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Application of N-body methods
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N-body interactions

Φi =
N�

j=0

mj

r

r =
�

(xi − xj)2 + (yi − yj)2 + (zi − zj)2

=
�

x2 + y2 + z2

= |x|

xi

xj

x = xi − xj
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Taylor expansion

Φi =
N�

j=0

mjf(x)

f(x) = f(X) + (x−X)
f �(X)
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+ ...
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X2 + Y 2 + Z2

xi

xj
x = xi − xj
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X = xi − xc

x−X = xc − xj
xc
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Taylor expansion :: components

∂

∂X
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Taylor expansion :: generalized form

1
r

=
p�

n=0

1
n!

(x−X)n ∂(n)

∂X
1
R

Φi =
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mj
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mj
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Shifting Taylor expansions
monopole =

N�

j=0

mj

dipole =
N�

j=0

mjxjc
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Shifting Taylor expansions :: components
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Tree structure
Parent

Child

Φi =
N�

j=0

mj

r
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Tree structure :: constructing the tree

Step a. Keep putting particles into root cell

Step b. If number of particles becomes larger than a 
threshold, subdivide cells
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Fast Multipole Methods
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Step01. direct N-body summation

Φi =
N�

j=0

mj

r

int main() {
  int N = 10;
  float x[N],y[N],z[N],m[N];
// Initialize
  for( int i=0; i<N; i++ ) {
    x[i] = rand()/(1.+RAND_MAX);
    y[i] = rand()/(1.+RAND_MAX);
    z[i] = rand()/(1.+RAND_MAX);
    m[i] = 1.0/N;
  }
// Direct summation
  float dx,dy,dz,r,eps2=0.0001;
  for( int i=0; i<N; i++ ) {
    float p = -m[i]/sqrtf(eps2);
    for( int j=0; j<N; j++ ) {
      dx = x[i]-x[j];
      dy = y[i]-y[j];
      dz = z[i]-z[j];
      r = sqrtf(dx*dx+dy*dy+dz*dz+eps2);
      p += m[j] / r;
    }
  }
}

i �= j

=
N�

j=0

mj√
r2 + �2

i �= j
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Step02. multipole expansion

Φi =
N�

j=0

mj

r
=

N�

j=0

mj
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1
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∂X
1
R

=
p�

n=0

∂(n)

∂X
1
R

N�

j=0

1
n!

mj(x−X)n
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// Multipole expansion
  float xc=0.5, yc=0.5, zc=0.5;
  float multipole[10]={0,0,0,0,0,0,0,0,0,0};
  for( int j=0; j<N; j++ ) {
    dx = xc-xj[j];
    dy = yc-yj[j];
    dz = zc-zj[j];
    multipole[0] += mj[j];
    multipole[1] += mj[j]*dx;
    multipole[2] += mj[j]*dy;
    multipole[3] += mj[j]*dz;
    multipole[4] += mj[j]*dx*dx/2;
    multipole[5] += mj[j]*dy*dy/2;
    multipole[6] += mj[j]*dz*dz/2;
    multipole[7] += mj[j]*dx*dy/2;
    multipole[8] += mj[j]*dy*dz/2;
    multipole[9] += mj[j]*dz*dx/2;
  }
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// Evaluate potential
  float X,Y,Z,R,R3,R5;
  for( int i=0; i<N; i++ ) {
    float p = 0;
    X = xi[i]-xc;
     Y = yi[i]-yc;
    Z = zi[i]-zc;
    R = sqrtf(X*X+Y*Y+Z*Z);
    R3 = R*R*R;
    R5 = R3*R*R;
    p += multipole[0]/R;
    p += multipole[1]*(-X/R3);
    p += multipole[2]*(-Y/R3);
    p += multipole[3]*(-Z/R3);
    p += multipole[4]*(3*X*X/R5-1/R3);
    p += multipole[5]*(3*Y*Y/R5-1/R3);
    p += multipole[6]*(3*Z*Z/R5-1/R3);
    p += multipole[7]*(3*X*Y/R5);
    p += multipole[8]*(3*Y*Z/R5);
    p += multipole[9]*(3*Z*X/R5);
  }

xi

xj

+xc
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Step03. multipole expansion (multi-level)
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mj
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mj
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// Upward translation
  for( int i=0; i<8; i++ ) {
    dx = xp-xc[i];
    dy = yp-yc[i];
    dz = zp-zc[i];
    multipole[8][0] += multipole[i][0];
    multipole[8][1] += multipole[i][1]+ dx*multipole[i][0];
    multipole[8][2] += multipole[i][2]+ dy*multipole[i][0];
    multipole[8][3] += multipole[i][3]+ dz*multipole[i][0];
    multipole[8][4] += multipole[i][4]+ dx*multipole[i][1]+dx*dx*multipole[i][0]/2;
    multipole[8][5] += multipole[i][5]+ dy*multipole[i][2]+dy*dy*multipole[i][0]/2;
    multipole[8][6] += multipole[i][6]+ dz*multipole[i][3]+dz*dz*multipole[i][0]/2;
    multipole[8][7] += multipole[i][7]+(dx*multipole[i][2]+dy*multipole[i][1]+dx*dy*multipole[i][0])/2;
    multipole[8][8] += multipole[i][8]+(dy*multipole[i][3]+dz*multipole[i][2]+dy*dz*multipole[i][0])/2;
    multipole[8][9] += multipole[i][9]+(dz*multipole[i][1]+dx*multipole[i][3]+dz*dx*multipole[i][0])/2;
  }

xi

xj

+
xc

xjc = xc − xj

+

xjp = xp − xj

xp
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