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ABSTRACT
The calculationof acousticradiationfrom finite wings us-

ing a 3D, time-domainBoundaryElementMethod(BEM) was
investigated.Numericalconvergencewasstudiedandsolutions
obtainedusinganextrapolatedconvergencemethodwereusedto
compareto 2D analyticalsolutions.Frequency-domainlift solu-
tionswerefoundto beaccurateto lessthan5% usingrelatively
coarsegrids (∆x � 0 � 1) for reducedfrequenciesabove 0.1 and
lessthanapproximately3. The acousticresponsesfor high as-
pectratio wingswerefound to agreewell qualitatively with the
2D results. As an illustration of the capabilitiesof the method,
a full-span, flappedwing configurationundergoing oscillatory
motion wasconsideredwith a preliminaryquantificationof the
aeroacousticinfluenceof theflap.

NOMENCLATURE
a speedof sound
A gustamplitude
AR aspectratio
b � c span,chordlength
Cl � CL 2D, 3D lift coefficient
CP coefficientof pressure
D∞
Dt
� ∂

∂t
�

U∞
∂

∂x1
linearizedmaterialderivative

Dw
Dt
� ∂

∂t
�

vw � ∇ wake convectivederivative
f frequency of oscillation
l � L 2D, 3D lift force�

StudentMemberASME
†MemberASME

M Machnumber
N1 � N2 numberof streamwise,spanwisepanels
G Green’s function
H � x 	 Heavisidestepfunction
U∞ undisturbedfreestreamvelocity
n outwardunit normalvector
r radialvector(sourceto observer)� x � t 	
��� y � τ 	 source,observerpositionandtime

vw
�
� v ��� v ���

2 wakeconvectivevelocity
β Prandtl-Glauertparameter
δ flapdeflectionangle
θ � cos� 1 � n � r

r 	 observerdeclinationangle
ρ � v � p fluid density, velocity, andpressure
φ perturbationvelocitypotential
ω � � 2π f 	 c � 2U∞ reducedfrequency of oscillation

Subscripts:
i ith spatialcoordinate

Superscripts:� B 	 solid bodypart�W 	 wake part� ��� above,below ( � n) wake

Overscripts:
˜ Prandtl-Glauertspace
˙ time derivative

1 Copyright  2000by ASME



INTRODUCTION
Thereductionof aircraftnoiseis animportantconsideration

for current and future aircraft designsas environmentalnoise
pollution becomesincreasinglydetrimentalwith increasedair
traffic. The predominantsourcesof aircraft noise include jet
noise,airframenoisefrom high-lift systemsand landing gear,
andblade-vortex interaction(BVI) noisefrom helicopterrotors.
This noiseis generatedby unsteadyflow fluctuations(from vor-
ticity or turbulence)and their interactionwith solid surfaces
nearby. Although jet noisetendsto dominateat take-off, air-
framenoisehasbeenobservedto dominateover jet noisein cer-
tain landing situations(Michel et al. 1998). The goal of the
currentresearchis to developefficient toolsfor theinvestigation
of airframenoise.

Thereis currentlya needto bridgethe gapbetweenhighly
idealizedanalyticalsolutionsandcomputationallyintensive nu-
merical simulations. For most flows of practical interest,nu-
mericalsolutionsarenecessarilythree-dimensionalandrequire
a full 3D-grid to performa RANS or LES simulation.To apply
suchtechniquesto highly-complicatedgeometriesandto obtain
acousticinformation forces their applicationto the late stages
of designor for highly reducedparametricstudiesbecauseof the
highcomputationalcomplexity involved.In thepresentresearch,
a balancebetweenrobustnessandphysicalmodellingis sought.
By modellingonly thedominantflow featureseffectively, amore
efficient aeroacousticpredictiontool may beobtainedwhile re-
tainingtheability to analyzegeometricallycomplex systems.

It is believed that many of the dominantacousticgenera-
tion mechanismsfor high-lift wing systemscanbemodelledwell
(Guo 1997)within the framework of BoundaryElementMeth-
ods(BEM). Researchershave previously usedBEM techniques
in 2D and3D to studyhelicopterrotorandturbomachinerynoise
(Leeet al. 1990;Yao& Liu 1998;Gennarettiet al. 1997),both
of which involve soundgenerationmechanismssimilar to those
found in airframenoise(e.g., wakes from upstreamstructures
convectingpastdownstreamstructures).This paperbriefly de-
scribestheadaptationof theBEM work of Morino et al. (1975)
for airframenoise.Thesolutionis calculatedin thetime domain
andallows for a free-wake evolution. Of interestfor airframe
noise is the applicationof this methodto multielement,fixed
wing configurationsto calculatethe unsteadynear-field forces
andtheacousticpressurein thefield surroundingthewing.

