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1 Introduction

In the context of the multiple change-points model analyzed in Bai and Perron (1998), we develop
inference methods for the change-point dates for a class of Generalized Laplace (GL) estimators
using a classical long-span asymptotic framework. They are defined by an integration rather than
an optimization-based method, the latter typically characterizing classical extremum estimators.
The idea traces back to Laplace (1774), who first suggested to interpret transformation of a least-
squares criterion function as a statistical belief over a parameter of interest. Hence, a Laplace
estimator is defined similarly to a Bayesian estimator although the former relies on a statistical
criterion function rather than a parametric likelihood function. As a consequence, the GL estimator
is interpreted as a classical (non-Bayesian) estimator and the inference methods proposed retain
a frequentist interpretation such that the GL estimators are constructed as a function of integral
transformations of the least-squares criterion. In a first step, we use the approach of Bai and Perron
(1998) to evaluate the least-squares criterion function at all candidate break dates. We then apply
a transformation to obtain a proper distribution over the parameters of interest, referred to as the
Quasi-posterior. For a given choice of a loss function and (possibly) a prior density, the estimator is
then defined either explicitly as, for example, the mean or median of the (weighted) Quasi-posterior
or implicitly as the minimizer of a smooth convex optimization problem.

The underlying asymptotic framework considered is the long-span shrinkage asymptotics of
Bai (1997), Bai and Perron (1998) and also Perron and Qu (2006) who considerably relaxed some
conditions, where the magnitude of the parameter shift is sample-size dependent and approaches
zero as the sample size increases. Early contributions to this approach are Hinkley (1971), Bhat-
tacharya (1987), and Yao (1987) for estimating break points. For testing for structural breaks, see
Hawkins (1977), Picard (1985), Kim and Siegmund (1989), Andrews (1993), Horvath (1993) and
Andrews and Ploberger (1994). See also the reviews of Csorgé and Horvéth (1997), Perron (2006),
Casini and Perron (2019c¢) and references therein.

One of our goals is to develop GL estimates with better small-sample properties compared
to least-squares estimates, namely lower Mean Absolute and Root-Mean Squared Errors, and
confidence sets with accurate coverage probabilities and relatively short lengths for a wide range
of break sizes, whether small or large; existing methods which work well for either small or large
breaks, but not for both. A second goal is to establish theoretical results that support the reported
finite-sample properties about inference.

The asymptotic distribution of the GL estimator is derived via a local parameter related to
a normalized deviation from the true fractional break date. The normalization factor corresponds
to the rate of convergence of the original (extremum) least-squares estimator as established by Bai
and Perron (1998). The asymptotic distribution of the GL estimator then depends on a sample-

size dependent smoothing parameter sequence applied to the least-squares criterion function. We
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derive two distinct limiting distributions corresponding to different smoothing sequences of the
criterion function [cf. Jun, Pinkse, and Wan (2015) for a related application in the context of the
cube-root asymptotics of Kim and Pollard (1990)]. In one case, the estimator displays the same
limit law as the asymptotic distribution of the least-squares estimator derived in Bai and Perron
(1998) [see also Hinkley (1971), Picard (1985) and Yao (1987)]. In a second case, the limiting
distribution is characterized by a ratio of integrals over functions of Gaussian processes and re-
sembles the limiting distribution of Bayesian change-point estimators. The latter is exploited for
the purpose of constructing confidence sets for the break dates. We use the concept of highest
density regions (HDR) introduced by Casini and Perron (2019a) for structural change problems,
which best summarizes the properties of the probability distribution of interest. This procedure
yields confidence sets for the break date which, in finite samples, better account for the uncer-
tainty over the parameter space in finite-samples because it effectively incorporates a statistical
measure of the uncertainty in the least-squares criterion function. As noted in the literature on
likelihood-based inference in some classes of nongranular problems [see e.g., Chernozhukov and
Hong (2004), Ghosal, Ghosh, and Samanta (1995), Hirano and Porter (2003) and Ibragimov and
Has'minskii (1981)], the Maximum Likelihood Estimator (MLE) is generally not an asymptotically
sufficient statistic in these models and so the likelihood contains more information asymptotically
than the MLE. Hence, likelihood-based procedures are generally not functions of the MLE even
asymptotically. This incompleteness property motivated the study of the entire likelihood rather
than just the MLE. Likewise, our method exploits the entire behavior of the objective function.

Laplace’s seminal insight has been applied successfully in many disciplines. In econometrics,
Chernozhukov and Hong (2003) introduced Laplace-type estimators as an alternative to classical
(regular) extremum estimators in several problems such as censored median regression and nonli-
near instrumental variable; see also Forneron and Ng (2018) for a review and comparisons. Their
main motivation was to solve the curse of dimensionality inherent to the computation of such esti-
mators. In contrast, the class of GL estimators in structural change models serves distinct multiple
purposes. First, inference about the break dates presents several challenges, in particular to provide
methods with a satisfactory performance uniformly over different data-generating mechanisms and
break magnitudes. The GL inference proves to be reliable and accurate in finite-samples. Second,
it leads to inference methods that have both frequentist and credibility properties which is not
shared by the other popular methods.

Turning to the problem of constructing confidence sets for a single break date, the standard
asymptotic method for the linear regression model was proposed in Bai (1997), while Elliott and
Miiller (2007) proposed to invert the locally best invariant test of Nyblom (1989), and Eo and
Morley (2015) suggested to invert the likelihood-ratio statistic of Qu and Perron (2007). The
latter were mainly motivated by finite-sample results indicating that the exact coverage rates of

the confidence intervals obtained from Bai’s (1997) method are often below the nominal level when
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the magnitude of the break is small. It has been shown that the method of Elliott and Miiller
(2007) delivers the most accurate coverage rates but the average length of the confidence sets is
significantly larger than with other methods. The confidence sets for the break dates constructed
from the GL inference that we develop result in exact coverage rates close to the nominal level and
short length of the confidence sets. This holds true whether the magnitude of the break is small or
large. In fact, we show that GL inference is bet-proof, a measure of “reasonableness” of frequentist
inference in non-regular problems [see, e.g., Buehler (1959)].

The GL inference developed in this paper has been applied by Casini and Perron (2019b) to
achieve finite-sample improvements under the continuous record asymptotic framework of Casini
and Perron (2019a). The latter proposed an alternative asymptotic framework to explain the
non-standard features of the finite-sample distribution of the least-squares estimator.

The paper is organized as follows. We first focus on the single change-point case. Section 2
presents the statistical setting. We develop the asymptotic theory in Section 3 and the inference
methods in Section 4. Results for multiple change-points models are given in Section 5 while
Section 6 discusses some theoretical properties of GL inference. Section 7 presents simulation
results about the finite-sample performance. Section 8 concludes. All proofs are included in a

supplement [Casini and Perron (2020)].

2 The Model and the Assumptions

This section introduces the structural change model with a single break, reviews the least-squares
estimation method for the break date, and presents the relevant assumptions. We start with
introducing the formal setup for our analysis. The following notation is used throughout. We
denote the transpose of a matrix A by A’. We use ||-|| to denote the Euclidean norm of a linear
space, ie., |z]| = 0, xf)l/Q for z € RP. For a matrix A, we use the vector-induced norm, i.e.,
| All = sup,.o || Az|| / ||| . All vectors are column vectors. For two vectors a and b, we write a < b
if the inequality holds component-wise. We use |-] to denote the largest smaller integer function.
Boldface is used for sets. We use — and <% to denote convergence in probability and convergence in
distribution, respectively. Cy, (E) [D,, (E)] is the collection of bounded continuous [cadlag] functions
from some specfied set E to R. Weak convergence on either C, (E) or Dy, (E) is denoted by =-.

1 “2” stands for definitional equivalence.

The symbo
We consider a sample of observations {(y;, wy, 2¢) : t =1,..., T}, defined on a filtered proba-
bility space (2, .%, P), on which all of the random elements introduced in what follows are defined.

The model is

y=wid + 40 e, (t=1,...,1))  w=wg’+20 e, (t=T{+1,...,T) (21)



where y, is an scalar dependent variable, w; and z; are regressors of dimensions, p and ¢, respectively,
and e; is an unobserved error term. The true parameter vectors ¢°, 7 and 49 are unknown and we
define 6° 2 69 — 69, with §° # 0 so that a structural change at date TY. It is useful to re-parametrize

the model. Letting z;, = (w}, z})" and B° £ ((¢0)/, (5(1)),)/, we can rewrite the model as
y, = 3% + ey, (tzl,...,TbO) v, = 7,8 + 20° + ey, (t:Tl?qu,...,T). (2.2)

More generally, we can define z, = D'z, where D is a (p+ q) x ¢ matrix with full column
rank. A pure structural change model in which all regression parameters are subject to change
corresponds to D = I(,1q)x(p+q); Whereas a partial structural change model arises when D =
(Ogxps Igxq) - In order to facilitate the derivations, we reformulate model (2.2) in matrix format.
Let Y = (y1, ..., yr), X = (21, ..., 27), e = (e1, ..., er), X1 = (x4, ..., 27, 0,...,0),
Xo=(0,...,0, xpy41,..., zr) and Xy = (0, ..., 0, Loy, xr). Further, define Z;, Z, and
Zy in a similar way: 7y = X1D, Zy = XoD and Z; = XgD. We omit the dependence of the
matrices X; and Z; (i = 1, 2) on Ty. Then, (2.2) is equivalent to

Let 6° £ (((bo)/, (69), (50)/), denote the true value of the parameter vector 6 = (¢, dy, 6).

