section 8.2.5 is shown Fig. 8�5.h. When compared to the previous result in Fig. 8�5.e,

the new disparity has object boundaries. Reconstructed intermediate view using (8.12) is

shown in Fig. 8�5.i. Since the input sequenceis a video, we can subjectively compare the

reconstructed view to the 19th frame of the sequence.Closeup of the original 19th frame

and reconstructionsare shown in Fig. 8�5.j-l. Although there are slight shifts, texture in the

background is clearly distinguished in new reconstruction and very similar to the original

frame. For example, the windows of the house cannot be identi�ed in Fig. 8�5.k, while

they are easily identi�ed in Fig. 8�5.l. Similarly, the tree branches behind the houseare

distorted in Fig. 8�5.k, but are better reconstructed in Fig. 8�5.l.

8.3 Wh y not estimate lab els and disparit y simultaneously?

The method in the previous section, although successful,is composedof a few steps: �rst

estimation of labels and coarse intermediate image, followed by estimation of disparity

using theselabels and the coarseimage.

We explored the possibility of a new cost function that simultaneously estimateslabels

and disparity without using a coarseimage. Our aim was to proposea joint formulation

that estimatesall unknowns simultaneously. Speci�cally , we formulated the joint problem

as the following minimization:

E =
Z Z

x 2 
 J

�( d12; dJ )� 12(x)2 + �( d23; dJ )� 23(x)2 + �( d34; dJ )� 34(x)2

| {z }
Prediction terms

+

� 1	( d; Jc)| {z }
Regularization term

+

� 2(1 � �( d12; dJ )) + � 3(1 � �( d23; dJ )) + � 4(1 � �( d34; dJ ))
| {z }

Occlusion priors

: (8.14)

The formulation is similar to the formulation of the occlusion-aware optical 
o w. The

idea is to disablethe prediction terms, � s, that arenot reliable. Speci�cally , � � are individual

prediction errors as given in (8.5). �( �; dJ ) functions measure the reliabilit y of dJ , by
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(a) (b) (c)

(d) (e) (f )

(g) (h) (i)

(j) (k) (l)

Figure 8�5: Original frames (a) #10, (b) #16, (c) #22, (d) #28; (e) es-
timated disparity using pivoting-based method that uses two-images; (f )
reconstructed intermediate view by using disparity shown in (e); (g) esti-
mated label map (white: frames(10,16), black: frames(22,28), gray: frames
(16,22)); (h) estimated disparity using the proposedvariational approach;
(i) reconstructed intermediate view using proposed approach; (j) closeup
of true frame #19; (k) closeupof the result of the method that usestwo-
images;(l) closeupof the result of proposedapproach.
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comparing to the other disparity �elds, similar to the D(�) function in (6.9). If the vector

�eld dJ is estimated to reliable, then �( �) will be closeto one, therefore allowing the use

of corresponding prediction term. If dJ is not reliable then � will disable the prediction

term because�( �) will be closeto zero.

Unfortunately, this method o�ered limited improvement. Upon investigating, we con-

cluded with the following reasonsfor limited performance:

1. Ambiguity: If the pivoted location is not in between available images, there are at

least two disparity valuesthat satisfy the prediction error which leadsto an ambiguous

solution. Consider Fig. 8�6, where the intermediate image is positioned outside of

input images. Without losing generality, let us assumethat the background is static.

We would like a disparity vector to be pivoted on J and passthrough I 1 and I 2, and

minimize � 12. The ambiguit y is that sincewe do not have the underlying image, any

solution that minimizes prediction error and satis�es the smoothnessconstraint will

be an acceptablesolution. In this case,for the upper part of the object, there are two

solutions jjdjj = 0 (which matches background that is static) and jjdjj 6= 0 (which

matches the object in I 1 and I 2). Both of these solutions would reasonablysatisfy

the smoothnessconstraint as well, becausetheseareasare near the object boundary

and are a�ected by disparity values in both object and background.

Note that this ambiguit y wasnot present in the method proposedin previoussection,

becauseprecomputed labels explicitly (and correctly) directed the solution method.

2. Complex formulation : The formulation has several terms which should be weighed

properly. Our experimental results show that there is usually not a singleoptimal set

of parameters that would work with any data and adjusting parameters for each set

is not practical at all. Therefore this problem renderedthe formulation unpractical.

3. Lack of anisotropic di�usion : Yet, again, the lack of anisotropic di�usion led to

unsatisfactory results. Although, aswe proposedin the previous section,onecan use
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Figure 8�6: Illustration of ambiguit y whendisparity is not pivoted between
the input images. Shadedarea in J can be assignedtwo disparity values
that minimize prediction error.

a coarseintermediate image for di�usion purposes,the other di�culties madea joint

approach unrealistic.

8.4 Conclusions

In this chapter, we �rst discussedhow the method proposedin Chapter 7 can be extended

to multiple views. Next, we pointed out the limitations of pivoting-based disparity esti-

mation, speci�cally the absenceof an underlying image (thus the lack of edge-preserving

regularization), and its inabilit y to handle occlusion areas. Next, we proved that although

pivoting-based reconstruction using two imagescreatesdistorted texture in intermediate

view, it reconstructs reasonableedge information. Exploiting this fact, we proposed to

usea coarseintermediate image in disparity estimation for edge-preservingregularization

purposes.Then, we proposeda new variational pivoting-basedmethod that works on mul-

tiple images. The basic idea is that when multiple images are available, a point in the

intermediate image is visible in at least two images. The formulation uses this fact to

chooseproper image pairs and estimate disparity vectors. The selectionprocessis guided

by labelscomputed using the method proposedin Section5.3. The results show signi�cant

improvements over pivoting-basedmethod that usestwo imagesonly.

Finally, let us point the di�erence betweenthe method proposedin this chapter and in
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Chapter 6. In Chapter 6, sincewe had only two input images,the estimation of disparity in

occlusionareaswasimpossible. However, by using available disparities of visible points, we

intelligently guessedthe disparity of occlusion areasvia a di�usion process;and e�ectiv ely

compensatedfor the lack of information. On the other hand, in this chapter, we utilized

additional imagesthat enabledus to estimate reliable disparities in the occlusion areasfor

all points.



Chapter 9

Applications of prop osed metho ds

This chapter presents several applications of methods presented in this dissertation. The

application areasare health care, personal communication, video compressionand space

exploration.

9.1 Health care: Virtual realit y for bedridden patien ts

In collaboration with NeuroMuscular Research Center at Boston University, we worked

on building an exercisebed for bedridden patients that will help to recover their balance

after recovery from illnesses(Oddssonet al., 2007;Oddssonet al., 2006). Our part in the

project was to utilize 3D displays and proposedview reconstruction algorithm to create a

virtual reality environment for a patient in bed.

9.1.1 In tro duction

3D visualization equipment �nds various application areas; we have mentioned some of

these applications in Chapter 1. Mainly, these applications focus on creating a better

representation of medicaldata sothat medicalpersonnelcan improvetheir diagnosis.These

applications rarely utilize 3D tools to help patients with decreasingtheir recovery time.

Recently , we collaborated with NeuroMuscular Research Center at Boston University

to create a system that utilizes 3D displays and head-mounted 3D glassesto create a vir-

tual reality environment. The system focuseson patients that had to stay in bed for an

extended time period due to a spinal cord injury or neurological diseases.The results of

neuromuscular research indicates that having stayed in bed for such a long time, these

patients have di�culties in maintaining their balance when standing, even after they re-

128
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Figure 9�1: The protot ype bed. Treadmill shown on the left acts asground
and promoteswalking. Computer is usedto control 3D monitors positioned
on the left and above the bed.

covered from illnesses.

Moreover, previous research shows that if the patients are trained while they are still

in bed, so that they experience the gravitational force as if they were standing on their

own, then patient's recovery time of motor functions reducessigni�cantly .

Considering this potential, Oddsson et al. (Oddsson et al., 2004) created a training

systemin a 90-degreetilted room. The room contains objects that would be in an ordinary

room, such as a table and a chair, but they are mounted on the wall to create a standing

feeling when lying on a mat on the 
o or. The subject wearsa harnessthat pulls him/her

toward the wall (which is perceived as the ground) therefore also delivering the senseof

gravit y.

Although encouraging,the systemwasobviously non-portable. Consideringthe severity

of injuries of patients, it is di�cult to seethis systembeing usedin any hospital. In order

to solve this issue,they proposedto build a portable system,that can be easily transported

to patients instead of transporting patients to the system.
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9.1.2 System design

The systemis mounted on an ordinary hospital bed asshown in Fig. 9�1. In order to create

a similar feeling as the one delivered by the tilted room, we utilized two automultipscopic

3D displays from StereographicsCorp. namely SynthaGram SG222,with a resolution of

3840 � 2400 pixels and SynthaGram SG202with a resolution of 1600� 1200 pixels. The

high resolution and quality SG222 is directly in front of the subject. The other display

is placed on the side of the subject sincea user will spend lesstime looking to sides;this

display is enoughto provide the desirede�ect.

These 3D displays are intented to be virtual \windo ws" to an outside environment.