In thismethod,theassumptionsthattheflow Reynoldsnum-
ber is high andremainsattachedallow oneto modelthebound-
ary layersandwakesby surfacesourcedistributions(i.e.,source
anddoublet/vortex layers). Wakesaregeneratedat sharptrail-
ing edgesin thewing geometryandcanbeevolvedfreely under
theinfluenceof thesurroundingfluid. Thecurrentpaperfollows
thework of (Wood& Grace2000)whereanincompressibleim-
plementationof thepresentBEM with a free-wakeanalysiswas
appliedto a wing-flapconfiguration.The presentwork extends
the implementationto includethe effect of subsoniccompress-
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Figure 1. Problem schematic

ibility . As this methodologydevelops,it is critical to validate
the numericalresultswith classicalsolutions(althoughthe au-
thorshaveyet to find othersimilar validationsfor 3D compress-
ible, time-domain,BEM computationsin theliterature).Thispa-
per shows the comparisonbetweenpostprocessedtime-domain
resultsfrom the currentmethodand canonical2D, frequency-
domainsolutionsfor a thin, flat-plateairfoil in a transversegust
(Atassiet al. 1993). In additionto thevalidation,thepaperalso
presentspreliminaryresultsshowing theeffectof a full-spanflap
on both the wake developmentand the acousticfield produced
by anoscillatingwing.

METHOD
Considerfully-attached,highReynoldsnumberflow around

a rectangularwing asshown in Figure1. The presentresearch
usesthe BoundaryElementMethod (BEM) as formulatedfor
quasi-potentialflows (Morino et al. 1975; Gennarettiet al.
1997). The flow is modelledto be potentialeverywhereoff the
solid wing surfacesandoutsidethewakes. Fully attached,high
Reynold’s numberflows areassumedsuchthat viscouseffects
areprevalentonly in thewake generationat thetrailing edgesof
thewing elements.Theflow velocity infinitely far from thewing
is taken to be uniform in the x1 directionand to be in the low
subsonicregime.

Governing Equations: Under the above assumptions,
the perturbationvelocity potentialis known to satisfy the con-
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vectivewaveequation(Morino 1993)

M2 D2
∞φ

Dt2 � ∇2φ � 0 � (1)

wherespaceandtime have beenscaledby thehalf-chordlength
c � 2 andtheconvectivetimescalec � 2U∞, respectively. Thesolu-
tion to Eq. (1) satisfiestheboundaryintegralequation

� 1
4π

�
S̃

�
1
r̃

∂φ̃ � ỹ � τ  
∂ñ ! r̃ " ñ

r̃2 # φ̃
r̃ ! ˙̃φ

ã $&% τ'
dỹ

�)(* + φ̃ � x̃ � t̃  ,� for x in field
1
2 φ̃ � x̃ � t̃  -� for x onwing

0 � for x insidewing
(2)

whereτ .-� t̃ � r̃ � ã, ã � β � M, r̃ �0/ x̃ � ỹ / , andtildes denote
evaluationin thePrandtl-Glauertspace—� x̃ � t̃  1�32 x1

β
� x2 � x3 � t � M2x1

β2 465 (3)

Equation(2) is solved numericallyby applying a zeroth-
order BoundaryElementMethod and linear time interpolation
to giveasetof algebraicequations(Morino 1980)

Hφn
i � ∑

j
G 7 B 8Di j

φn 9 τi j
j � G 7 B 8Si j

v
n 9 τi j
n j ! G 7 B 8Ri j

φ̇n 9 τi j
j !

G 7 W 8Di j
∆φn 9 τi j

j ! G 7 W 8Ri j
∆φ̇n 9 τi j

j � (4)

where,

τi j � M
β : rβi j ! Mr1i j ; � (5)

rβi j �=< � xi1 � y j1  2 � β2 ! � xi2 � y j2  2 ! � xi3 � y j3  2 5 (6)

Theindicesi, j, andn referto thecollocationpoint,panelindex,
andtimeiteration,respectively. Thewing bodyandwakesurface
are denotedby (B) and (W), and GS, GD, and GR refer to the
source,doubletandrateletinfluencematrices.