The break date least-squares (LS) estimator T, L5 is the minimizer of the sum of squared residuals

[denoted St (0, Tp)] from (2.3). The parameter 6 can be concentrated out resulting in a crite-

rion function depending only on Tj, i.e., beS = argminj<p,<r ST((?LS(TI,), T,) where @S(Tb) =
arg ming St(0, Tp). We also have

arg min Sp(0"S(Th), T,) = arg max O () (Z5 M Z5)6"5 (Th) (2.4)

£ arg mT%X QT(gLS(Tb)a Tb)’

where My £ 1 — X (X'X) ™" X', 0% (T},) is the least-squares estimator of 6° obtained by regressing
Y on X and Z5 and the statistic Qr (318 (Ty), T, b) is the numerator of the sup-Wald statistic. The
Laplace-type inference builds on the least-squares criterion function Qr (6 (73), T3) , where 0 (T)

SLS

stands for > (T}) to minimize notational burden.

Assumption 2.1. TP = [T\, where \) € I'° C (0, 1).

Assumption 2.2. With {%,,t =1, 2,...} a sequence of increasing o-fields, {ze;, F} forms a
L"-mizingale sequence with r = 2 4+ v for some v > 0. That is, there exist nonnegative constants
{Ql,t}tZI and {Qlj}jzo such that p2; — 0 as j — oo, for allt > 1 and 7 > 0, and we have for
r > 1: (1) |E(ziee] Foj)||, < 010025, (1) ||zer — E(ze] Fj)ll, < 01402541 In addition, (iii)
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max; 01, < Cp < 00 and (iv) Y520 025 < 00 for some v > 0, (v) ||z, < Ca < oo and
ledlly, < C5 < oo for some Cy, Cy, C5 > 0.

Assumption 2.3. There exists an lg > 0 such that for all | > ly, the minimum eigenvalues of
0 0
Hyf = (1/1) Z%#H xxy and H* = (1/1) Z%)Ill xxy are bounded away from zero. These matrices

are invertible when | > p + q and have stochastically bounded norms uniformly in .
Assumption 2.4. T7'X'X L Yxx, where Yxx, a positive definite matriz.

These assumptions are standard and similar to those in Perron and Qu (2006). It is well-
known that only the fractional break date A? (not 79) can be consistently estimated, with ALS
having a T-rate of convergence. The corresponding result for the break date estimator T LS states
that, as T increases, beS remains within a bounded distance from 7. However, this does not

LS is a regular estimator;

affect the estimation problem of the regression coefficients 6°, for which
i.e., v T-consistent and asymptotically normally distributed, since the estimation of the regression
parameters is asymptotically independent from the estimation of the change-point. Hence, given
the fast rate of convergence of X};S, the regression parameters are essentially estimated as if the
change-point was known. More complex is the derivation of the asymptotic distribution of j\bLS;
e.g., Hinkley (1971) for an i.i.d. Gaussian process with a change in the mean. Therefore, to make
progress it is necessary to consider a shrinkage asymptotic setting in which the size of the shift
converges to zero as T' — oo; see Picard (1985) and Yao (1987) and extended by Bai (1997) to

general linear models.

3 Generalized Laplace Estimation

We define the GL estimator in Section 3.1 and discuss its usefulness in Section 3.2. Section 3.3
describes the asymptotic framework under which we derive the limiting distribution with the results

presented in Section 3.4.

3.1 The Class of Laplace Estimators

The class of GL estimators relies on the original least-squares criterion function Qr (8 (73), Tp),
with the parameter of interest being \) = T /T. With the criterion function Q7 (6 (T}), T3), or
equivalently Q7 (6 (X)), Ap), the Quasi-posterior pr (\y) is defined by the exponential transforma-

tion,

(3.1)



where 7 (+) is a weighting function. Note that pr ()\,) defines a proper distribution over the para-
meter space I, The £ (6, Ty)-class of estimators are the solutions of smooth convex optimization
problems for a given loss function, restricting attention to convex loss functions /7 (-). Examples in-
clude (a) Iy (r) = a |r|™, the polynomial loss function (the squared loss function is obtained when
m = 2 and the absolute deviation loss function when m = 1); (b) Iz (r) = ar (1 —1(r <0))r,
the check loss function; where ar is a divergent sequence. We define the Expected Risk function,
under the density pr () and the loss I (-) as Ryr (s) £ E,, [ZT (s — S\bﬂ , where ), is a random

variable with distribution py and E,, denotes expectation taken under pr. Using (3.1) we have,

Rur(s) 2 /F (s = M) pr () i, (3.2)

The Laplace-type estimator XgL shall be interpreted as a decision rule that, given the informa-
tion contained in the Quasi-posterior pr, is least unfavorable according to the loss function Ip
and the prior density . Then XI?L is the minimizer of the expected risk function (3.2), i.e.,
ASL 2 aromingepo [Ryr (s)]. Observe that the GL estimator AG® results in the mean (median)
of the Quasi-posterior upon choosing the squared (absolute deviation) loss function. The choice
of the loss and of the prior density functions hinges on the statistical problem addressed. In the
structural change problem, a natural choice for the Quasi-prior 7 is the density of the asymptotic
distribution of XIES This requires to replace the population quantities appearing in that distri-
bution by consistent plug-in estimates—cf. Bai and Perron (1998)—and derive its density via
simulations as in Casini and Perron (2019a). The attractiveness of the Quasi-posterior (3.1) is
that it provides additional information about the parameter of interest A\) beyond what is already
included in the point estimate S\II;S and its distribution (see Section 3.2). This approach will result
in more accurate inference in finite-samples even in cases with high uncertainty in the data as
we shall document in Section 7. This is supported in Section 6 showing that the GL inference is

bet-proof which is a desirable theoretical property in non-regular problems.

Assumption 3.1. Let Iy (r) £ [ (apr), with ap a positive divergent sequence. L denotes the set of
functions | : R — Ry that satisfy (i) [ (r) is defined on R, with [ (r) > 0 and [ (r) = 0 if and only
if r=0; (i) L(r) is continuous at r = 0; (iii) [ (+) is convex and [ (r) < 1+ |r|™ for some m > 0.
Assumption 3.2. 7 : R — R, is a continuous, uniformly positive density function satisfying

™ £ 7 (\)) > 0, and for some finite Cr < 0o, ™ < Cy. Also, m(\y) = 0 for all Ny & I'°, and 7 is

twice continuously differentiable with respect to Ny at \).

Assumption 3.1 is similar to those in Bickel and Yahav (1969), Ibragimov and Has minskii
(1981) and Chernozhukov and Hong (2003). The convexity assumption on [r (-) is guided by
practical considerations. The dominant restriction in part (iii) is conventional and implicitly as-

sumes that the loss function has been scaled by some constant. What is important is that the

6



growth of the function Ir (r) as |r| — oo is slower than exp (e|r|) for any ¢ > 0. Assumption
3.2 on the prior is satisfied for any reasonable choice. For priors that have a peak at A) one can
applies some smoothing techniques to make it differentiable locally. The large-sample properties
of the £ (0, T})-class are studied under the shrinkage asymptotic setting of Bai (1997) and Bai

and Perron (1998). Thus, we need the following assumption.

Assumption 3.3. Let 0p = 0% = vpd° where v > 0 is a scalar satisfying vy — 0 as T — oo and
TY2=9vp — oo for some ¥ € (0, 1/4).

We omit the superscript 0 from §% for notational convenience since it should not cause any
confusion. Assumption 3.3 requires the magnitude of the break to shrink to zero at any slower
rate than 7~/2. The specific rates allowed differ from those in Bai (1997) and Bai and Perron
(1998), since they require ¥ € (0, 1/2). The reason is merely technical; the asymptotics of the
Laplace-type estimator involve smoothing the criterion function, and thus one needs to guarantee
that /A\b approaches A\ at a sufficiently fast rate. Under the shrinkage asymptotics, Proposition
1 and Corollary 1 in Bai (1997) state that 7T'[|d7]” (S\IES — )\g) = Op (1) and 0% — 67 = op (1),

respectively.

3.2 Discussion about the GL Approach

We use Figure 1-2 to illustrate the main idea behind the usefulness of the GL method. They present
plots of the density of the distribution of bes for the simple model y; = ¢°+2; (69 + 0°1{t > TP})+
e; where {z;} follows an ARMA(1,1) process and e; ~ i.i.d. 4" (0, 1). The distributions presented
are the exact finite-sample distribution and Bai’s (1997) classical large-N limit distribution—the
span N here coincides with the sample size T. Noteworthy is the non-standard features of the
finite-sample distribution when the break magnitude is small, which include multi-modality, fat
tails and asymmetry—the latter if T is not at mid-sample. The central mode is near T;*S while
the other two modes are in the tails near the start and end of the sample period; when the break
magnitude is small 7, LS tends to locate the break in the tails since the evidence of a break is weak.
It is evident that the classical large-N asymptotic distribution provides a poor approximation
especially for small break sizes.

The GL method is useful because it weights the information from the least-squares criterion
function with the information from the prior density—which, here, is the density of the asymptotic
distribution of beS Note that the least-squares objective function is quite flat when the magnitude
of the break is small and so jwas is imprecise, while the resulting Quasi-posterior, or, e.g., the median
of the Quasi-posterior, may lead to better estimates in finite-samples, because it takes into account
the overall shape of the objective function which weighted by the prior becomes more informative

about the uncertainty of the break date.