The imagesdisplayed on these screenspromote a visually-induced reorientation illusion.

Since patients are able to \lo ok out of a window" they, in fact, experience the senseof

being upright with respect to gravit y.

Both of the these displays require nine individual views as input. Since we do not

have nine individual cameras,we captured two (rarely three) views of a sceneand used

the proposedview reconstruction algorithm to generateadditional views. The algorithm

is further enhancedby using anti-aliasing �lters (Konrad and Agniel, 2006).

In the �rst stageof the project, imagesaround Boston University were captured using

a stereo camera setup that is composedof two Olympus digital still cameras. To further

improve the e�ectiv enessof the system, the system will be tailored to each patient by

capturing images that are familiar to him/her such as his/her own backyard or living

room. The setup and software for this step have beencompleted and applied in practical

experiments.

This speci�c application demonstratesthe versatilit y of methods proposedin this dis-

sertation. The 2-camera setup can easily be carried by health care professionalsto the

home of a patient. Such a professional, very likely unskilled in camera calibration and

other technical details, will easily capture a stereopair. Later, this pair will be displayed

on the automultiscopic display with little e�ort by using the proposedview reconstruction

method.
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Finally, as an alternativ e to automultipscopic 3D displays, we utilized a head-mounted

stereo display (HMSD), 3DVisor . This speci�c HMSD is able to deliver a virtual reality

environment given a 3D model. We designedvirtual rooms using a 3D modeling software

Blender. When a subject wears this HMSD, he/she perceivesthat he/she is standing in a

room upright and interacts with objects surrounding him/her. This alternativ emethod will

be more cost-e�ective as HMSDs are substantially cheaper than automultiscopic displays.

However, the subject may not be as comfortable as in the caseof 3D displays becauseof

the interocular vs. intercamera distance problem as we mentioned in Chapter 2.

9.1.3 Exp erimen tal results

Experimental results on healthy subjects show that the strength and balance functions

improved signi�cantly . More details can be found in (Oddssonet al., 2007;Oddssonet al.,

2006). The system will soon be usedon patients at Boston Medical Center.

9.1.4 Conclusions

We presented a systemwhere 3D displays and view reconstruction algorithms are usedfor

a health care application. The system can be used by any medical professionalwithout

learning technical details of 3D vision. This system illustrates a very good example of

application of our work.

9.2 Personal comm unications: Frame rate conversion to enhance videos
captured by mobile phones

This application demonstrates that view reconstruction algorithm used along time axis

in monoscopicvideo sequencescan increaseframe rate of low-quality videos. Speci�cally ,

we usethe proposedview reconstruction algorithm to generate30 frames-per-second(fps)

videos from 5-6fps mobile phone videos.
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Figure 9�2: Virtual frames can be reconstructed from available frames.

9.2.1 In tro duction

So far, we focusedon intermediate view reconstruction in stereo or multi-camera setups.

However, view generation can be used to increasethe frame rate of a monoscopicvideo

sequence.This can be achieved by applying view reconstruction along time in monoscopic

video sequences(Fig. 9�2). The disparity estimation step in the reconstruction algorithm

is replacedby motion estimation. We use the optical 
o w algorithm proposedin Chapter

6 for motion estimation, as it can be usedwith both stereoand video data.

The main application of this work is the enhancement of video sequencescaptured by a

mobile phone. Sincemobile phoneshave limited processingpower, they typically capture

5-6fps. This rate is insu�cien t when compared to 30fps which is the required minimum

rate for a smooth playback of a video sequence.Therefore, video sequencescaptured by

mobile phonesare perceived as `jerky', i.e., object motion is perceived as unnatural.

When creating a system for view generation in video sequenceswe exploit the poor

human perception when watching a video. Namely, we cannot perceive slight texture

distortions in a video sequencesince it is shown on the screenfor a fraction of a second.

Moreover, unless there is a very fast moving object in the scene, the occlusion e�ects

are minimal between frames. Therefore, as we will show in experimental results, we can

reconstruct intermediate views by skipping the occlusion handling step (i.e., Step #4 in

Chapter 7).

We should note that we assumethat the frames are captured in equal time intervals.

In rare cases,the processorof the phonecannot keepup with the amount of motion in the
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scenedue to the time spent on motion estimation during compression.In thesecases,the

frame rate drops below the average5-6 fps. Yet, even when we usedsuch very low frame

rate videos as input, the reconstructed video sequenceswere still perceived as smooth.

9.2.2 Prop osed metho d

We utilize the view reconstruction algorithm presented in Chapter 7. We estimate the

vector �eld between input frames using occlusion-aware optical 
o w estimation (Chapter

6) and usespline-basedreconstruction (Chapter 4). The important fact is that weno longer

focus on disparity therefore the occlusion-aware optical 
o w method successfullyhandles

vertical disparities as well. This is an important di�erence of our method from previous

work as it can successfullyhandle disparity as well as 2D motion.

Another additional quality of our approach is that spline-basedreconstruction needs

only one set of vector �elds (left-to-righ t, and right-to-left) and subsequent reconstruction

in between left and right frames usesthe samevector �elds. This is in contrast with, for

example, pivoting-based reconstruction where a new vector �eld must be computed for

each position of intermediate views.

Finally, we noticed that the smoothnessterm in spline-basedreconstruction partially

eliminates blocking artifacts, which are due to compression,and improves the subjective

quality.

9.2.3 Exp erimen tal results

We �rst present the results on a standard test sequence,Coastguard. We useevery third

frame of the sequenceto reconstruct two frames in between. Since those two frames are

available in the video sequence,this allows us to measurethe numerical performance of

the proposedmethod. Fig. 9�3.a and b shows the two input frames and Fig. 9�3.c and d

shows the two original frames in between. Fig. 9�3.e and f shows the reconstructed frames

in between. The di�erence imagesbetweenoriginals and reconstructed views are shown in

Fig. 9�3.g and h. Similar results are shown for Foreman sequencein Fig. 9�4. As it can
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(a) (b)

(c) (d)

(e) (f )

(g) (h)

Figure 9�3: Coastguard sequence:(a) Frame #1 (b) frame #4 (c) frame
#2 (d) frame #3 (e) reconstructed frame #2 (f ) reconstructed frame #3
prediction error for (g) frame #2 (33.29dB) (h) frame #3 (33.30dB).
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(a) (b)

(c) (d)

(e) (f )

(g) 30.3091

Figure 9�4: Foreman sequence: (a) Frame #1 (b) frame #4 (c) frame
#2 (d) frame #3 (e) reconstructed frame #2 (f ) reconstructed frame #3
prediction error for (g) frame #2 (34.34dB) (h) frame #3 (34.44dB).
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Sequence#1

Sequence#2

Figure 9�5: First and last columnsshow input imagesand middle columns
show two of the reconstructions.

be noticed the prediction errors are very small in both experiments. The PSNR valuesare

measuredaround 33dB. We should not that the distortions around the mouth of the person

in Foreman are due to the complex deformable motion of lips. Such a motion cannot be

modeled by optical 
o w.

Next, we captured several video sequencesusing a Motorola V360 mobile phone. Our

measurements reveal that the average frame rate of the videos is around 5.5fps. Con-

sidering this rate, we reconstructed �v e virtual frames between available frames. A sub-

jective evaluation of reconstructed video sequencesshows signi�cant improvements; the

videos are perceived as smoother. In the �rst and last column of Fig. 9�5, we show

the original frames from video sequenceand in the middle two columns we show two

of the reconstructed views. The original and enhancedvideo sequencescan be examined

at http://iss.bu.edu/ince/thesis/timeivr.html .

9.2.4 Conclusions

We presented an application of the proposed view reconstruction algorithms to the en-

hancement of video sequencescaptured by mobile phones. The experimental results show

the enhancedvideos are much smoother and pleasant to the viewer. The method is suc-
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cessfulbecausethe optical 
o w method can accurately estimate the motion betweenvideo

frames.

9.3 Comm unications: Depth estimation for view synthesis in multiview
video coding

In collaboration with Mitsubishi Electric Research Laboratories we worked on coding of

multiview video data. The contribution presented in this sectionwasimproving block-based

disparity estimation to improve compressione�ciency (Ince et al., 2007b).

9.3.1 In tro duction

Emerging camera arrays (Wilburn et al., 2005) and eye-wear free 3D displays (Dodgson,

2005; Matusik and P�ster, 2004) make 3D TV a feasible product in the future. In an

end-to-end3D system,the transmissionand storageof multiple video streamsis of concern

becauseof the prohibitiv e amount of visual data needed. In responseto this need, there

is currently an MPEG activit y on e�cien t coding of multiview video (JTC1/SC29/W G11,

2005;Vetro et al., 2004).

Oneof the approachesin multiview coding is to useview synthesisto produceadditional

referencesfor the view that is being encoded (Kimata and Kitahara, 2004;Martinian et al.,

2006b; Martinian et al., 2006a). Consider Fig. 9�6 where we would like to code I n (t), a

frame at time t of camera n. As shown, it is possible to use previous frames, such as

I n (t � 1), as references.Also, sincethe camerassharea common�eld of view, it is possible

to useframes I n� 1(t) and I n+1 (t) neighboring camerasas referencesas well. Moreover, by

using view synthesis, it is possibleto reconstruct a virtual view Vn (t) for cameran using

other cameras.Martinian et al. (Martinian et al., 2006b;Martinian et al., 2006a)showed

that using this synthesizedview as an additional referencecan intro duce notable gains in

compressione�ciency .