By applying equations(4) to collocationpoints locatedat
thecenterof eachpanelon thebody, a time-domainsolutionfor
the surfacedistributionsof φ is readily obtained. The flow ve-
locity andpressuremay thenbe determinedthroughdifferenti-
ation andBernoulli’s equation.Oncethe aerodynamicsolution
is calculated,the acousticfield may be evaluateddirectly using
the computedaerodynamicsourceswith newly computedinflu-
encematricesfor observer pointsin thesurroundingfluid. This
formulationprovidesan inherentconsistency ideally suitedfor
aeroacousticstudies.

Boundary Conditions: Thesolid surfacesof the wing
areimpermeable.Thus,the normalperturbationvelocity is re-
quiredto satisfy

U∞ " n ! ∂φ
∂n
� 0 5 (7)

Thewakesaremodelledasinfinitely thin shearlayersand,there-
fore, cannotsupporta pressurejump. By applyingBernoulli’s
equationto a point x > just above andx 9 just below the wake,
oneobtains

∂∆φ
∂t ! 1

2
� v2> � v29  ?� ∂∆φ

∂t ! � v > ! v 9  
2

"
� v > � v 9  @�
Dw

Dt
� ∆φ  A� 0 � (8)

where

Dw

Dt
� ∂

∂t ! vw " ∇ � ∂
∂t ! � v > ! v 9  

2
" ∇ 5 (9)

Equation(8) is theconditionwhich relatesthewake strength∆φ
to thepotentialjump at thetrailing edgewhenthewake element
waslocatedat that trailing edge.Additionally, the wake evolu-
tion is determinedsuchthat the fluid elementsin the wake are
convectedwith the averagevelocity acrossthe sheet. This de-
finesa free-wake evolutionwhich is describedin greaterdetailin
Ramsey (1996)andWood& Grace(2000).

Numerical Model and Grid Convergence: For pur-
posesof numericalvalidation,a very thin wing at zeroangleof
attackto the freestreamexperiencinga small amplitudeoscil-
latory gust is considered.The gust is chosento correspondto
theSearsproblem(Sears1941)suchthattheboundarycondition
Eq.(7) maybewritten

∂φ
∂n
� � n1U∞ � n2AsinBw � t � xmc DCE� (10)

wherexmc denotesthe x1 positionof the midchordandA is the
gustamplitude.Notethatin thelimit of zerowing thickness,the
meanflow doesnot influencethe solutionwhen the wing is at
zerodegreesangleof attack.

In Figure2a,thelift coefficient is presentedfor a wing with
an aspectratio AR � 10, a gust with a reducedfrequency of
ω � 0 5 4, anda Machnumberof M � 0. Threedifferentgrid res-
olutionsarepresentedto show convergence.Becausethezeroth
orderBEM exhibits a first-orderconvergence,anestimateof the

3 Copyright  2000by ASME



0 1 2 3 4 5 6 7 8 9 10
−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

Time

C
L

Nx → ∞
Nx = 10              
Nx = 12              
Nx = 14              

3.8 4 4.2 4.4 4.6
2.05

2.1

2.15

a) Time-domainsolution

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

2.02

2.04

2.06

R
ea

l(C
L
)

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
−0.32

−0.31

−0.3

−0.29

Im
ag

(C
L
)

1/N

b) Frequency domaindata

Figure 2. Grid convergence

“converged”solutionmaybeobtainedby finding they-intercept
of a straightline passingthroughthe dataplottedagainst1 F N1

(Moran1984),whereN1 is thenumberof elementsin thestream-
wise direction. Performingthis extrapolationfor eachtimestep
yieldsthesolid curve in Figure2a.

This linear extrapolationis illustratedin Figure 2b where
thecomplex amplitudeis determinedfor all threediscretizations
in Figure2a at thegustfrequency andplottedversus1 F N1. All
othergrid parameterssuchas the spanwisepanellength1 F N2,
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Figure 3. 2D lift amplitude

the timestep∆t, the wing thickness,etc., shouldbe chosenso
as to decreaseproportionallyas1 F N1 is decreased.This gives
convergencealongthe diagonalin the parameterspacebecause
of thelinearconvergenceof themethod.