3.3 Normalized Version of R;r (s)

In order to develop the asymptotic results, we introduce an input parameter sequence {yr} whose
properties are specified below and work with a normalized version of R, (s) in order to be able
to derive the relevant limit results. We assume that A) € I'° C (0, 1) is the unknown extremum of
Q (6°, \) = E[Qr (6°, \y)] and that 6° £ ((¢0)’, (69)', (50)’)’ €S C R? x RY x R?%. Our analysis
is within a vanishing neighborhood of #°. For any 6 € S, let A} (f) be an arbitrary element of
) = {)\b el: Q 0, \p) = SUP;, ¢ o Q (9, Xb)} Provided a uniqueness condition is assumed
(see Assumption 3.6), I'’ () contains a single element, \). Further, let Qp (6, \y) £ Q7 (0, \y) —
Qr (6, X)), QF (6, N) £ E[Qr (0, ) — Qr (0, \)) | X, and Gr (6, Ny) £ Qr (6, Ny) — QF- (6, Ny) .
These expressions are given by Gr (6, \y) = g. (0, \), Q% = ga (0, \y) and Qp = g4 (6, \p) +
ge (0, Np), where

94 (0, N) = 0p {(Z4M Z2) (Z5M Z5) ™" (Z4M Zo) — ZGM Zo } b1, (3.3)
and

9e (0, o) = 207 (Z4M Z5) (ZM Z5) " ZyMe — 267 (Zg Me) (3.4)
+ & MZy (Z4MZy) " ZoMe — € M Zy (Z,M Zo) ™" Z) Me.

They are derived in Section A.2. The GL estimator A5 (6) is then the minimizer of a normalized

version of Ry 7 (s):

o exp ((yr/ (T116r1)) Qr (0, X)) 7 (N
\I/lj (S, 9) = /FOZ(S— >\b fFO eXp((ﬁyT/ (TH&TH ))@T )71— )\b d)\bdA (35)
:/ s — M) exp ((vr/ (T 1671%) ) (G (8, M) + Q% (8, M) 7 (N) ~
ro Jroexp ((ve/ (Tllo7]1%)) (G (6, )\b) Q% (0, M) m (N dNy

Note that, under Condition 1 below, this is equivalent to the minimizer of Ry r (s) since Q (6, Ap)
can always be normalized without affecting its maximization. Different choices of {7} give rise
to GL estimators with different limiting distributions. Using dr or any consistent estimate (e.g.,
0%5) in the factor yp/ (T |]5T|]2) is irrelevant because they are asymptotically equivalent. Our
analysis is local in nature and thus we write AS%(0) £ A" (r0(0 — 6°), r0(6 — 6°)), where ro is
the convergence rate of § — 6°. Note that Gy (-, -) and Q% (-, -) constitute the stochastic and the
deterministic part of the objective function, respectively. Both depend on TT(é —0°) and our proof
proceeds in conditioning first on the effect of TT(g — 0°) on the deterministic part to obtain weak

convergence of the stochastic part to a limit process that does not depend on this conditioning.
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See below for more details. Hence, it is required to introduce two indices v and v, such that we

define ASL(A) = AS“* (7, v) as the minimizer of

Uy r(s; 0, v) £ /FO I(s — \p) % (3.6)

exp ((vr/ (T110z)1%)) (G (6° + 5 /rr, Ao) + Q% (6° + v /7, X)) 7 (o)

dp.
Jroexp ((vz/ (T1021%)) (G (6° + /72, M) + Q% (6° + v/rr, M))) 7 (As) d,

For each v, we show weak convergence as a function of v to a limit process that does not depend
on v. In a second step, we use the monotonicity in v of Q% which, relying on the argument in

Jurecova (1977), allows us to achieve weak convergence uniformly in v.

We first show the consistency and rate of convergence of XE’L These results imply that 6°
is estimated as if T were known. Thus, 0 is v/T-consistent and asymptotically normal so that
we set 7 = /T hereafter. Since S\EL is defined implicitly as an extremum estimator, its large-
sample properties can be derived as follows. We first show, for each pair (v, v) with v, v € V,
the convergence of the marginal distributions of the sample function U, r (s; v, ¥) to the marginal

distributions of the random function

\If?(s):/Rl(s—u) (7/@)//]1%7/(@)@) du,

where the limit process ¥} (s) does not depend on v nor v. Next, we show that the family
of probability measures in C, (K), with K = {s € R: |s| < K and K < oo}, generated by the
contractions of ¥, r (s; v, v) on K is dense uniformly in (v, 9). Finally, we examine the oscillations

of the minimizers of the sample criterion ¥, 1 (s; v, V).

It is important to note that the results derived in this section are more general than what is
required for the structural change model. The reason is that the change-point model is recovered
as a special case corresponding to ;1 (s) = ¥, r(s; 0, 0). That is, defining the GL estimator
in a 1/rp-neighborhood of the slope parameter vector ¢° is not strictly necessary and one can
essentially develop the same analysis with 6 fixed at its true value §°. This relies on the properties
of (orthogonal) least-squares projections and would not apply, for example, to the least absolute
deviation (LAD) estimator of the break date [cf. Bai (1995)] for which U; 1 (s; v, v) should instead
be considered. The same issue is present when estimating structural changes in the quantile
regression model [cf. Oka and Qu (2010)] and in using instrumental variables models [cf. Hall,
Han, and Boldea (2010) and Perron and Yamamoto (2014; 2015)]. We establish theoretical results

under this more general setting since they may be useful for future work.

Let A\)r (v) = A)p (6° +v/rr), and {¢r}, {77} denote some sequences that increase to in-

finity with T and whose exact properties are specified below. Introduce the local parameter
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u = Uy ()\b — Ao (v)) and let 7r, (u) = 7 (AQ’T (v) + u/¢T), Qro(u) £ QN(0° + v/rp, Ny
(v) + u/¥r), and Gr, (u, 7) £ Gr (00 +0/rp, N (v) + u/@/)T) We characterize ¢y with the
results on consistency and rate of convergence of XbGL in Proposition 3.1. Apply a simple substitu-
tion in (3.6) to yield,

‘I’l,T (3;

. / o) exp (v2/T 11671%) (G (u, B) + Qr (w)) ) 70 (1) .

pr exp ((’YT/T ”5T||2) (GT,’U (wu 77) + QT,U (w))) TTw (U)) dw’
where I'r £ {u € R: \) +u/ypr € I},

Assumption 3.4. {(z, )} is second-order stationary within each regime such that E (z,2;) = V4
and E (€2) = of fort <T and E(z2;) = Vo and E (e?) = o5 fort > T}.

0 r _70
Assumption 3.5. Forr € [0, 1], (T0) "/ tL 1 i zer = 9 (r) and (T —T0)~"? ZTE;OEET 7))
b

ziey = Yo (1), where 9 (+) is a multivariate Gaussian process on [0, 1] with zero mean and co-
2

variance E[9; (u), 4 (s)] = min{u, s}3; (i=1,2), and ¥, = limr_ o E (Tl?)_l/2 ZtTiol zer|
2

Yo £ limpoo E [(T—Tbo)_l/2 Zf:Té)H ztet} . Furthermore, for any 0 < rq < 1 with g < A,

T ZPOLF‘:OTJH 22 — ()\0 —10) Vi, and with \g < ro T™* Zth&TJH 212y L (ro — o) Vo so that

A_ and Ay (the minimum and mazimum of the eigenvalues of the last two matrices) satisfy

0< A <A <oo.

Assumption 3.4-3.5 are equivalent to A9 in Bai (1997) and A7 in Bai and Perron (1998). More
specifically, Assumption 3.5 requires that, within each regime, an Invariance Principle holds for
{zie,}. Let ¢ & ze;,. For u <0 let g(¢;u) 2 (6°) Zt 79+ /| ¢ and § (G u, 0, v; Yr, ) =

~ 0°%4v/r ~ ~
Vv ¢T (50 + U/TT), t TE\O(90+U;2T)+LU/¢TJ gt Define analogouSIY g (Ct? u) and g (Ct; u, v, v; dJTa TT)

for the case T, > T?. We now present some technical assumptions that are necessary for the

derivation of the asymptotic results for the GL estimate.

Assumption 3.6. For some neighborhood ©° C S of 8°, (i) for all \y # A0, Q (6°, Xy) < Q (6°, \));
(i) for any v, U1, Uy € V andu, s € R, X' (u, s) £ limy_ 00 B [ﬁ (G5 w, 01, v; Yr, 77) G (G5 8, Vo, 3 Y, TT),}
does not depend on v, vy, V3 € V.

Part (i) of Assumption 3.6 is an identification condition. Assumption 3.6-(ii) holds whenever
Xy is consistent. With Assumption 3.6-(ii) we fully characterize the Gaussian component of the

limit process ¥ (-); it implies that X' (-, -) is strictly positive and that

Ve>0: Y(cu, cs) =cX (u, s),
Vu, s € R: (3.8)
Y(u,u)+ X(s,s) —2X(u, s) =X (u—s,u—s),
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where the second implication requires some simple but tedious manipulations. Finally, the following

assumption is automatically satisfied if [ () is a convex function with a unique minimum.

Assumption 3.7. & 2 ¢ (\)) is uniquely defined by

v, <§lo> = inf U, (s) = iISlf/

R

(s - u) (exp ¥ (W) / ( [ewr w) dw)) du
where

2 (30 16%)* Wi (=s) — |s] (8°) Vad®, if s < 0

V(s) 2 W (s)— A (s) & , 1/ , ,
2((0%)520°) " Wy (s) — 5 (%) Vad®,  if s >0,

(3.9)

and Wy, Wy are independent standard Wiener processes defined on [0, 00).

3.4 Asymptotic Results for the GL Estimate

We first show the consistency and rate of convergence of the GL estimator. The latter allows us to
characterize the rate of ¢ and proceed with the asymptotic analysis in a neighborhood of \). In
practice, the squared loss function is often employed. Hence, it is useful to first present in Theorem
3.1, the theoretical results for this case for which the GL estimator is X?L = fFO Aopr (Ap) dXy, €.,
the Quasi-posterior mean. This allows us to keep the theoretical results tractable and provide
the main intuition without the need of complex notation. This case is also instructive since we
can compare our results with corresponding ones for the least-squares and Bayesian change-point

estimators. Corresponding results for general loss functions are given in Theorem 3.2.