As summarizedin Chapter 3, amongmany methods to synthesizea view, oneapproach

is to compute the depth �eld of a sceneusing available camerasand then to usethis depth



138

time


Cam (n-1)


Cam (n)


Cam (n+1)


view synthesis


view synthesis


I 
n
(t)
I 
n
(t-1)


I 
n-1
(t)


I 
n+1
(t)


V
n
(
t)


Figure 9�6: Prediction using view synthesis in multiview coding.

map to render a virtual view (Chen and Williams, 1993;Buehler et al., 2001). However, in

the caseof multiview video coding, onecrucial step is the transmissionof thesedepth maps,

as they are neededin the decoder. In most cases,the depth of the sceneis unavailable

and must be extracted. Therefore, when depth maps are computed, the number of bits

required to represent them must be consideredaswell (Alatan and Onural, 1998;Park and

Park, 2006). Depth maps for multiview coding should be smooth enoughso that they can

be coded e�cien tly , but they should also have enoughvariations to approximate the scene

structure. Considering theseneeds,in this application, we focus on improving block-based

depth estimation to generatesmooth and accurate depth maps. We progressively improve

the results by intro ducing a hierarchical scheme,regularization and nonlinear �ltering. We

alsoextend the search into color components. Theseadditional stepsnot only improve the

smoothnessof depth maps, but also lead to visual improvements in synthesizedframes.

First, we will intro duce basic depth estimation and then describe improvements to the

algorithm. Finally, we will show the e�cacy of the resulting depth maps in view synthesis

and multiview coding.

9.3.2 Depth estimation for view synthesis

Let An , Rn and t n denote intrinsic matrix, rotation matrix and translation vector for cam-

era Cn . Given a point xn = [xn ; yn ] in imageI n captured by cameraCn and corresponding

depth of this point D (xn ), it is possible to map xn onto image I i from other cameras,
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where i 2 f 1: : : N g and N is the number of cameras. First, the point is projected from

two-dimensional image plane into three-dimensionalspaceas follows:

X = Rn � A � 1
n � [xn 1]T � D (xn ) + t n (9.1)

where X denotes the three-dimensional point. Next, X can be projected onto desired

cameraimage, for example I n� 1, as follows:

xn� 1 = An� 1 � R� 1
n� 1 � (X � t n� 1): (9.2)

Combining thesetwo equationswe can write x n� 1 as a function of xn and D(xn ) within a

scaling factor:

xn� 1(xn ; D (xn )) = An� 1R� 1
n� 1(RnA � 1

n [xn 1]T D(xn ) + tn � tn� 1) (9.3)

Using (9.3), depth estimation seeksto minimize the following prediction error among pos-

sible depth values:

P(x) = 	( I n [xn ] � I n� 1[xn� 1(xn ; D (xn ))]) (9.4)

where 	 is an error function, for example quadratic or absolute value function. This can

be written as the following minimization:

D (x) = argmin
f D i (x )g

P(x) (9.5)

where D i (x) = Dmin + iD step, i = f 0 : : : (Dmax � Dmin )=K g, and K is the number of

possibledepth values.

If we consider a block-basedmodel, then the frame I n is divided into M � M blocks

and prediction error in equation (9.4) is minimized for each block. Sincethis cost function

minimizes the prediction error, it is an excellent choice for compression. However, the

resulting depth maps are not suitable for a multiview codec. The problem is that the

resulting depth maps are usually very noisy and lack spatial smoothness. One frame from

Ballroom sequenceand its corresponding depth map estimated using 4� 4 blocks are shown



140

(a) (b)

(c) (d)

(e) (f )

Figure 9�7: Visual comparison of depth maps. (a) View #4, Frame #1
of Ballroom sequence.(b) Result of original block-baseddepth estimation.
(c)-(e) Results of hierarchical schemefor each level, 16� 16; 8 � 8; 4 � 4 re-
spectively. (f ) Final result of improveddepth estimation algorithm. Clearly,
the improved algorithm generatessmoother and more accuratedepth maps.
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in Fig. 9�7.a and b, respectively. Brighter pixels indicate points that are far away from the

camerawhile darker pixels indicate points that are closerto the camera. Due to the lack of

spatial and temporal correlation in thesedepth maps,conventional compressionalgorithms

fail to achieve a high quality reconstruction while keepingthe depth bitrate low. Moreover,

the estimated depth valuesdo not accurately represent the scene.It is clear that smoother

depth maps are essential to achieve accuracyof depth valuesand high compressionratios.

9.3.3 Impro vements to depth estimation

In this section, we progressively improve the results of the block-baseddepth estimation

algorithm.

Hierarc hical Estimation

In the examplewe show in Fig. 9�7.b, a block sizeof 4� 4 is usedto approximate the scene

structure. However, carrying only 16 pixels of information, such a block fails to capture

local texture essential for �nding a good match. Although larger blocks tend to give better

matches, they cannot capture local depth variations. Depth maps resulting from large

blocks are typically too smooth and blocky. A hierarchical estimation (i.e., coarseto �ne)

scheme(Grimson, 1985) is a good �t to solve both problems. The algorithm should start

from a large block sizeso that a reasonable,but coarse,depth is estimated and then these

values should be used as initial values and re�ned by smaller block sizes. Speci�cally , we

start with 16� 16 blocks, and re�ne the results using 8 � 8 and then 4 � 4 blocks.

Regularization

Regularization, a common tool in inverseproblems, intro ducesa priori knowledge to the

problem (Karl, 2005). In depth estimation, it can be assumedthat neighboring points

should have similar depth values becauseobjects are rigid or smooth in real world. Such

a constraint is not enforcedin equation (9.5), thus yielding noisy depth maps. Therefore,

in order to enforceregularization during depth estimation, we intro duce a new term that
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intro ducespenalty when a point x has di�eren t depth value than neighboring points:

R(x) =
X

k2 �

	( D (x) � D (x k )) (9.6)

where � indicates the neighborhood of the current block and 	 is an error function. This

is a Tikhonov-type regularization, and it is the discrete equivalent of regularization term

given in (6.2).

We usedsecond-orderneighborhood (eight surrounding neighbors) in the implementa-

tion, and absolutevalue function for 	. Combining the prediction error term (9.4) and the

new regularization term (9.6), we perform the following minimization:

D (x) = argmin
f D i (x )g

P(x) + �R (x) (9.7)

where� is the regularization (smoothness)parameter. Large valuesof � result in smoother

depth maps. However, it should be noted that increasing� to very large valuesyields over-

smoothed depth mapswhich are asunusableas the unregularizedones. Therefore, for best

results regularization parameter may need to be adjusted for di�eren t sequences.This is

a common drawback of regularized methods.

Median �ltering

Despite the two previous steps which aim to achieve smooth depth maps, there may still

exist outliers in the computed depth map. Median �lter is a basic nonlinear �lter used

to suppressoutliers in a data set. We add median �ltering to our algorithm as a post-

processingstep. Once a depth map is computed at each hierarchy level via minimization

of (9.7), a median �lter is applied to eliminate the outliers. We useda �xed window of size

3 � 3 for median �lter mask.

9.3.4 Exp erimen tal results and comparison of depth maps

Let us comparethe resulting depth mapsafter each improvement mentioned in the previous

section. Results for each step of hierarchy are shown in Fig. 9�7.c-e. Note that after
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Figure 9�8: Bitrate of the encoded depth �eld vs. synthesizedview quality.

successive steps, the depth map provides a better representation of objects in the scene.

When comparedto the original estimation (Fig 9�7.b), immediate improvements are visible

in Fig. 9�7.e,especially in the background. However, this depth map still contains too much

variation to be compressede�cien tly . The �nal depth map after regularization and median

�ltering is shown in Fig. 9�7.f. It is clear that the resulting depth map is much smoother,

which should be easierto compressthan the noisy depth map in Fig. 9�7.b. We alsoobserve

that, subjectively, the depth valuesare closer to reality. For example,parts of the curtain

in the background are detectedby the original algorithm ascloserpoints (i.e., darker values

in the depth map), which is incorrect. With new algorithm, depth values in those areas

are corrected.

As mentioned earlier, smoother depth maps can be compressedmore e�cien tly than

noisy depth maps. To verify this claim, we tested synthesized image quality vs. bitrate

required to encode depth maps using H.264/AVC referencesoftware (JM, 2006) on the

Ballroom sequence. Results are shown in Fig. 9�8. These results show that the new

algorithm outperforms the original algorithm by up to 6dB. The original algorithm is

better only at very high (and impractical) bitrates of 3 Mbits/sec.