2-D COMPARISONS
Thenear-field andfar-field responsesof a 2D flat-plateair-

foil to a transversegustarecalculatedherefollowing themethod
of Atassi,Dusey, & Davis (1993). In Figure3, thecomplex lift
coefficient is modifiedby a factorexp G�H iω I to simplify the re-
sponsegiven by the well-known Searsfunction (Sears1941).1

The circles denotethe analyticalsolution for M J 0 given by
Searswhereasthe M J 0 K 1 L 0 K 2 L 0 K 3 resultswereobtainedfrom
thesemi-analyticsolutionof Atassi,Dusey, & Davis (1993).The
2D lift coefficient is definedby

Cl J l
ρU∞A c

2

(11)

Thefar-field complex pressureamplitudeswerealsocalcu-
latedby Atassietal. (1993)andarepresentedin Figure4 for four
cases:M J 0 K 1 L 0 K 3andω J 0 K 1 L 0 K 8. In eachplot, thedashedand
solid linesreferto therealandimaginaryparts,respectively. The
far-field observer locationsarepositionedon a circle surround-
ing the airfoil andcenteredon the midchord(seeFig. 1). The
azimuthalcoordinateis takenpositivecounterclockwisefrom the

1Thismodificationis equivalentto referencingthegustto theleadingedgeof
theairfoil asopposedto themidchord(Giesing,Rodden,& Stahl1970).
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Figure 4. 2D far-field pressure

+x1 axis. The radiusof the observer circle wastaken to be 100
half-chords.

3-D RESULTS
Calculationsusingthe3D compressibletime-domainBEM

wereperformedto becomparedto well-established2D solutions

for thin, flat-plateairfoils. To attainthedesiredcorrespondence,
a rectangularwing with a parabolicprofile wasused.Thewing
thicknesswaschosensoasto decreaseproportionatelywith 1P N1

usinga 10%-chordthicknessfor the N1 Q 10 grid. A flat-wake
model(vw QSR v TVU v WYXZP 2 Q U∞ î) wasalsousedso asto match
the2D analyticalmodel.
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Aerodynamics
Theresponseof athin rectangularwing (AR [ 10)subjected

to impulsively startedflow at onedegreeangleof attackis pre-
sentedin Figure 5. Resultsfor Mach numbersbetween0 and
0.3 arepresentedandwereobtainedusingtheextrapolatedcon-
vergencemethodoutlined in the methodsection. The 3D lift
coefficient is definedas

CL [ L
1
2ρU2cb \ (12)

whereb is thespanlength.Notetheappearanceof a deltafunc-
tion at t [ 0 arisingbecauseof the stepjump in the potential.2

The Mach number is seento increasethe lift as well as the
strengthof theinitial impulse.

The incompressibleSearsgust responseis presentedfor
rectangularwingsof varyingaspectratio in Figure6. TheSears
solutionis givenby thecirclesanddashedcurvewhereasthe3D
resultsare given by the squaresandsolid curves. The 3D lift
coefficient is definedby

CL [ L

ρUA bc
2 \ (13)

Each gust frequency is calculatedby performing the extrapo-
latedconvergencemethodon all of the frequency domaindata

2The time derivative of the potentialappearsin Bernoulli’s equationfor the
pressure:

Cp ] p ^ p∞
1
2ρU2

∞
] 1 ^ v2 ^ 2φ̇
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Figure 6. Effect of Aspect Ratio

obtainedfrom eachtime domaincalculation. In addition, as-
pectratiosof 2, 4, 6, 10,and20 werecalculatedandanestimate
for AR _ ∞ was obtainedby extrapolatingfor 1̀ AR _ 0. A
goodcorrespondenceis observedexceptfor thehighestandlow-
est frequencies.The high frequencieswill fail when the grids
usingN [ 10\ 12\ and14 aretoo coarseto resolve the temporal
variation.For thesecases,calculationsfor higherN arerequired.
The low frequenciesincur error becausethe time-domainsolu-
tion is not carriedon indefinitely. For thesecases,thesimulation
time mustbeextendedbeyond20 unitsof time. Theresultsus-
ing N [ 10\ 12\ and14areseento beaccurateto lessthan5%for
frequencieshigherthan0.1andlessthanapproximately3.

Theeffect of theMachnumberon thegustresponsefor an
AR [ 20wing is shown in Figure7. Thesolidanddashedcurves
denotethe M [ 0 andM [ 0 a 3 casesrespectively. Whencom-
paring Figure 7 to Figure 3, note that the differencesare due
primarily to the low andhigh frequency errorsdiscussedabove,
andto theeffectsof thefinite aspectratio.