3.4.1 Consistency and Rate of Convergence

The rate of convergence is similar to that of the LS estimator; the difference being that p = 727
with ¥ € (0, 1/2) for the LS estimator and ¢ € (0, 1/4) for the GL estimator.

Proposition 3.1. Under Assumption 2.1-2.4, 3.1-3.3 and 3.6-(i): (i) A\S% = X0 + op (1); (ii)
~ -1
AGL — )0 4 0, ((T lozl1°) )

3.4.2 The Asymptotic Distribution of the Quasi-posterior Mean

For the squared loss function AG™ (é) 225 (T, v) , where

o Jro e ((vr/ (T11021%)) (Gr (60 + /e, M) + Q4 (0° + 0/re, W) 7 (M) dy
Jroexp ((v2/ (T11621)) (Gr (60 + /7, M) + Q% (89 +v/rr, M) 7 (W) dy
(3.10)

A (T, v)

)
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and v, ¥ each belong to some compact set V. C RP*24, For each v € V, we consider X,?L* (-, v)
as a random process with paths in D, (V). We focus on the weak convergence of A\S™* (-, v) for
fixed v since the limit process is independent of v and constant as a function of v; we then exploit
monotonicity in v. More precisely, we will show that for A ;. (v) = A} 7 (6° 4+ v/rp) and diverging
sequences {vyr} and {rr}, the sequence ar (;\EL* (T, v) = Ajp (v)) converges in distribution in
D, (V) for each v to a limit process not depending on v nor ¥. Since it is monotonic in v, we do not
need to show uniform convergence directly. Introduce the local parameter u = ¥ ()\b - )\,97T (v));

a simple substitution in (3.10) yields,

Jewexp ((ve/ (T 1621%)) (G (u, ) + Q1 (w))) 77,0 () du

f]R €xp ((’YT/ (T H(STH2)) (GT,’U (uv 17) + QT,@ (u))) TTw (U) du ,
(3.11)

vr (W (@, 0) = Np (v)) =

where again we have used the notation 7r, (u) =7 ()\gf (v) + u/@/)T) , Qry (u) = Q% (° +v/ry
Ao (v) + u/@DT) and Gr., (u, ) = Gp (90 +0/rp, N (v) + U/W_F)- The limit of the GL estimator
depends on the limit of the process (fyT/ (T H(STHQ)) (C:’T,v (u, D) + Qra (u)) As part of the proof
of Theorem 3.1, we show that the sequence of processes {@Tﬂ, (u, v), T > 1} converges weakly
in Dy, (R X V) to a Gaussian process #  not varying with v, whereas Qr,, (-) is approximated by
a (deterministic) drift process taking negative values, and is monotonic in v and flat in v. We
show that this implies that Ao (7, v) — A7 (v) is monotonic in v which then leads to uniform
convergence in v following the argument of Jurecovd (1977).

In anticipation of the results, we make a few comments about the notation for the weak
convergence of processes on the space of bounded cadlag functions Dy. Let V. C RP*2? be a compact
set. Let Wr (u, v, v) denote an arbitrary sample process with bounded cadlag paths evaluated at
the local parameters u € R, and v, v € V. For each fixed v € V, we shall write Wr (u, 0, v) =
W (u, v, v) in Dy (R x V) whenever the process Wr (-, -, v) converges weakly to # (-, -, v), where
W (-, -, v) also belongs to D, (R x V). As a shorthand, we shall omit the argument u (v) if the
limit process does not depend on w (7). The same notational conventions are used for the case
when Wy is only a function of (7, v). In Theorem 3.1 the convergence holds for every v € V,

stated as convergence in I,.
Condition 1. As T — oo there exist a positive finite number ., such that /T ||67]]° — ..

Theorem 3.1. Assume [ () is the squared loss function. Under Assumption 2.1-2./ and 3.1-3.7,
and Condition 1, then in Dy,

T oz (A" = A5) = / f“ef;p<%i‘>‘)__ AAO (S;i) dci“ 2 / upy (u) du, (3.12)
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where W (-) and A° () are defined in (3.9).

Theorem 3.1 states that the asymptotic distribution of the GL estimate is a ratio of integrals
of functions of tight Gaussian processes. We shall compare this result with the limiting distribution
of the Bayesian change-point estimator of Ibragimov and Has'minskii (1981). They considered a
simple diffusion process with a change-point in the deterministic drift [see their eq. (2.17) on
pp. 338]. The limiting distribution of the GL estimate from Theorem 3.1 for the case of a break
in the mean for model (2.1) is essentially the same as theirs. Hence, while the GL estimator
has a classical (frequentist) interpretation, it is first-order equivalent in law to a corresponding

Bayes-type estimator.

We now present a result about the dual nature of the limiting distribution of the GL estima-
tor. The following proposition shows that, under different conditions on the smoothing sequence

parameter {77}, the GL estimator achieves different limiting distributions.
Condition 2. As T — oo, T ||67|]° /y7 = o (1).

Proposition 3.2. Assume [ () is the squared loss function. Under Assumption 2.1-2.4 and 3.1-
3.7, and Condition 2, T ||5T||2 (S\EL — )\g) = argmaxseg ¥ (s) in Dy.

Corollary 3.1. Define Z, 2 (6°) £56°/ (6°)' £,6° and 25 £ (6°) V26°/ (6°)' V16°. Under Assump-
tion 2.1-2.4 and 3.1-3.7, and Condition 2, ((6’TV15T)2 /5}215T) (beL - Tb(fT) % arg maxyeg ¥* (s)

i Dy where
V¥ (s) =Wy (=s) — |s| /2 if s <0; ¥*(s5) = EY2 W, (s) — Ezs/2 if s > 0.

Corollary 3.1 and Proposition 3.2 show that with enough smoothing is applied, the GL estima-
tor is (first-order) asymptotically equivalent to the least-squares or MLE [cf. Bai (1997) and Yao
(1987), respectively]. The intuition is that when the criterion function is sufficiently smoothed, the
Quasi-posterior probability density converges to the generalized dirac probability measure concen-
trated at the argmax of the limit criterion function. This is analogous to a well-known result [cf.
Corollary 5.11 in Robert and Casella (2004)], stating that in a parametric statistical experiment
indexed by a parameter ¢ € ©, the MLE @j\fm is the limit of a Bayes estimator as the smoothing

parameter v — 00, i.e., using obvious notation:

0 Ly (6 0) do
oy ZargrgleaécLT(H) = lim Jo O exp (vLr (0)) 7 (6)

=00 fe exp (yLr (0)) w (0)dd
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3.4.3 The Asymptotic Distribution for General Loss Functions

For general loss functions satisfying Assumption 3.1, Theorem 3.2 shows that T'||67> (:\EL — /\2)
is (first-order) asymptotically equivalent to & defined by

U, (510) 2 inf ¥, (r) = inf {/ L(r—u)p§(u) du} : (3.13)
T reR R

Theorem 3.2. Under Assumption 2.1-2.4 and 3.1-3.7, and Condition 1, forl € L, T ||07||* (AS:—

N) = & as defined by (3.13).

The existence and uniqueness of & follow from Assumption 3.7. If one interprets pj (u) as
a true posterior density function, then & would naturally be viewed as a Bayesian estimator
for the loss function Ir (). In particular, in analogy to the above comparison with the Bayesian
estimator of Ibragimov and Has'minskii (1981), one can interpret the GL estimator as a Quasi-
Bayesian estimator. While this is by itself a theoretically interesting result, we actually exploit
it to construct more reliable inference methods about the date of a structural change. Under the
least-absolute deviation loss, the GL estimator converges in distribution to the median of p§ (u).
We shall use the results in Theorem 3.1-3.2 but not Proposition 3.2 since the latter implies the
same confidence intervals as in Bai (1997) and Bai and Perron (1998). GL inference based on the
Bayes-type limiting distribution provides a more accurate description of the uncertainty over the
parameter space than the inference based on the density of arg maxseg # (s) which underestimates
uncertainty as shown by confidence interval with empirical coverage rates below the nominal level
particularly when the magnitude of the break is small (see Section 7). After some investigation,
we found that both estimation and inference under the least-absolute loss works well and this is

what will be used in our simulation study.

4 Confidence Sets Based on the GL Estimator

In this section, we discuss inference procedures for the break date based on the large-sample results
of the previous section. Inference under general loss functions based on Theorem 3.2 is what we
recommend to use in practice, in particular with an absolute loss function.

Since the limiting distribution from Theorem 3.2 involves certain unknown quantities, we

begin by assuming that they can be replaced by consistent estimates. They are easy to construct
[cf. Bai (1997) and Bai and Perron (1998); see also Section 7].

Assumption 4.1. There exist sequences of estimators Xb,Ta ST, éz,T, and ée,T such that j\b,T =
Ao + op (1), op = Op + op (1), éz,T =Zz+op(l) and ée,T = E¢ + op(1). Furthermore, for
all u, s € R and any ¢ > 0, there exist covariation processes S;p (1) (i =1, 2) that satisfy (i)
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E’i,T (u, ) = X9 (u, s) + op (1), (ii) E’i,T (u—s,u—s) = A@T (u, u) + E’i,T (s, s) — QE’i,T (s, u),
(iti) ;7 (cu, cu) = c¢Zir (u, u), (iv) E {supHu”:1 ZA'ZQT (u, u)} =0(1).