Finally, we tested synthesized frames generated by the original and improved depth

maps in the multiview codec described in (Martinian et al., 2006b). Since bit-rate for

depth data was omitted in that study, we focus on the decoded image quality. Compared
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Figure 9�9: All colors shown on the left have the sameluminance compo-
nent shown on the right.

to results using depth maps obtained by referenceblock-based algorithm, we observed

approximately the samePSNR using the new depth maps with less than 3% increasein

the bit rate. This slight loss in prediction e�ciency is expected due to the smoothness

constraints imposedby the new algorithm. However, it should be kept in mind that the

rate to code the new depth maps will be signi�cantly less.

9.3.5 Impro vements to visual qualit y

For the sake of simplicit y, usually only one color component, luminance, is used in depth

estimation. However, two di�eren t textures in an image, especially areaswith a smooth

color, may have comparable luminance values. For example, in Fig. 9�9, all colors shown

have the sameluminance value. Due to this, depth estimation may yield incorrect depth

values which in turn may result in visual artifacts as shown in Fig. 9�10.a and c (Please

refer to electronic version of this dissertation for better quality). Therefore, whether reg-

ularized or not, an extension of depth estimation methods to include color components

should improve visual quality of the synthesized view. Once minimization in equation

(9.7) is carried out on luminance and chrominance components jointly , such artifacts are

signi�cantly reducedas shown in Fig. 9�10.b and d.

9.3.6 Conclusions

In this application, we consideredthe estimation of smooth and reliable depth maps for

view-synthesis-basedmultiview coding. By adding several improvements, we showed that

such depth maps improve both compressione�ciency and visual quality.

Further improvements in the depth estimation might be achieved by using variable

block sizesinstead of �xed sizes(Mancini and Konrad, 1998). Synthesis correction vectors
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(a) (b)

(c) (d)

Figure 9�10: Synthesis results (a,c) without and (b,d) with using YUV
search. (Breakdancers is property of Microsoft.)

(Martinian et al., 2006a)can improve the results as well.

Currently , the algorithm usesa �xed number of possibledepth values and it linearly

samplesthe depth range. Obviously, the number of possibledepth values directly a�ects

the synthesizedimagequality and depth maps. Therefore,a mechanism to adjust the depth

range depending on available bandwidth may be considered. Moreover, linearly sampling

the depth may not be always e�ectiv e to approximate a scene.For example,objects closer

to the camerawill have more visible depth variations than objects far away, but possible

depth valuesmay not cover all structural details of this closerobject and this may lead to

artifacts in synthesizedview. Visually, artifacts on objects closerto camerawill have more

perceptual impact. Thus, nonlinear quantization of depth with emphasison small depth

valuesshould be considered.
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9.4 Space exploration: Recovery of 3D images of Mars (or helping NASA
�nd little green Martians)

This application demonstratesour methods applied to a real-world problem facedby NASA

(Ince and Konrad, 2005b). We use the proposedocclusion-aware optical 
o w estimation

and subsequently spline-basedview reconstruction algorithm to reconstruct full-color 3D

imagesof Mars on automultiscopic displays.

9.4.1 In tro duction

The recent missionof two NASA rovers, \Spirit" and \Opp ortunit y", to Mars hasprovided

a lot of information about the planet. In order to remotely explore the surface of Mars,

\Spirit" and \Opp ortunit y" have beenequipped with a cutting-edge stereocameracalled

PanCam (Bell I I I and et al., 2003b). PanCam has been designedto take multi-sp ectral

stereo pictures in order to help scientists in their quest for discovery of life on Mars.

While commercial camerasusually capture three spectral bands, namely red (R), green

(G) and blue (B ), PanCam is sensitive to more bands since this information is valuable

to geologists. This is achieved by means of a �lter wheel in front of each camera lens

(Fig. 9�11(a)). Slightly di�eren t �lters are used on wheels of both cameras; while the

left camera is equipped with red, green and blue �lters, among others, the right camera

does not have a green �lter on its color wheel. Therefore, since the G component of the

right image is missing, currently it is not possibleto view a 3D image of Mars surface in

color. In this application, we addressthe issueof recovery of this missing component and

reconstruction of intermediate views to be displayed on a automultiscopic 3D display.

9.4.2 Wh y is green comp onent missing?

The PanCam camera captures di�eren t colors by using the �lters on a rotating wheel

placed in front of the left and right lenses(Fig. 9�11(a)). The table in Fig. 9�11(b) lists the

center wavelength � c of each �lter and its bandwidth � � . The �lters havebeendesignedfor

multisp ectral sky imaging, direct Sun imaging and alsofor geologicand mineralogic studies
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(a)

Left camera: � c (� � ) Right camera: � c (� � )

L1 739nm (338nm) R1 436nm (37nm)

L2 753nm (20nm) R2 754nm (20nm)

L3 673nm (16nm) R3 803nm (20nm)

L4 601nm (17nm) R4 864nm (17nm)

L5 535nm (20nm) R5 904nm (26nm)

L6 482nm (30nm) R6 934nm (25nm)

L7 432nm (32nm) R7 1009nm(38nm)

L8 440nm (20nm) R8 880nm (20nm)

(b)

Figure 9�11: Spectral characteristics of the PanCam: (a) photo of Pancam
and its rotating �lter wheels,and (b) central wavelengthsand bandwidths
of individual �lters (from http://marsrover.nasa.gov ).

of Mars surface (Bell I I I and et al., 2003b), rather than for surface color reproduction.

In order to reproduce color from the Mars surface, information from three parts of the

spectrum is needed,for example closeto the the 1931CIE primaries (red: 700nm, green:

546.1nm,blue: 435.8nm). Excluding the wideband �lter L1, that coverscloseto half of the

visible spectrum, a good choiceof �lters to reproduce left-image color is: L2 for red, L5 for

greenand L7 for blue. Similarly, for the right image a good choice is: R2 for red and R1

for blue. However, there are no �lters in the right image closeto the CIE greenprimary .

Sincethe greencomponent is missing, it is not possibleto create a full-color stereopair of

the Mars surface. Therefore, the goal of our research is to �rst develop a method capable

of recovery of the missing greencomponent of the right image using all three components

of the left image, and the available components of the right image. Then, we would like

to usethe reconstructed stereoimagesto reconstruct intermediate views to displayed on a

multiview 3D display.
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Left imageswith all available color components

Right imageswith G components padded with zeros(i.e., unavailable)

Right imagesafter disparity-compensatedprediction of G component using
occlusion-aware optical 
o w estimation

Final reconstructed right imagesafter �lling missing areasusing image-driven
image inpainting

Figure 9�12: Reconstruction of Mars images. Rows from top to bottom
show left images; right images with unavailable G components; right im-
agesafter disparity-compensatedprediction of the G component, and �nally
right imagesafter �lling in missing areas.
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9.4.3 Recovery of a missing color comp onent in stereo images

As we have seenin Chapter 2 when a 3D sceneis acquired by a pair of color-sensitive

cameras,each 3D point is projected onto the sensorplane of each camera creating the

so-calledhomologouspair of points. Thesepoints inherit all photometric properties of the

original 3D scenepoint. Depending on the color spaceeach camerauses,the photometric

information at camera'soutput may beluminanceand chromaticities, or red, greenand blue

tristim ulus values. The projection geometry, however, is independent of the photometric

propertiesof the 3D point, and thusall components (whether luminanceand chromaticities,

or red, greenand blue channels) sharethe samedisparity.

Thus, if we recover a disparity �eld from only some color channels of a stereo pair,

we know that this disparity �eld also applies to the other channels of this stereo pair.

Therefore, the goal is to compute a disparity �eld using the available R and B components,

and then derive the G component of the right imagefrom the G component of the left image.

The main step of this reconstruction algorithm is disparity estimation. We will use the

proposedocclusion-aware optical 
o w to estimate the disparity. Then, the recovery of G

component can be performed by meansof disparity-compensatedprediction.

Once the disparity �eld f dg has beencomputed for all pixels of the right image I R , a

precisecorrespondencebetweenfeaturesin the left and right imagesfor all color components

is known. Thus, value of color (tristim ulus value) i 2 f R; G; B g at location x in the right

image, namely I R;i (x), corresponds to the value of the samecolor at location x + d(x) in

the left image, i.e., I L;i (x + d(x)). Although thesetwo valuesmay not be identical, they, in

general,should be very similar, except for areaswhere disparity estimation may fail (e.g.,

image boundaries). Thus, I R;i (x), can be accurately predicted from I l ;i (x + d(x)).

In particular, the green component of the right image can be recovered by the above

mechanism, often called disparity-compensatedprediction, as follows:

I R;G(x) = eI L;G (x + d(x)) ; 8x 2 � R (9.8)
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where � R is the domain of I R , I R;G is a predicted value of the green component, and eI

denotes interpolation of intensity I since the position x + d(x) need not belong to the

sampling grid of the left image.

9.4.4 Exp erimen tal results

We applied the proposedalgorithm to a number of stereopairs from the Mars mission1. In

each pair, all components of the left image,and the R and B components of the right image

were available, and we have reconstructed the missing G component. The Mars images

are not captured with a parallel camerasetup, however optical 
o w estimation successfully

captured vertical disparities.

The original color left imagesare shown in the �rst row of Fig. 9�12. The secondrow

shows the right images without the G component. In this casewe simply �lled the G

component with zeros. The third row shows right imagespredicted using equation (9.8).