Acoustic Radiation
Thefar-fieldacousticpressurewascalculatedusingtheaero-

dynamicsolutionspresentedabove. The observer locationsare
a distanceof 200 half-chordsfrom the centerof the wing and
situatedon a circle centeredaroundthe centerspanof the wing
as illustratedin Figure1. The four casesfor M [ 0 a 1 \ 0 a 3 and
ω [ 0 a 1 \ 0 a 8 (AR [ 20) areshown asin Fig. 4. Thecomparison
betweenthe 2D calculationsis qualitatively good. Differences
do exist, however, becauseof both discretizationerrorsandthe
fundamentaldifferencesin 2D versus3D acousticpropagation.
Thecoefficientof pressurescaleswith b r andr in 2Dand3D,re-
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Figure 8. 3D far-field pressure

spectively; however, a dependenceon M andω is alsoexpected.
In comparingthemaximumCp depictedin figures4 and8, one
findsareasonablyclosecorrespondenceatω f 0 g 8 while the3D
resultsat ω f 0 g 1 fall shortof the corresponding2D resultsby
a factorof about20. This may be correlatedperhapsto the re-

sults in Figure6 wherethe lift coefficient is moresignificantly
affectedby theaspectratioat low frequenciesthanathigherfre-
quencies.In addition,the far-field asymptoticbehaviour of the

2D Greensfunctionfor theHelmholtzequationH h 2i0 j Kr k scales
with l K f l Mω m β whichgives l K f 0 g 1 n 0 g 29n 0 g 19n and0 g 54
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for cases(a) through(d) in Figure4.

Flapped Wing
Theobjectiveof thepresentwork wasto validatea3D com-

pressibletime-domainBEM with 2D analyticalsolutionsfor an
ideally flat wing. The ultimate purpose,however, is to apply
this methodto morepracticalsystems.As a preliminaryillustra-
tion, the flow arounda NACA 23012wing in heave oscillation
andwith aNACA 6412flapat20degreesdeflectionis presented
here. Considera heave amplitudethat is 10%of the freestream
velocitysuchthattheboundaryconditionEq.(7) maybewritten

∂φ
∂n oqp n1 p n2 r 0 s 1t sin r ω t tus (14)

An incompressible(M o 0) calculationfor ω o 2 ( f o 1 v π)) was
performedusinga free-wake analysis(vw calculatedexplicitly).
Resultingwake configurationsare presentedwithout and with
the flap in figures9 and10. The wake is seento distort more
significantlywith theflap present.In Figure9b, thegrid is seen
to betoocoarseto fully resolve thetip andstartingvortices.

Thefrequency spectrum(FFT) of thepressurecoefficient is
shown in Figure 11 for a far-field observer locatedat r o 100
andθ oSp π v 2. The signalenergy is seento be increasedwith
thepresenceof theflap.

Future Work
The examplepresentedabove helpsto highlight issuesfor

future consideration.Currently, the compressibilityeffectsare
accountedfor via thePrandtl-Glauerttransformationfor steady,

translationalmotion.Thegeneralinfluencefor a freely-evolving
wake involvesthe solutionof a transcendentalequationfor the
retardationtime. How muchwill this affect thefar-field evalua-
tion andthefree-wakeevolution itself?

The methodwill alsobe usedto investigatethe aeroacous-
tic responseto the passingof a freevortex. The resultsmaybe
comparedto theanalyticaltheoryof Howe(1999).

CONCLUSIONS
The validationof a 3D time-domain,compressibleBound-

ary ElementMethodfor subsonicflow arounda thin rectangu-
lar wing hasbeenperformed.Theaeroacousticresponseof the
wing in a sinusoidaltransversegustwasobtainedandcompared
to 2D analyticaltheory. An extrapolationmethodwasusedto
estimatethe convergednumericalsolutionusingthreedifferent
grid refinementsfor eachcalculationof interest. It was found
thatfrequency-domainlift solutionsaccurateto lessthan5%can
bereadilyobtainedusingrelatively coarsegridsfor reducedfre-
quenciesabove0.1andlessthanapproximately3. By increasing
theresolutionof thegridsandlengtheningtheextentof thesim-
ulationtime,accuracy maybeimprovedfor thehigherandlower
frequencies,respectively. The aerodynamicsolutionsobtained
usingthis convergencemethodwereusedto calculateacoustic
signalsin the far field. Theseacousticcalculationsfor high as-
pectratio wingswerefoundto agreewell qualitatively with the
2D results.

In additionto thevalidation,theapplicationof themethodto
computethe aeroacousticresponseof a full-span,flappedwing
configurationundergoingoscillatorymotionwaspresented.This
preliminary result exemplifiesthe capability of the methodfor
computingthe soundproducedfrom flow pastcomplex struc-
turesin threedimensions.
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Figure 11. Computed spectra of far-field pressure coefficient at flyover
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