The first part and (i) of the second part follow from consistency of Xb,T and from an Invariance
Principle [cf. Assumption 3.5]. Part (ii)-(iii) are implied by Assumption 3.6-(ii) and consistency of
j\b,T. Let {%} be a (sample-size dependent) sequence of two-sided zero-mean Gaussian processes
with covariance Xp. Construct the process 74 by replacing the population quantities in %" by
their corresponding estimates from the first part of Assumption 4.1 and further, replace # by Y.
Assumption 4.1-(i) basically implies that the finite-dimensional limit law of {%} is the same as the
finite-dimensional laws of # while parts (ii)-(iii) are needed for the integrability of the transform
exp (7//; ()) Part (iv) is needed for the proof of the asymptotic stochastic equicontinuity of {%}
Let & be defined as the sample analogue of £ that uses ¥ (v) in place of ¥ (v) in (3.13). The

distribution of ET can be evaluated numerically.

Proposition 4.1. Let | € L be continuous. Under Assumption 4.1, ET converges in distribution

to the limiting distribution in Theorem 3.2.

The asymptotic distribution theory of the GL estimator may be exploited in several ways to
conduct inference about the break date. As emphasized by Casini and Perron (2019a), the finite-
sample distribution of the break date least-squares estimator displays significant non-standard
features (cf. Figure 1). Hence, a conventional two-sided confidence interval may not result in
a confidence set with reliable properties across all break magnitudes and break locations. Thus,
as in Casini and Perron (2019a), we use the concept of Highest Quasi-posterior Density (HQPD)
regions, defined analogously to the Highest Density Region (HDR); c¢f. Hyndman (1996). See also
Samworth and Wand (2010) and Mason and Polonik (2008, 2009) for more recent developments.

Definition 4.1. Highest Density Region: Let the density function fy (y) of a random variable YV
defined on a probability space (Qy, .Zy, Py) and taking values on the measurable space (), %) be
continuous and bounded. The (1 — «) 100% Highest Density Region is a subset S (k,) of ) defined
as S (ko) = {y: fv (y) > Ko} where K, is the largest constant that satisfies Py (Y € S (kq)) >

1—oa.

For s = T ||67]? (:\{;S — /\2), the asymptotic distribution theory of Bai (1997) suggests a belief
7 (s) over s € R. This belief function can be used as a Quasi-prior for ), in the definition of the
Quasi-posterior pr (Ay). Let 1 (\y) denote some density function defined by the Radon-Nikodym
equation p () = dpr (Ap) /dAL, where Ap, denotes the Lebesgue measure. The following algorithm

describes how to construct a confidence set for Tp.

Algorithm 1. GL HQDR-based Confidence Sets for Ty :

(1) Estimate by least-squares the break date and the regression coefficients from model (2.3);
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(2) Set the Quasi-prior w(\y) equal to the probability density of the limiting distribution from
Corollary 3.1;

(3) Construct the Quasi-posterior given in (3.1);

(4) Obtain numerically the density p(X\y) as explained above and label it by fi (\p);

(5) Compute the Highest Quasi-Posterior Density (HQPD) region of the probability distribution
pr (A) and include the point Tj, in the level (1 — )% confidence set Cuqpp (cva) if Ty satisfies
Definition 4.1.

If a general Quasi-prior w(\y) is used, one begins directly with step 3.

In principle, any Quasi-prior 7 () satisfying Assumption 3.2 can be used. Note that Cuqpp (cvq)

retains a frequentist interpretation, since no parametric likelihood function of the data is required.

5 Models with Multiple Change-Points

Following Bai and Perron (1998), the multiple linear regression model with m change-points is

g = e + 500 + e (=101 +1.... 1)
for j = 1,..., m+ 1, where by convention 7y = 0 and 7}, = T. There are m unknown break
points (77, ..., T?) and consequently m + 1 regimes each corresponding to a distinct parameter

value 5;). The purpose is to estimate the unknown regression coefficients together with the break
points when T observations on (y;, wy, z;) are available. Many of the theoretical results follow
directly from the single break case; the break points are asymptotically distinct and thus, given
the mixing conditions, our results for the single break date extend readily to multiple breaks. More
complicated is the computation of the estimates of the break dates which has been addressed by
Bai and Perron (2003) who proposed an efficient algorithm based on the principle of dynamic
programming; see also Hawkins (1976).

Let T; 2 |T)A;] and 0 = (¢, 8, A} ..., A ) where A; = 841 — 6;, i = 1,..., m. The class
Z (0, T;; 1 <i < m) of GL estimators in multiple change-points models relies on the least-squares
criterion function Q7 (4 (Xy), Ap) = L7 ZﬁTi—l (i — Wi — 280;)%, with Xy 2 (\i; 1 < i <m).
In order to state the large-sample properties, we need to introduce the shrinkage theoretical fra-
mework of Bai and Perron (1998).

Assumption 5.1. (i) Let o, = (w), 2}), X = (21,...27) and X, = diag (X{), e anﬂ) be the
diagonal partition of X at (T?,...,T°). Foreachi=1,...,m+1 (X?) X0/ (Tio - Tio_l) converges

to a non-random positive definite matriz not necessarily the same for all i. (ii) Assumption 2.3
holds. (iii) The matriz Y\_, 2z is invertible for | —k > q. (i) T® = [TAY], where 0 < X0 <
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o< A< 1L (v) Let Ap; = vrAY where vy > 0 is a scalar satisfying vy — 0 and T2 — o
for some ¥ € (0, 1/4), and E ||z|* < C, E|le]|*”” < C for some C < oo and all t.

Assumption 5.2. Let AT) = T? —T?,. Fori = 1,...,m+ 1, uniformly in s € [0, 1], (a)
0 SAT? B 0 JATO
(ATZ-O)_l ZTi—1+|_ ATIJ thé E} SVZ', (ATIO) 1 ZTZ_1+|_ AT1J

t=T2 ,+1 t=T2 | +1

2

P
e? = so?, and

TO +|sAT? | T, + | sAT? |

(AT?)f > > E(zmzluwu,) 5 3

t=T2 | +1 r=T2 | +1
- T ATY
(b) (AT?) 12 Zt;}l0+|:il ?) 2y = G, (s) where %, (s) is a multivariate Gaussian process on
i—1

[0, 1] with mean zero and covariance E[9; (s)%; (u)] = min{s, u} ¥;.

Next, fori = 1,..., m, define Z5; = (A?) Vi1 A?/ (AY) V;AY, 22, = (ADY 81 A/ (A% 3,A9,

and let W,") (s) and WY (s) be independent Wiener processes defined on [0, o), starting at 0 when
s =0 Wl(i) (s) and Wg(i) (s) are also independent over i. Finally, define

2((A 2A) P WO (—s) — s (AY VA, ifs <0

70 (5) £ 90 (5) — A9 (s) £ |
2 (A% 2410) WS (5) = 5 (A Vi A, i s> 0.

(5.1)

We now extend the notation of Section 3 to the present context. By redefining the Quasi-posterior

p(Ap) in terms of Ay, the GL estimator as the minimizer of the associated risk function [recall
<~GL

(3.2)], A, = argmin,cro [Ry7 (s)], where now I = By x ... x B,,, with B; a compact subset of

(0, 1). The sets B; are disjoint and satisfy supy.g, < infyep,,, for all 7.

Assumption 5.3. Assumption 3.1-5.2 hold with obvious modifications to allow for the multidimen-
sional parameter N, € I'°. Furthermore, Assumption 3.6 holds where now in part (i) X, replaces
Ny, and in part (i) X9 (-, 2) (1 <i<m+1) replaces ¥ (-, -) and is defined analogously for each

regime.

Assumption 3.7 implies that &; £ £ ()\?) is uniquely defined by W, (5&) £ inf, U, (s) =
inf, [ 1(s —u) (exp (”//(i) (u)) / (fR exp (“//(i) (w)) dw)) du. The GL estimator is defined as the

minimizer of

exp (—=Qr (6 (X)), M) T (Ap)

Trooxp (—Qr (0 (), M) 7 () g

RLTé/FOZ(S—)\b)

The analysis is now in terms of the m x 1 local parameter u with components u; = T || Az, |* (Ai—
)‘?,T (v)), with )‘?,T (v) = )‘?,T (00 +v/rr).
Theorem 5.1-5.2 extend corresponding results from Theorem 3.1-3.2, respectively, to multiple

change-points. The fast rate of convergence implies that asymptotically the behavior of the GL
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estimator only matters in a small neighborhood of each T?. Since each such neighborhood increases
at rate 1/vp while T — oo at a faster rate, given the mixing conditions, these asymptotically
distinct and the limiting distribution is then similar to that in the single break case. This is the
same argument underlying the analysis of Bai and Perron (1998) and of Ibragimov and Has'minskii

(1981). The same comments as those in Section 3 apply.
Condition 3. For 1 < i < m there exist positive finite numbers . ; such that vp/T || Aql|* — #..

Theorem 5.1. Assumel (-) is the squared loss function. Under Assumption 5.1-5.3 and Condition

3, we have in Dy,

Juexp (V/(i) (u) — A? (u)) du
[ o (70 (a) — 20 (w) du

Tl Ar® (A" = \?) = (5.2)
Turning to the general case of loss functions satisfying Assumption 3.1, Theorem 5.2 shows
that the random quantity T ||67|” (:\lGL - )\?) is (first-order) asymptotically equivalent to the

random variable floz determined by

exp (#' @ (u) — A9 (u
Wi (&) £ inf Wi (r) = inf { /R lr=wy eXE ((7/@) ((u))— 10 ((u)))>dudu} ' (5:3)

Theorem 5.2. Under Assumptions 5.1-5.3 and Condition 3, for | € L, T || Aq|? (S\?L - )\?) =
&> as defined by (5.3).

A direct consequence of the results of this section is that statistical inference for the break
dates T (i =1,..., m) can be carried out using the same methods for the single break case as

described in Section 4.