The structures are very well matched and visually pleasing. However, there are grosserrors

near the boundaries of the image. In close inspection it is obvious that those areas are

visible only in the right image, not in the left image. Sinceequation (9.8) cannot �ll these

areasin, they have di�eren t color than the surroundings.

In order to solve this problem, we utilize the image-driven disparity inpainting proposed

in Chapter 5. Previously, we inpainted missing areasin a disparity map by using gradient

of the underlying image. Now, we inpaint the missing areasin a color component by using

the gradient of another color component. The idea is that edgeinformation is independent

of color components and can be used in guiding the di�usion process. The results after

inpainting are shown in the last row of Fig. 9�12. As it can be noticed, the imagesare of

very high quality. Although there are still a few discolorations around boundaries of the

image, this is expected, becausedi�usion alone is not su�cien t to create texture in those

areas.

1Mars images can be downloaded from NASA Jet Propulsion Laboratory at
http://marsrovers.jpl.nasa.gov/gallery/all/
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After the reconstruction of stereoimages,we createdseven additional views in between

and displayed them on an automultiscopic display (SynthaGram SG202). The resulting

3D experiencewas comfortable and colors were well matched.

9.4.5 Conclusions

In this application, we applied the optical 
o w method proposed in Chapter 6 to the

reconstruction of a missinggreencomponent of right imagein a stereopair. Then, we used

thesestereopairs to generate3D imagesof Mars on an automultiscopic 3D display.

This application once again proves the versatilit y of our methods. Without any cal-

ibration or additional information, we were able recover a stereo pair and intermediate

views. It should also be noted that the input imageswere not captured by parallel cam-

eras, and therefore included vertical disparities. Yet, our algorithms successfullyhandled

this additional problem.



Chapter 10

Conclusions and future work

This chapter summarizesthe contributions of this dissertation, outlines the potential ap-

plications and proposesideasfor future work.

The main inspiration for this work wasthe emergenceof multiview eyewear-free3D dis-

plays, or shortly, automultiscopic displays. Although thesedisplays promisea revolutionary

way of 3D visualization, content to be reproduced is quite scarce; these displays require

several views of a scenethat are often unavailable. This is in contrast to stereo displays

that require two views only. Considering this problem, we focusedon the reconstruction

of intermediate (virtual) imagesfrom stereoimages. Intermediate view reconstruction has

other applications in 3D systemssuch as enhancement of viewer comfort or transmission

of multiview video, or even in monoscopicvideo sequencesfor frame-rate conversion.

In this work, we focused on three main issuesin intermediate view reconstruction:

proposing an alternativ e to the backward-projection methods, improving methods based

on backward-projection, and �nally , handling of occlusion areasin view reconstruction.

As we mentioned earlier, the prior work often focusedon pivoting-basedor backward-

projection methods. Thesemethods reconstruct individual pixels of an intermediate view

by pivoting on the sampling grid of intermediate view and backward-projecting this point

onto input images. These methods have two de�ciencies. The �rst issue is related to

the way disparity of the intermediate view is computed. Since the intermediate view

is not known during disparity estimation, disparity is estimated for an unknown image

and then this disparity is used to reconstruct this unknown image. Experimental results

show that the disparity estimated using this approach is usually not of high accuracy.

More speci�cally , shapes of objects are not preserved mainly becauseof the absenceof

152
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an underlying image; had the underlying image beenavailable, disparity estimation could

haveutilized the underlying imagegradient to regularizedisparities and, therefore,generate

disparity mapswith sharp discontinuities (at object boundaries). Another de�ciency of this

approach is that a new disparity map must be computed for each intermediate view, thus

imposing additional computational burden.

In our work, we proposeda forward-projection method to complement and solve de�-

cienciesof backward projection. The main di�erence in this caseis that the disparity is

estimated for the known images,e.g., left and right imagesin stereo. Then, intensities of

input imagesare forward-compensatedby using the estimated disparity �eld in order to

reconstruct the intermediate view. The main advantage in this caseis that more accurate

disparity valuescan be estimated, becausedisparity estimation can utilize the underlying

image gradient during regularization. Forward-compensation methods were proposed in

the past, but the �nal reconstruction stage was less sophisticated than the spline-based

method that we used. Our forward-compensation method has a computational advantage

aswell. A singledisparity �eld is su�cien t to reconstruct any intermediate view, i.e., there

is no needto estimate a new disparity �eld for each intermediate view.

The secondmain focusof the dissertation wereocclusionsthat occur when someimage

areasare visible only in one of the views. We intended to intro duce occlusion awareness

into individual steps of view reconstruction in order to improve reconstruction quality

in occlusion areas,especially sincereconstruction in theseareasare usually overlooked by

other methods. Another reasonfor our focuson occlusionsis that they occur in monoscopic

video sequencesas well and, therefore, our methods would be applicable to other video

processingproblems as well, thus having a broader impact.

Our main contribution was to addressthe interrelation betweenocclusionsand dispar-

ities: occlusionsoccur due to scenestructure (depth), that is related to disparities, while

accurate recovery of disparities requires knowing location of occlusions. Traditionally oc-

clusion areas and disparity �elds were computed separately since it was unclear how to

create a feedback between them. Usually, one was estimated and the result was used in
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the computation of other and vice versa. Instead of such a step-by-step approach, we

proposeda method that jointly estimates disparities, implicitly estimates occlusion areas

and assignsplausible disparity valuesto occlusion areas. The proposedmethod is the �rst

joint occlusion-aware optical 
o w formulation to the best of our knowledgeand is equally

applicable to stereo and video. In the process,we also developed a simple, yet e�ectiv e,

method for the estimation of occlusionsbasedon the diverging nature of disparity �elds

around newly-exposedareas. An interesting feature of this method is the fact that it can

predict occlusion areasbetweenthe frames from which the disparity was estimated.

After this high-level discussionof contributions of the thesis,we would like to elaborate

on the methods proposedin the dissertation in more detail in the next section.

10.1 Detailed discussion of technical contributions

After analyzing the view reconstruction problem, we concludedthat there are �v e essential

steps of view reconstruction: estimation of disparity, estimation of occlusions, handling

of occlusion areas, identifying which points are visible in intermediate view and �nally

estimation of texture. In this dissertation, we addressedall of theseproblemsand proposed

novel methods. One of the most important properties of these methods is that they are

not limited to stereo, but are directly applicable to video sequenceswith respect to time

axis.

First, for the estimation of texture, we proposeda spline-basedview reconstruction al-

gorithm by extending a method for irregular-to-regular image interpolation. The proposed

method usesintensity values of left and right images to reconstruct a new intermediate

image. Our experimental results show that this method is superior to a referencepivoting-

basedmethod. The main advantage of using splinesand therefore forward-compensationof

intensities is that it permits to selectively useinput images. This is advantageousbecause,

if a point is not visible (i.e., is occluded) in the intermediate image, it should not be used

by the reconstruction method at all (it should not be forward-compensated). Therefore,

this method is suitable for handling occlusion areas.
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Next, we focusedon how to estimate which points are visible/o ccluded. In order to

estimate occlusion areas, we �rst proposed a simple, yet very e�ectiv e method. This

method relies on a simple fact: when a disparity �eld is computed between two images,

pixels in the target frame that did not exist in the referenceframe (i.e., newly-exposed

pixels) have no relationship with the referenceframe and, assuch, cannot be pointed to by

forward disparity vectors. Thus, when pixels of the referenceframe are forward disparity-

compensatedonto target frame, theseareasare void of disparity-compensatedprojections.

Such areas can be detected relatively easily and are equivalent to occlusion areas when

target and referenceframes are interchanged. Our experimental results show that the

method is very reliable and more robust to image noise than other methods. One of the

most important properties of this occlusionestimation method is that it allows to estimate

areas that will be occluded/exposed in the intermediate image as well. We need such a

detection method, becauseocclusion areasbetween the left and the right imagesare not

fully occluded in the intermediate image (pleaseseeFig. 3�1 for an example). Therefore

the proposedmethod can be used to estimate visibilit y of the points in the input, as well

as, in the intermediate images.

Unfortunately, even if we can estimate occlusion areas,disparity in theseareasis still

unknown, becauseit is not possibleto match such areasbetweenimages.Yet, wedo needto

know the disparity in occlusion areas,becausewithout that information, it is not possible

to reconstruct partially visible areasin the intermediate view. Considering the recovery of

disparities in occlusionareas,we proposedimage-driven disparity inpainting. This method

di�uses the available disparities into occlusion areas by utilizing the underlying image

gradient. Sincethe di�usion is guided by imagegradient, the resulting depth mapsexhibit

sharp object boundaries; a very valuable characteristic. Our experimental results show

that image-driven disparity inpainting is more reliable than other methods such as depth

constancyor standard image inpainting work of Bertalmio et al.(Bertalmio et al., 2000).

Although the estimation of disparities and occlusions,and the handling of occlusionscan

be treated as separatesteps, in fact, they are closely interrelated. Speci�cally , the knowl-
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edgeof occlusion areascan be usedto estimate more reliable disparities which should lead

to more reliable occlusion estimates. It is clear that we should allow interaction between

disparities and occlusions. Considering this, we proposed an occlusion-aware disparity

(optical-
o w) estimation algorithm that facilities this interaction.

As we mentioned earlier, the main property of occlusion areasis that they are visible

only in oneof the images. Therefore, it is not possibleto match a point in an occlusionarea

to a point in an other image. However, sincedisparity estimation methods are unaware of

occlusion areasat the beginning of estimation, theseareasare forced to be matched with

points in an other image. Therefore, they are assignedincorrect disparity values. Even

worse, due to spatial regularization these areasadversely a�ect neighboring visible areas

aswell. Therefore, we proposedan occlusion-aware formulation wherethe prediction term,

which matches intensities of the points, is disabled if a point is detected as an occlusion

point. The decision if a point is an occlusion point is made by measuring forward and

backward compatibilit y of the disparity �elds from left to right and from right to left.

The formulation is designedso that if the prediction term is disabled, then image-driven

inpainting dominatesand �lls in disparity of occlusionareasby using available neighboring

of visible points. Experimental results of such occlusion-aware optical 
o w estimation show

signi�cant improvements over other state-of-the-art optical 
o w methods. The method is

also shown to be robust to image noise. To our best knowledge, this is the �rst optical

method that jointly estimatesocclusionsand optical 
o w. This method alsoaddressesthree

problemsof view reconstruction simultaneously, namely, estimation of disparity, estimation

of occlusionsand handling of occlusions.

Finally, after proposingsolutions for each sub-problemof view reconstruction, we com-

bined all these methods to achieve spline-basedocclusion-aware intermediate view recon-

struction. Results on both synthetic and real imagesshow high-quality results.

As a �nal contribution, wefocusedon extendingpivoting-basedreconstruction to handle

occlusions. We decidedto usemultiple imagesinstead of stereopairs to solve the occlusion

problem. Actually , there are two main issueshampering the pivoting-basedmethods. The
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�rst one is that no edge-preservingregularization can be applied becausethe underlying

image is unavailable. The secondissueis that it is unclear how to handle occlusions. We

�rst proposedto use a coarseimage obtained by pivoting-based method to achieve edge-

preservingregularization. This signi�cantly improved the accuracyof estimated disparities

in visible areas,but did not o�er any advantage in occlusionareas. Therefore, we proposed

a variational approach to estimate the disparity by using multiple images. The variational

method is adaptive to occlusionsin that it usesdi�eren t pairs of input imagesto estimate

the disparity; the point of interest is always visible in both images. Our experimental

results show that this new multi-view pivoting-basedmethod outperforms pivoting-based

methods that usetwo images.

In the �nal part of the thesis, we showed several applications of the methods proposed

in this dissertation.

First, we usedthe proposedview reconstruction algorithms to enhancethe videoscap-

tured by mobile phones. Such videos usually have very low frame rates. We interpolated

the missing frames in order to reconstruct 30 frames per secondvideos that look more

natural to the viewer. In another application, we utilized the proposedview reconstruction

algorithm in a neuromuscular training system. We equipped the system with 3D displays

and presented to a patient 3D imagesof his/her home environment. The 3D imageswere

generatedfrom stereo pairs captured by medical personnelby using our view reconstruc-

tion algorithms. The system is soon to be usedby bedridden patients in order to improve

their motor functions. In another application, we improved disparity estimation stage of

a multiview video codec, which utilizes view reconstruction, for better performance. In

the �nal application, we solved a real-world problem faced by NASA in the Mars mis-

sion. By utilizing the occlusion-aware optical 
o w algorithm, we recovered a missing color

component of a stereo pair. Then, we used proposed view reconstruction algorithm to

createadditional views of the sceneto display Mars imageson an automultiscopic monitor.

All these applications demonstrate the versatilit y and broad applications of the methods

developed.
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Overall the contributions of this dissertation can be summarizedas follows:

� Analysis of a widely usedpivoting-basedapproach to intermediate view reconstruc-

tion

� Development of a robust and relatively accurate, yet simple, occlusion detection

method

� Analysis of interrelation between occlusions and disparities and development of a

method that simultaneously estimates disparities and occlusion areasand extrapo-

lates the disparities of visible areasinto occlusion areas

� Development of a selective processcombined with spline approximation for view

reconstruction

� Development of a variational approach for view reconstruction that usesmultiple

imagesand adaptively reconstructs intermediate images

� Application of view reconstruction algorithms on video sequencesfor enhancement

purposes

10.2 Future work

This section brie
y describesa few directions that could extend our work.

10.2.1 Impro ving occlusion-a ware optical 
o w

The occlusion-aware optical 
o w algorithm usesan underlying imagegradient for di�usion.

The formulation forces disparity discontinuities to coincide with high-magnitude image

gradients assuming that object boundaries demonstrate such high-magnitude gradients.

However, this is not always valid; texture of an object may havehigh gradient valuesaswell.

Therefore, in rare cases,di�usion is incorrectly inhibited by this false edge information.

A segmentation algorithm that successfullyestimates object boundaries can improve the

results.
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In a related problem, if an occlusionareacontains signi�cant texture, the extrapolation

of disparities into occlusion areas, i.e., image driven disparity inpainting, is inhibited. A

method which decomposesthe image into texture and structure, such as in the paper by

Veseand Osher (Veseand Osher, 2003), may solve this problem.

10.2.2 Real-time implemen tation of prop osed metho ds

The implementation of spline-basedreconstruction is not fast enough to achieve a real-

time reconstruction today. Currently Gauss-Seideliterations are usedto minimize the cost

function; alternativ e methods such asconjugategradient may improve the executionspeed.

Similarly, the implementation of occlusion-aware optical 
o w algorithm can be im-

proved. In our implementation, we explicitly discretized the Euler-Lagrange equations,

becauseexplicit discretization is straight-forward and simple to implement. However, de-

spite its simplicit y, explicit discretization requires a small time step to ensurestabilit y of

the solution. It is possibleto usesemi-implicit or implicit discretization, which will remove

the restriction on time step and may allow faster implementation. However, implicit dis-

cretization requiressolving a systemof linear equations,which is an additional burden for

the implementation.

Finally, all the methods were implemented partially in Matlab, to take advantage of

some of the built-in functions, and partially in C, for its computational e�ciency . The

parts that are implemented in Matlab are usually slow. Those parts can be ported to C

for a better performance.

10.2.3 Em bedding spline-based reconstruction in to variational form ulation
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Figure 10�1: A feedback loop for disparities can be constructed if spline-
basedreconstruction is embeddedinto disparity estimation.
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Currently , the proposed spline-basedreconstruction is a separate step in the overall

view reconstruction method. It is worth investigating the possibility of embedding this

reconstruction into the disparity estimation stage. This will also allow the reconstructed

image to interact with the estimated disparity. Speci�cally , the reconstructed image can

be used to measurehow reliable the disparity values are (Fig. 10�1). Such a feedback in

the formulation may lead to improved performance.

10.2.4 Mathematical represen tation of the prop osed occlusion estimation

metho d

The proposedocclusion detection algorithm in Section5.3 can be represented by a mathe-

matical model and usedin occlusion-awareoptical 
o w estimation. Currently , the occlusion

detection method assumesthat the image is composedof discrete points, therefore using

such a model in a variational framework is not possible. However, if one can represent the

estimation method in continuous domain, then it would be possibleto utilize the method

in occlusion-aware optical 
o w.

The continuous formulation could be as follows. To explain the idea better, let us �rst

focus on 1D case.Extension to 2D will be shown later.

Let 
( x) be a function that measuresthe density of the points and be de�ned asfollows:


( x) =
N xX

x0=0

�( x � x0); (10.1)

where x0 is a grid point, Nx is the number of points and �( x) is the rectangular function

shown in Fig. 10�2.a. Since this function is not di�eren tiable, one can use the following

continuous approximation:

�( x) =
1
2

[tanh(K (x + w)) � tanh(K (x � w))] : (10.2)

As the constant K ! 1 , this function approaches the rectangular function with w deter-

mining the width of the rectangle. For example,when K = 103 and w = 1=2 the function

approximates ideal rectangular function very well as shown in Fig. 10�2.b.
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Figure 10�2: (a) Perfect rectangular function; plot of (b) �( x) in equation
(10.2) (c) �( x) in equation (10.4). K = 103 and w = 1=2 in (b) and (c).

It is easyto notice that with this de�nition of �( x), 
( x) will be constant i.e., 
( x) =

1; 8x, because
 will be composed of the shifted replicas of rectangular function. Now

consider that we estimated a disparity �eld d(x). The disparity compensated density

function 
( x+ d(x)) would no longerbea constant; there will beareaswhere
( x+ d(x)) > 1

becauseoccluded points will fall in a neighborhood. On the contrary , there will be areas

where 
( x + d(x)) = 0 which are the exposedareas.

Therefore, by thresholding the value of 
( x + d(x)), it is possibleto concludewhether

x is an exposedarea or not. Considering this idea, one can replaceD(� (x)) in (6.9), with

this new detection formula.