6 Theoretical Properties of GL Inference

This section shows that the GL-HPDR confidence sets are bet-proof. The betting framework
and the notion of bet-proofness are useful to study the properties of frequentist inference in non-
regular problems. The literature concluded that frequentist confidence sets may exhibit undesirable
properties in non-regular problems [e.g., Buehler (1959), Cornfield (1969), Cox (1958), Miiller and
Norest (2016) Pierce (1973), Robinson (1977) and Wallace (1959)]. For example, the confidence
sets can be too short or empty with positive probability. This arises because frequentist procedures
often have the property that, conditional on a sample point lying in some subset of the sample
space, the conditional confidence level is less than the unconditional confidence level uniformly in

the parameters.
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We use the same betting framework as in Buehler (1959). Let P (:| Ay) denote the likelihood of
the data Y € ) conditional on A, € I'°. Assume P (-| \;) has density p (-] Ay) with respect to a finite
measure (. We define a 1 — « confidence set by a rejection probability rule ¢ : I'" x Y + [0, 1]
satisfying [ [1— ¢ (Mo, )] (y| Ao) dC(y) > 1 — «, with ¢ (X, y) the probability that X, is not
included in the set when y is observed. For any realization of the data Y = y, an inspector can
choose to object to the confidence set ¢. The inspector’s objection by [0, 1] takes value 1 if
there is an objection. Denote by B the set of all measurable strategies b. When b = 1 the inspector
receives 1 if ¢ does not contain \,, and she loses a/ (1 — a) otherwise. For a given parameter \,
and betting strategy 5, the inspector’s expected loss is,

La (.5 0) = 77— [ la =9 0w )]0 p(0lN) 4C ().

A confidence set ¢ is said to be bet-proof at level 1 — « if for each be B, L, (gp, 5, )\b) > 0 for
some N\, € IV, If there exists a strategy b such that L, ((p, 5, )\b) < 0 for all Ay € I'°, then the
inspector would be right on average and would make positive expected profits. Hence, such ¢ as
would be an “unreasonable” confidence set. Without loss of substance, we restrict our attention
to a change in the mean of a sequence of i.i.d. Gaussian variables. Let y; = d71{t > TY} + e,
where e; ~ i.i.d. A4 (0, 1). The result below can also be shown to hold also for fixed shifts dr = §°.
For ease of exposition, we assume 6° known. The general case leads to similar results, with more

lengthy derivations without any gain in intuition.

Recall that ¢ is such that the Quasi-posterior probability pr (As| y) = pr (As) of excluding A,

is less than or equal to «,

/ap (Mo, ¥) pr (Nl y) dNy < forally € Y. (6.1)

Proposition 6.1. Assume Assumption 2.1-2.4 and 3.1-3.7, and Condition 1 hold. Forl € L :
(1) ¢ is bet-proof at level 1 — «; (i) If (6.1) holds with equality, then ¢ is the shortest confidence
set in the class of level 1 — « confidence sets, i.e., there cannot exist a level 1 — a confidence set
¢’ with the property that, for ally € Y [ ¢ (Ao, y) dXo > [ @ (No, y) dNo, and for all y € Yo with
CQo) >0, [¢" (N, y)dNs > [ (No, y) AN

Part of the proof shows that the Quasi-posterior is asymptotically equivalent (in total variation
distance) to the Bayesian posterior. Given the conservativeness allowed by Definition 4.1, the GL
confidence interval is asymptotically a superset of a Bayesian credible interval. Bet-proofness is a
useful criterion in change-point models where popular inference methods face some difficulties, as
shown in the next section. Proposition 6.1 suggests that GL inference should not suffer from these

issues; the simulations in the next section will confirm that this is indeed the case.
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7 Finite-Sample Evaluations

The purpose of this section is twofold. Section 7.1 assesses the accuracy of the GL estimate of the
change-point while Section 7.2 evaluates the small-sample properties of the proposed method to

construct confidence sets. We consider DGPs that take the form:
y = Dia® + Z,8° + Z,8°1 {t > T{} + ey, t=1,..., T, (7.1)

with a sample size 7' = 100. Three versions of (7.1) are investigated: M1 involves a break in
mean: Z; = 1, D; absent, and e; ~ i.i.d. A4 (0, 1); M2 is similar to M1 but with e, = 0.3e;_1 + uy,
ug ~ A (0, 1); M3 is a dynamic model with Dy = y; 1, Z; = 1, ¢; ~ i.i.d. A4 (0, 0.5) and a® = 0.6.
We set 3% = 1 in M1-M2 and 8% = 0 in M3. We consider fractional change-points \g = 0.3 and
0.5, and break magnitudes 0° = 0.3, 0.4, 0.6 and 1.

7.1 Precision of the Change-point Estimate

We consider the following estimators of T: the least-squares estimator (OLS), the GL estimator
under a least-absolute loss function (GL-LN); the GL estimator under a least-absolute loss function
with a uniform prior (GL-Uni). We compare the mean absolute error (MAE), standard deviation
(Std), root-mean-squared error (RMSE), and the 25% and 75% quantiles.

Table 1-3 present the results. When the magnitude of the break is small, the OLS estimator
displays quite large MAE, which increases as the change-point point moves toward the tails. In
contrast, the GL estimator shows substantially lower MAE uniformly over break magnitudes and
break locations. In addition, the GL estimator has smaller variance as well as lower RMSE compa-
red to the OLS estimator. Notably, the distribution of GL-LN concentrates a higher fraction of the
mass around the mid-sample relative to the finite-sample distribution of the OLS estimate. This is
mainly due to the fact that the Quasi-posterior essentially does not share the marked trimodality of
the finite-sample distribution [cf. Casini and Perron (2019a)]. When the break magnitude is small,
the objective function is quite flat with a small peak at the OLS estimate. The Quasi-posterior has
higher mass close to the OLS estimate—which corresponds to the middle mode—and accordingly
lower mass in the tails. The GL estimator that uses the uniform prior (GL-Uni) is also more precise
than the OLS estimator, though the margin is smaller. The latter is due to the fact that the GL

estimate uses information only from the OLS objective function.

7.2 Properties of the GL Confidence Sets

We now assess the performance of the suggested inference procedure for the break date. We com-
pare it with the following existing methods: Bai’s (1997) approach, Elliott and Miiller’s (2007) ap-
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proach based on inverting a sequence of locally best invariant tests using Nyblom’s (1989) statistic,
the inverted likelihood-ratio (ILR) method of Eo and Morley (2015) which inverts the likelihood-
ratio test of Qu and Perron (2007) and the HDR method proposed in Casini and Perron (2019a)
based on continuous record asymptotics, labelled OLS-CR. These methods have been discussed in
detail in Casini and Perron (2019a) and in Chang and Perron (2018). We can summarize their
properties as follows. The confidence intervals obtained from Bai’s (1997) method display empi-
rical coverage rates often below the nominal level when the size of the break is small. In general,
Elliott and Miiller’s (2007) approach achieves the most accurate coverage rates but the average
length of the confidence sets is always substantially larger relative to other methods.! In addition,
this approach breakdowns in models with serially correlated errors or lagged dependent variables,
whereby the length of the confidence set approaches the whole sample as the magnitude of the
break increases. The ILR has coverage rates often above the nominal level and an average length
significantly longer than with the OLS-CR method when the magnitude of the shift is small. Here,
we shall show that the GL inference performs well in terms of coverage probability compared with
the other methods and is characterized by shorter lengths of the confidence sets.

When the errors are uncorrelated (i.e., M1 and M3) we simply estimate variances rather than
long-run variances. The least-squares estimation method is employed with a trimming parameter
€ = 0.15 and we use the required degrees of freedom adjustment for the statistic Ur of Elliott
and Miiller (2007). To construct the OLS-CR method, we follow the steps outlined in Casini and
Perron (2019a). To implement Bai’s (1997) method we use the usual steps described in Bai (1997)
and Bai and Perron (1998). We implement the GL estimator using a least-absolute loss with the
prior from Theorem 3.2. For model M1, the estimate of the long-run variance is the pre-whitened
heteroskedasticity and autocorrelation (HAC) estimator of Andrews and Monahan (1992). We
consider the version Uy proposed by Elliott and Miiller (2007) that allows for heterogeneity across
regimes; using the restricted version when applicable leads to similar results. Finally, the last row
of each panel includes the rejection probability of the 5%-level sup-Wald test using the asymptotic
critical value of Andrews (1993); it serves as a statistical measure of the magnitude of the break.

Overall, the results in Table 4-6 confirm previous findings about the performance of existing
methods. Bai’s (1997) method has a coverage rate below the nominal level when the size of the
break is small. For example, in model M2, with A\g = 0.5 and 6 = 0.8, it has a coverage probability
below 82% even though the Sup-Wald test rejects roughly for 70% of the samples. With smaller
break sizes, it systematically fails to cover the true break date with correct probability. In contrast,

the method of Elliott and Miiller (2007) yields very accurate empirical coverage rates. However, the

!This problem is more severe when the errors are serially correlated or the model includes lagged dependent
variables. Regarding the former, this in part may be due to issues with Newey and West HAC-type estimators
when there are structural breaks [see Casini (2018, 2019), casini/perron:OUP-Breaks, Chang and Perron (2018),
Crainiceanu and Vogelsang (2007), Deng and Perron (2006), Fossati (2018), Juhl and Xiao (2009), Kim and Perron
(2009), Martins and Perron (2016), Perron and Yamamoto (2019) and Vogeslang (1999)].
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average length of the confidence intervals obtained is systematically much larger than those from
all other methods across all DGPs, break sizes and break locations. For large break sizes, Bai’s
(1997) method delivers good coverage rates and the shortest average length among all methods.
The GL method displays good coverage rates across different break magnitudes and tends
to have the shortest lengths among all methods for all break magnitudes, except for §° = 1.6 in
model M2 for which Bai’s (1997) confidence interval is slightly shorter. In Model M3, the coverage
rates of OLS-CR are more accurate than those with the GL method although the difference is not
large. Thus the GL method strikes a good balance between adequate coverage probability and

short average lengths, thus confirming the theoretical results on bet-proofness.