Finally, let us show two dimensional representations of 
( x) and �( x). We can write


( x) as follows:


( x) =
N xX

x0=0

N yX

y0=0

�( x � x0; y � y0); (10.3)

where (x0; y0) is a grid point, Nx and Ny are the number of columns and rows respectively

and �( x) is de�ned as a separablefunction as follows (Fig. 10�2.c):

�( x) =
1
2

[tanh(K (x + w)) � tanh(K (x � w))] �

1
2

[tanh(K (y + w)) � tanh(K (y � w))] : (10.4)
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10.2.5 Extension of view reconstruction metho d to large-baseline cameras

The methods proposedin this dissertation are applicable to cameraswith a small baseline.

Especially, the proposedoptical 
o w algorithm will have limited performanceif the cam-

eras are positioned far from each other. Another future direction could be extending the

proposedalgorithms to large-baselinecameras.

The main problem encountered in imagescaptured by large-baselinecamerasis that the

common �eld-of-view is signi�cantly smaller. Therefore, points near image boundariesare

usually invisible in the other image. This is, in fact, another form of occlusion. However,

theseocclusionsare severe; as much as half of the image points may be occluded between

images.

Let us suggestsomefuture directions to solve this problem. First of all, sinceocclusion

areasare large, there must be several views available, so that all points are visible at least

in two images.

Moreover, another input information that would be required is the cameracalibration

data. If cameralocations in 3D world are known, then it may be possibleto usegeometric

relations, as given in Section 9.3, to estimate if a point is visible in other images.

It is also possible to embed camera calibration data into optical 
o w formulation as

proposedby Alvarez et al. (Alv arez et al., 2002b). However, formulation of Alvarez et al.

does not estimate the visibilit y of points in input images, therefore it will have problems

around boundariesaswell. As we proposedin Chapter 6, a term that estimatesvisibilit y of

points by using geometric relations and cameracalibration information can be embedded

into the formulation. Such a method may successfullylabel the points that are not visible

between images. The formulation can further be extended to use other image pairs for

matching, as proposedin Chapter 8.



App endix A

Camera geometry

A.1 Pinhole camera

Considerpoint X = (X ; Y; Z ) in 3D spacein Fig 2�2.a and its projection at x = (x; y) onto

image plane R. Using similarit y of triangles (C; X ; Y ) and (C; x; y ), following relations

can be written

Z � f
f

= �
X
x

= �
Y
y

: (A.1)

Rearranging this equation x and y can be written as follows:

x = � f
X

Z � f
; y = � f

Y
Z � f

: (A.2)

A.2 Parallel cameras

Let us study projection of point X = (X ; Y; Z ) in 3D spaceonto left and right cameras,

at xL and xR respectively (Fig. A�1) and derive the disparity equations. Focal length of

camerasis denoted by f and the baselinedistance by b.

The projection onto the x axis of left camera is shown in Fig. A.2. By using the

similarit y of triangles (xL ; T; X ) and (CL ; T0; X ), the following can be written

b=2 � X
b=2 � X + xL

=
Z � f

Z
: (A.3)

Rearranging this equation xL is found as follows:

xL = f
X � b=2
f � Z

: (A.4)
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x
y

z

X=(X,Y,Z)

xL
CL

b

xR

f

CR

Figure A �1: Parallel cameras.

Similarly, xR can be computed as follows:

xR = f
X + b=2
f � Z

: (A.5)

The projection onto the y axis of left camerais shown in Fig. A.2. By using the similarit y

of triangles (yL ; T; CL ) and (X ; T0; CL ), it can be written as:

f
Z � f

= �
yL

Y
: (A.6)

Rearranging this equation yL , and similarly yR , are found as follows:

yL = f
Y

f � Z
; yR = f

Y
f � Z

: (A.7)

Using thesevaluesthe disparity can be computed as

dLR =

2

4
xL

yL

3

5 �

2

4
xR

yR

3

5 =

2

4
f X � b=2

f � Z

f y
f � Z

3

5 �

2

4
f X + b=2

f � Z

f y
f � Z

3

5 =

2

4
� f b

f � Z

0

3

5 : (A.8)

Note that vertical component of disparity is equal to zero. Finally, using similarit y of

triangles in (xL ; xR ; X ) and (CL ; CR ; X ) in Fig. A�1, the depth of the point is de�ned as
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Figure A �2: Projection onto (a) x (b) y axis of left camera.

follows:

Z � f
Z

=
b

b+ d
(A.9)

Z = f
b+ d

d
: (A.10)

Another concept in camera geometry is the epipolar plane which is the plane de�ned

by CL ; CR and X (Fig. A�1). The intersection of epipolar plane with an imageplane forms

a straight line, called the epipolar line. Epipolar line is the projection of a ray through

the optical center and image point of one camera, onto the other camera. For example,

projection of ray passingthrough xR , CR and X , createsthe epipolar line in the left camera.

The knowledgeof epipolar geometry is important. Given an imagepoint in onecamera,

the homologouspoint in the other image must lie on the epipolar line in the other image.

Therefore, given camera geometry information, the search for homologouspoints can be

reduced to a 1D search problem rather than a 2D one. In the special caseof parallel

cameras,epipolar lines coincide with image scanlines.

A.3 Toed-in (con verging) cameras

In toed-in setup, the camerasare rotated to each other by a small angle of � as shown in

Fig. 2�2.b. Unlike parallel cameras,the optical axesintersect at a physical point instead of
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in�nit y. The depth of convergencepoint can be computed as follows:

Zconv =
b
2

tan(� ): (A.11)

The projection of 3D points onto camerasis now more complicated since the camera

planesare rotated around y axis by � (left camera)and � � (right camera)degrees.Instead

of deriving the disparity equationsusing similarit y of triangles, let us useavailable results

of projective geometry (Faugeras, 1993; Franich, 1996; Hartley and Zisserman, 2004).

Rotation matrix around y axis with � degreesis de�ned as follows:

Ry =

2

6
6
6
6
4

cos(� ) 0 � sin(� )

0 1 0

sin(� ) 0 cos(� )

3

7
7
7
7
5

: (A.12)

Using this rotation matrix, the new position of X is de�ned as follows:

X 0 = RyX =

2

6
6
6
6
4

cos(� ) 0 � sin(� )

0 1 0

sin(� ) 0 cos(� )

3

7
7
7
7
5

2

6
6
6
6
4

X

Y

Z

3

7
7
7
7
5

=

2

6
6
6
6
4

X cos(� ) � Z sin(� )

Y

X sin(� ) + Z cos(� )

3

7
7
7
7
5

: (A.13)

Sincethe left camerais at position (b=2; 0; 0) of the 3D coordinate system,a translation is

applied to the point as well, which yields,

X 00=

2

6
6
6
6
4

(X � b=2) cos(� ) � Z sin(� )

Y

(X � b=2) sin(� ) + Z cos(� )

3

7
7
7
7
5

: (A.14)

Using the result of pinhole cameramodel, xL and yL are computed as follows:

xL = f
(X � b=2) cos(� ) � Z sin(� )

f � (X � b=2) sin(� ) � Z cos(� )
; (A.15)

yL = f
Y

f � (X � b=2) sin(� ) � Z cos(� )
: (A.16)



167

Similarly xR and yR can be computed as:

xR = f
(X + b=2) cos(� ) + Z sin(� )

f + (X + b=2) sin(� ) � Z cos(� )
; (A.17)

yR = f
Y

f + (X + b=2) sin(� ) � Z cos(� )
; (A.18)

and �nally disparity is computed as:

dLR =

2

4
xL

yL

3

5 �

2

4
xR

yR

3

5 =

2

4
f T1=T3

f T2=T3

3

5 ; (A.19)

where

T1 = b(cos2(� )Z � sin2(� )Z � cos(� )f ) + (X 2 � b2=4) cos(� ) sin(� ) +

(2 cos(� ) sin(� )Z 2) � 2sin(� )f Z; (A.20)

T2 = � 2sin(� )X Y; (A.21)

T3 = (f � cos(� )Z )2 + bsin(� )( f � cos(� )Z ) � sin2(� )(X 2 � b2=4): (A.22)

Note that when � = 0, (A.19) becomesequivalent to (A.8).



App endix B

Euler-Lagrange equations for occlusion-a ware

optical 
o w estimation

Let � L = f uL ; vL g, � R = f uR ; vRg be sets of disparity �eld components that we seekby

minimizations in (6.12). Assuming that 
 L = 
 R = 
 in all energy terms (6.9{6.11), we

can write (6.12) as follows:

EL =
ZZ




eL (x)dx; (B.1)

ER =
ZZ




eR (x)dx; (B.2)

where the integrands are de�ned as follows:

eL (x) = eP
L (x) + � eS

L (x) + �e O
L (x); (B.3)

eR (x) = eP
R (x) + � eR

S (x) + �e O
R (x); (B.4)

and where the individual terms are de�ned as follows:

eP
L (x) = DL (x)[� LR (x)]2;

eP
R (x) = DR (x)[� RL (x)]2;

eS
L (x) = Fx (uL ; I L ) + Fx (vL ; I L );

eS
R (x) = Fx (uR ; I R ) + Fx (vR ; I R );

eO
L (x) = (1 � DL (x)) ;

eO
R (x) = (1 � DR (x)) ;

(B.5)
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For simplicit y let DL (x)
4
= D(� L (x)), DR (x)

4
= D(� R (x)).

We will minimize EL and ER simultaneously by assuming that dL is constant when

computing dR and vice versa. This will lead to interleaved descent equations, i.e., one

iteration of dL using the valuesof dR from previous iteration and vice versa.

Using the calculus of variations, two Euler-Lagrangeequations (one for each unknown

in � �) for each E � can be found in the form of

e0
L (! L ) =

@eL

@! L
�

@
@x

@eL

@! x
L

�
@
@y

@eL

@! y
L

= 0; (B.6)

e0
R (! R ) =

@eR

@! R
�

@
@x

@eR

@! x
R

�
@
@y

@eR

@! y
R

= 0; (B.7)

where e0
L (wL ) and e0

R (wR ) are the �rst variations with respect to ! L 2 � L , ! R 2 � R ,

whereas! x
� and ! y

� are derivativeswith respect to x and y, respectively. Expanding each

equation and omitting derivatives that are equal to zero (e.g., @eP
L =@ux

L = 0) we get two

Euler-Lagrangeequations for each E as follows,

@eP
L

@! L
+ �

@eO
L

@! L
� �

�
@

@x
@eS

L

@! x
L

+
@
@y

@eS
L

@! y
L

�
= 0;

@eP
R

@! R
+ �

@eO
R

@! R
� �

�
@

@x
@eS

R

@! x
R

+
@
@y

@eS
R

@! y
R

�
= 0;

(B.8)

where, again, ! L 2 � L and ! R 2 � R . Partial derivatives with respect to uL , vL , uR , vR

can be computed as follows (x wasdropped for simplicit y of notation, e.g., � LR
4
= � LR (x)):

@eP
L

@uL
=

@DL

@uL
(� LR )2 � 2DL eI x

R � LR ;

@eP
L

@vL
=

@DL

@vL
(� LR )2 � 2DL eI y

R � LR ;

@eP
R

@uR
=

@DR

@uR
(� RL )2 � 2DR eI x

L � RL ;

@eP
R

@vR
=

@DR

@vR
(� RL )2 � 2DR eI y

L � RL ;

(B.9)



170

@
@x

@eS
L

@ux
L

+
@
@y

@eS
L

@uy
L

=
@(2g(jI x

L j)ux
L )

@x
+

@
�
2g(jI y

L j)uy
L

�

@y
;

@
@x

@eS
L

@vx
L

+
@
@y

@eS
L

@vy
L

=
@(2g(jI x

L j)vx
L )

@x
+

@
�
2g(jI y

L j)vy
L

�

@y
;

@
@x

@eS
R

@ux
R

+
@
@y

@eS
R

@uy
R

=
@(2g(jI x

R j)ux
R )

@x
+

@
�
2g(jI y

R j)uy
R

�

@y
;

@
@x

@eS
R

@vx
R

+
@
@y

@eS
R

@vy
R

=
@(2g(jI x

R j)vx
R )

@x
+

@
�
2g(jI y

R j)vy
R

�

@y
;

(B.10)

@eO
L

@uL
= �

@DL

@uL
;

@eO
L

@vL
= �

@DL

@vL
;

@eO
R

@uR
= �

@DR

@uR
;

@eO
R

@vR
= �

@DR

@vR
;

(B.11)

whereI x
� and I y

� are horizontal and vertical derivativesof I �, while eI x
� and eI y

� are derivatives

evaluated at a point o� x , e.g., eI x
L (x) = I x

L (x + dR (x)). Furthermore, we have:

@DL

@uL
= � 2K

(1 + eux
R )� L;u + evx

R � L;v

(1 + K (� L;u )2 + K (� L;v )2)2 ;

@DL

@vL
= � 2K

euy
R � L;u + (1 + evy

R )� L;v

(1 + K (� L;u )2 + K (� L;v )2)2 ;

@DR

@uR
= � 2K

(1 + eux
L )� R;u + evx

L � R;v

(1 + K (� R;u )2 + K (� R;v)2)2 ;

@DR

@vR
= � 2K

euy
L � R;u + (1 + evy

L )� R;v

(1 + K (� R;u )2 + K (� R;v)2)2 ;

(B.12)

where

� L;u (x) = uL (x) + uR (x + dL (x)) ;

� L;v (x) = vL (x) + vR (x + dL (x)) ;

� R;u (x) = uR (x) + uL (x + dR (x)) ;

� R;v(x) = vR (x) + vL (x + dR (x)) ;

(B.13)

are individual components of disparity errors (6.8) and eux
� , evx

� , euy
� , evy

� are again derivatives

evaluated at a point o� x , e.g., eux
L (x) = ux

L (x + dR (x)). Using an auxiliary time variable
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t, equations in (B.8) can be solved by discretizing the gradient descent equations

@! L

@t
= � e0

L (! ); (B.14)

@! R

@t
= � e0

R (! ); (B.15)

for wL 2 � L and wR 2 � R .



App endix C

Euler-Lagrange equations for occlusion-a ware

piv oting-based multiview metho d

We would like to minimize the following energywith respect to d:

E =
Z Z

x 2 
 J

e(x)dx; (C.1)

where e(x) = eP (x) + �e S(x). The integrands eP and eS are de�ned as follows:

eP (x) = P12(x) + P23(x) + P34(x); (C.2)

eS(x) = Fx (uL ; Jc) + Fx (vL ; Jc); (C.3)

where

P12(x) = � (L (x) + 1)(� 12(x))2; (C.4)

P23(x) = � (L (x))( � 23(x))2; (C.5)

P34(x) = � (L (x) � 1)(� 34(x))2; (C.6)

and

� 12(x) = I 1(x � (1 + � ) d(x)) � I 2(x � � d(x)) ; (C.7)

� 23(x) = I 2(x � � d(x)) � I 3(x + (1 � � ) d(x)) ; (C.8)

� 34(x) = I 3(x + (1 � � ) d(x)) � I 4(x + (2 � � ) d(x)) : (C.9)
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Using the calculus of variations, Euler-Lagrange equations for u and v can be found as

follows:

e0(u) =
@e
@u

�
@

@x
@e

@ux �
@
@y

@e
@uy = 0;

e0(v) =
@e
@v

�
@

@x
@e
@vx �

@
@y

@e
@vy = 0;

(C.10)

where ux ; vx and uy ; vy are horizontal and vertical derivatives of horizontal and vertical

components of disparity. Expanding the equations, we get the Euler-Lagrange equations

as follows:

eP

@u
�

@
@x

@eS

@ux �
@
@y

@eS

@uy = 0; (C.11)

eP

@v
�

@
@x

@eS

@vx �
@
@y

@eS

@vy = 0: (C.12)

Partial derivativesare de�ned as follows:

eP

@u
=

@P12

@u
+

@P23

@u
+

@P34

@u
; (C.13)

eP

@v
=

@P12

@v
+

@P23

@v
+

@P34

@v
; (C.14)

@
@x

@eS

@ux +
@
@y

@eS

@uy =
@(2g(jJ x

c j)ux )
@x

+
@(2g(jJ y

c j)uy)
@y

; (C.15)

@
@x

@eS

@vx +
@
@y

@eS

@vy =
@(2g(jJ x

c j)vx )
@x

+
@(2g(jJ y

c j)vy)
@y

; (C.16)

with

@P12

@u
= 2� (L (x) + 1)� 12(x)

@� 12(x)
@u

; (C.17)

@P12

@v
= 2� (L (x) + 1)� 12(x)

@� 12(x)
@v

; (C.18)

@P23

@u
= 2� (L (x)) � 23(x)

@� 23(x)
@u

(C.19)

@P23

@v
= 2� (L (x)) � 23(x)

@� 23(x)
@v

; (C.20)

@P34

@u
= 2� (L (x) � 1)� 34(x)

@� 34(x)
@u

; (C.21)

@P34

@v
= 2� (L (x) � 1)� 34(x)

@� 34(x)
@v

; (C.22)

where
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@� 12(x)
@u

= � (1 + � ) eI x
1 + � eI x

2 ; (C.23)

@� 23(x)
@u

= � � eI x
2 � (1 � � ) eI x

3 ; (C.24)

@� 34(x)
@u

= (1 � � ) eI x
3 � (2 � � ) eI x

4 ; (C.25)

@� 12(x)
@v

= � (1 + � ) eI y
1 + � eI y

2 ; (C.26)

@� 23(x)
@v

= � � eI y
2 � (1 � � ) eI y

3 ; (C.27)

@� 34(x)
@v

= (1 � � ) eI y
3 � (2 � � ) eI y

4 ; (C.28)

whereI x
� and I y

� are horizontal and vertical derivativesof I �, while eI x
� and eI y

� are derivatives

evaluated at a point o� x , e.g., eI x
2 = I x

2 (x � � d(x)).

Using an auxiliary time variable t, equationsin (C.10) can be solved by discretizing the

gradient descent equations

@u
@t

= � e0(u); (C.29)

@v
@t

= � e0(v): (C.30)
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