8 Conclusions

We developed large-sample results for a class of Generalized Laplace estimators in multiple change-
points models where popular methods face some challenges due to the non-regularities of the
problem. The GL method exploits the insight of Laplace who proposed to generate a density
from taking an exponential transformation of a least-squares criterion. The class of GL estimators
exhibits a dual limiting distribution; namely, the classical shrinkage asymptotic distribution of
Bai and Perron (1998), or a Bayes-type asymptotic distribution [cf. Ibragimov and Has'minskii
(1981)]. Simulations show that the GL estimator is more accurate than OLS. Similarly, inference
has superior finite-sample properties relative to popular methods and these properties are shown

to be supported by theoretical results.
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Fractional Break Date: 0.5

Fractional Break Date: 0.25

1997)
Finite-sample

Flgure 1: The probability density of the LS estimator for the model y; = ;1,0 + Zté(lj + Ztégl {t > |TXo|}+et, Zt =03Z¢_1 +ut —0.1ug_q, ug ~
iid. A (0, 1), ex ~iid.A (0, 1), {us} independent from {e;} , T'= 100 with §° = 0.3 and Ao = 0.25 and 0.5 (the left and right panel, respectively). The

black broken line is the density of the asymptotic distribution from Bai (1997) and the red broken line break is the density of the finite-sample distribution.

Fractional Break Date: 0.25 Fractional Break Date: 0.5

Flgure 2 The comments in Figure 1 apply but with a break magnitude 59 = 1.5.
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Table 1: Small-sample accuracy of the estimate of the break point 7T) for model M1
MAE  Std RMSE Quas Qoss MAE  Std  RMSE Qpas Qors
A =0.3 A =0.5

=03 OLS 2199 2751 30.53 24 66 | 21.51 26.85 26.79 34 71
GL-LN 13.44 15.03 1899 28 54 | 11.85 14.51 1493 38 60

GL-Uni 17.56 22.88 25.51 26 56 | 16.90 22.03 22.13 38 61

=04 OLS 2048 26.30 28.51 23 57 | 15.64 21.79 21.23 40 61
GL-LN 13.02 15.52 1829 29 51 | 946 11.84 1230 44 56

GL-Uni 17.68 2230 24.64 27 54 11238 17.69 17.15 42 57

=06 OLS 13.04 20.82 1592 28 41 | 11.06 16.05 16.89 45 55
GL-LN  9.20 13.67 13.67 28 40 | 7.04 992 1046 47 53
GL-Uni 11.49 1859 14.23 27 39 | 911 1392 1348 45 55
OLS 349 461 4.61 28 32 | 292 524 523 48 52
GL-LN 341 4.53 4.52 28 32 | 289 544 520 49 51
GL-Uni 3.63 4.56 4.61 28 32 | 290 521 522 48 52

The model is y¢ = 691 {t > |TXo|} + e, et ~ 4.i.d. .4 (0, 1), T = 100. The columns refer to Mean Absolute Error (MAE), standard

50
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—

deviation (Std), Root Mean Squared Error (RMSE) and the 25% and 75% empirical quantiles. OLS is the least-squares estimator;
GL-LN is the GL estimator under a least-absolute loss function with the density of the long-span asymptotic distribution as the prior;

GL-Uni is the GL estimator under a least-absolute loss function with a uniform prior. The number of simulations is 3,000.

Table 2: Small-sample accuracy of the estimates of the break point 7Y for model M2
MAE  Std RMSE Quos Qors MAE  Std  RMSE Qpos  Qors
Ao =0.3 Ao =0.5
=03 OLS 26.61 2285 33.03 23 76 | 24.09 28.29 28.08 23 73
GL-LN 19.33 10.17 24.87 29 61 | 16.01 18.78 19.81 29 62
GL-Uni 24.76 21.05 31.34 26 70 |20.93 2537 2539 28 65
=04 OLS 2310 27.99 30.85 21 68 | 20.47 25,55 2554 33 70
GL-LN 16.59 18.59 22.75 29 60 | 13.68 17.06 17.12 38 61
GL-Uni 21.51 25.87 2883 24 61 | 17.91 2294 2291 37 62
=06  OLS 17.64 23.51 25.01 24 50 | 15.51 20.93 2091 41 59
GL-LN 13.42 16.63 18.63 28 47 | 11.06 14.90 14.38 46 54
GL-Uni 16.01 21.54 22.75 25 47 113.92 19.11 1991 40 58
80 =1 OLS 871 15.87 1579 27 34 7.24 10.73 10.72 47 54
GL-LN 825 1527 15.61 27 34 6.88 9.21  9.19 47 52

GL-Uni &8.65 14.96 15.21 27 33 6.96 10.44 1045 46 53
The model is y: = 6°1 {t > [TAo]} +et, et = 0.3e4—1 + u, up ~ i.i.d. .4 (0, 1), T = 100. The notes of Table 1 apply.
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Table 3: Small-sample accuracy of the estimates of the break point 7} for model M3
MAE  Std RMSE Quas Qoss MAE  Std  RMSE Qpes  Qors
A =0.3 A =0.5

=03 OLS 23.66 28.14 31.32 22 69 | 22.01 26.61 26.59 33 72
GL-LN 19.31 19.22 26.28 30 57 11489 18.18 19.08 39 61
GL-Uni 21.38 24.12 28.08 24 64 | 18.76 22.88 22.01 31 66
=04 OLS 19.31 2576 27.71 23 57 | 18.14 23.43 2344 38 60
GL-LN 15.04 17.64 21.29 29 51 | 12.36 16.43 16.52 40 60
GL-Uni 18.46 22.74 25.18 25 58 | 1591 2042 2042 37 62
=06 OLS 12.02 19.02 19.82 25 37 110.28 1551 1558 45 55
GL-LN 9.29 1286 14.61 29 40 | 8.46 11.84 11.86 45 55
GL-Uni 12.33 1843 19.54 27 41 | 890 14.54 14.53 45 55
OLS 3.72 6.88 6.89 28 32 | 385 698 698 48 52
GL-LN 349 6.44 6.57 28 32 | 345 6.09 6.10 48 52
GL-Uni 4.37 812 824 28 32 | 38 697 696 48 52

The model is y: = §%1 {t > [TAo]} + a®ys—1 + et, ¢ ~ i.i.d. 4 (0, 0.5), a® = 0.6, T = 100. The notes of Table 1 apply.
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Table 4: Small-sample coverage rates and lengths of the confidence sets for model M1
=04 =08 00 =12 =16
Cov.  Lgth. Cov. Lgth. Cov. Lgth. Cov.  Lgth.
A =05  OLS-CR 0922 7752 0.934 49.46 0.946 2251 0.938 10.48
Bai (1997) 0.812 58.12 0.862 28.75 0.928 13.78 0.928 8.16
Ur (Tw) meq  0.950 75.45 0.950 41.68 0.950 21.78 0.950 14.79
ILR 0.959 76.14 0.973 35.79 0976 14.44 0.977 7.15
GL-LN 0.942 49.76 0.948 22.45 0.958 10.47 0.965 5.15
sup-W 0.384 0.916 1.000 1.000
Ao =03 OLS-CR  0.928 74.95 0.928 46.68 0.930 21.47 0.958 10.22
Bai (1997) 0.830 56.64 0.870 28.72 0.904 13.89 0.962 8.27
Ur (Tn) neq 0.952 77.51 0.952 44.72 0.952 22.51 0.952 14.21
ILR 0.952 78.28 0.966 39.78 0.969 31.29 0.968 18.23
GL-LN 0.942 49.60 0.948 23.89 0.958 11.14 0.980 5.60
sup-W 0.316 0.866 0.992 1.000

The model is y; = 501{t>LT>\oJ} + e, et ~ i.i.d. .4 (0,1), T =100. Cov. and Lgth. refer to the coverage probability and the average

length of the confidence set (i.e., the average number of dates in the confidence set). sup-W refers to the rejection probability of the

sup-Wald test using a 5% asymptotic critical value. The number of simulations is 3,000.
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Table 5: Small-sample coverage rates and lengths of the confidence sets for model M2

OLS-CR
Bai (1997)
ﬁT (Tin) -neq
ILR
GL-LN
sup-W
OLS-CR
Bai (1997)
ﬁT (Tm) -neq
ILR
GL-LN
sup-W

Xo = 0.5

Xo = 0.3

6 =04
Cov.  Lgth.

=08
Cov.  Lgth.

00 =12
Cov.  Lgth.

0=16
Cov.  Lgth.

0.952  80.29
0.804 64.64
0.967 87.30
0.937 81.88
0.933 55.13
0.316

0.954 57.70
0.824 43.53
0.967 72.70
0.945 57.43
0.912 32.97
0.699

0.957 30.04
0.907 13.03
0.957 36.70
0972 21.99
0.935 20.03
1.000

0.963 15.10
0.930 7.81
0.957 30.20
0.972 18.96
0.961 10.62
1.000

0.945 79.25
0.823 63.79
0.966 88.23
0.945 84.37
0.945 53.79
0.314

0.957 54.93
0.851 26.33
0.953 59.66
0.945 62.97
0.923 34.75
0.881

0.962 29.91
0895 13.07
0.950 39.65
0.971 33.74
0.934 19.92
0.999

0.970 15.37
0.946 7.87
0.951 32.39
0.987 17.92
0.944 10.04
1.000

The model is yr = 6°1 {t > [TAo|} + e, et = 0.3et—1 + ut, ut ~ i.i.d. .4 (0, 1), T = 100. The notes of Table 4 apply.

Table 6: Small-sample coverage rates and lengths of the confidence sets for model M3

OLS-CR
Bai (1997)
Ur (Tm) .neq
ILR
GL-LN
sup-W
OLS-CR
Bai (1997)
Ur (T) neq
ILR
GL-LN
sup-W

Ao =0.5

Ao =0.3

=04
Cov.  Lgth.

=08
Cov.  Lgth.

0 =12
Cov.  Lgth.

=16
Cov.  Lgth.

0.954 80.29
0.781 55.85
0.958 81.28
0.934 65.96
0.912 60.90
0.407

0.952 57.23
0.845 26.23
0.959 55.34
0.956 33.73
0.925 32.93
0.931

0.957 30.21
0.902 13.03
0.957 36.71
0.975 21.96
0.964 19.23
1.000

0.963 15.20
0.932 7.81
0.957 30.20
0.984 17.45
0971 9.23
1.000

0.968 83.69
0.795 64.06
0.960 86.42
0.934 67.73
0.912 60.28
0.232

0.951 54.13
0.853 26.33
0.953 59.13
0.964 35.30
0.945 36.08
0.884

0.962 29.31
0.896 13.07
0.950 39.65
0971 33.74
0.974 22.72
0.999

0.970 15.37
0.946 7.85
0.951 32.28
0.987 17.92
0.975 12.71
1.000

The model is y: = 891 {t > [TAo]} + a®ys—1 + et, e¢ ~ i.i.d. .4 (0, 0.5), a® = 0.6, T = 100. The notes of Table 4 apply.
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A Mathematical Appendix

The mathematical appendix is structured as follows. Section A.2 presents some preliminary lemmas which
will be used in the sequel. The proofs of the theoretical results in the paper are in Section A.3-A.5.

A.1 Additional Notation

The (i, j) element of A is denoted by A7), For a matrix A, the orthogonal projection matrices P4, M4
are defined as Py = A(A’A)"' A" and My = I — Pa, respectively. Also, for a projection matrix P,
|PA|l < ||A]|. We denote the d-dimensional identity matrix by I;. When the context is clear we omit the
subscript notation in the projection matrices. We denote the i x j upper-left (resp., lower-right) sub-block
of Aas [A]y;, ;. (vesp., [A] ;. ;y). Note that the norm of A is equal to the square root of the maximum
eigenvalue of A’A, and thus, ||A]| < [tr (A’A)]l/2 . For a sequence of matrices { Ar}, we write Ap = op (1)
if each of its elements is op (1) and likewise for Op (1). For a random variable £ and a number r > 1,
€], = (E H§||T)1/ ". K is a generic constant that may vary from line to line; we may sometime write K,
to emphasize the dependence of K on a number r. For two scalars a and b, a A b = inf {a, b}. We may
use >, when the limit of the summation are clear from the context. Unless otherwise sated A° denotes
the complementary set of A.

A.2 Preliminary Lemmas

We first present results related to the extremum criterion function Q7 (§ (73), Tp) under the following
assumption (Assumption 3.1-3.2 are not needed in this section).

Assumption A.1. We consider model (2.3) with Assumption 2.1-2.4 and 3.3-3.5.

Lemma A.1. The following inequalities hold P-a.s.:

(ZhM Zo) — (ZhM Zo) (Z5M Z5) ™" (Z5M Zo) > D' (XA X4) (X4X2) ™ (X)X0) D, Ty < T} (A.1)

(ZhM Zo) — (ZhM Zo) (Z5M Zo) ™" (ZbM Zo) > D' (XAXA) (X'X — X5X0) ™ (X'X — X4Xo) D, T, > T}
(A.2)

Proof. See Lemma A.1 in Bai (1997). O

Recall that Qr (6 (Ty,) , Tp) = 6 (Ty) (Z5M Z5) & (T},). We decompose Qr (8 () , Ty)—Qr (0 (1Y) , TP)
into a “deterministic” and a “stochastic” component. It follows by definition that,

5 (Ty) = (ZyM Zy) " (Z5MY) = (Z5M Z) ™" (Z4bM Zo) 61 + (ZyM Z5) ™" ZyMe,

and
5 (1Y) = (ZMZo) ™ (Z,MY) = b + (Z5M Zo) ™" (Z5Me) .
Therefore
Qr (6 (1), 1)~ Qr (6 (T9) . T9) = 6 (1) (ZsM 22) 8 (Ty) — 6 (T3 (260 20) 6 (TP) (A.3)
2 g4 (67, Ty) + g (67, Tp) (A.4)
where
94 (0r, Ty) = 07 { (Z,M Z5) (24M 25) ™' (25M Zo) — ZgM Zo } b, (A.5)
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and
e (07, Ty) = 284 (ZhM Z5) (ZyM Z3) ™" ZyMe — 264 (Z} Me) (A.6)
+ € MZy (ZyMZy) ™" ZaMe — € M Zy (Z)M Zo) ™" Zh Me. (A7)

(A.5) constitutes the deterministic component and g. (67, Tp) the stochastic one. Denote

A ! 0
Xa2 Xo— Xo= (0, s 0,141, Ty, 0,...,) : for Tj, < T}
!/
XAé—(XQ—Xo):(0,...,O,be()+1,...,£L‘Tb,O,...,), fOl“Tb>TbO
whereas XA £ 0 when T}, = Tl?. Observe that Xo = X+ Xasign (TéJ — Tp). When the sign is immaterial,
we simply write Xo = Xg + Xa. Next, let Zpo = XA D, and define

ga (07, Tp)

g T,) & -2 20 A.
9a (61, T) T, — 77| (A.8)

We arbitrarily define g, (6°, T) = 8407 when Tj, = Tp. Observe that g, (67, Tp) is non-negative because
the matrix inside the braces in (A.5) is negative semidefinite. (A.3) can be written as

Qr(6(T), Ty) - Qr (3 (1), 1) = = |1y = 10| g4 (6r, T)) + g (or, Th),  forall T, (A.9)

We use the notation u = T'||67]|* (\y — Ao) and T, = T\,. For 5 > 0, let By, 2 {Ty,: [Ty, — T?| < Tn},
Bry 2 {T,, DT - TP < K/ H<5TH2} and B ;o 2 {T,, : Ty > T, - TP > K/ H5TH2}, with K > 0. Note
that Br, = Brx U B j. Further, let Bf,, = {T} : |T; — Ty)| > Tn}.

Lemma A.2. Under Assumption A.1, Qr (6 (Ty), Ty)—Qr (0 (1Y) , T) = =64 Z\ Zadr+2sgn (TP — Tp,) 6% Z '\ e+
op (1), uniformly on Bt i for K large enough.

Proof. 1t follows from Lemma A.5 in Bai (1997). O

0
Lemma A.3. Under Assumption A.1, for Ty, = T+ {u/ H5T||2J , we have 80 Z\ Zadr = 07 ZtTinH z212p0r =
u| (3% V60 + op (1), where V="V1 ifu <0 and V = Va if u > 0.

Proof. Tt follows from basic arguments (cf. Assumptions 3.4-3.5). O]

Lemma A.4. Under Assumption A.1, for any € > 0 there exists a C' < oo and a positive sequence {vr},
with vp — o0 as T — 00, such that

liminf P [ sup Qr (6 (1), Tp) — Qr ((5 (Tbo) , Tlf)) < —Cuvp| >1—¢,

T—
o K<|u|<nT||§7|?

for all sufficiently large K and a sufficiently small n > 0.

Proof. Note that on {K < |u| < nTH6T||2} we have K/ |07 < T, — TP| < nT. In view of (A.8), the
statement Qr (8 (Tp), Tp) — Qr (8 (1Y), TY) < —Cur follows from showing that as T' — oo,

K
P ( sup  ge (07, Tp) > inf ‘Tb — Tz?’ Ga (0T, Tb)) <,

T,€BS, TyeBj 1
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where x € (1/2, 1). Suppose T, < Tp. We show that

1 1 1-k
P ( sup Hi(Tng (op, Tp) > ——— (> . inf gy (0r, Tb)) < e. (A.10)
b

TbEB?(,T B ||5TH2K71 K eBK,T

Lemma A.5-(ii) stated below implies that infr,epe G4 (67, Tp) is bounded away from zero as T' — oo for
large K and small n. Next, we show that

sup K1 o7 || ge (67, Tp) = op (1) . (A.11)
T,€B%

Consider the first term of (A.6),

28 (Z4M Zo) (ZyM Zo) ™" ZoMe = 264 (Z4M Zo)T) (ZyM ZoJT) ™" ZoMe
= 20|67 Op (1) Op (1) O (T/?) = COs (|l37]| T*/?)

When multiplied by ||d7|| /K, this term is Op (||6TH2 T1/2/K) which goes to zero for large K.. The second
term in (A.6), when multiplied by |07 /K, is

2K 67| 8 (ZgMe) = K ||or]| Op (|Ior]| T2) = K~20% (|l6r] TV/2) ,

which converges to zero using the same argument as for the first term. Consider now the first term of
(A7), T=Y2e' M Zy (ZyM Z5)T) * T=Y2ZyMe = Op (1) . A similar argument can be used for the second
term which is also Op (1). The latter two terms multiplied by |[|or|| /K is Op (||o7] /K) = op (1). This
proves (A.11) and thus (A.10). To conclude the proof, note that x € (1/2, 1) implies [|d7]~ %" — oo,

9 —(1—k)
so that we can choose v = (H(STH /K) . O
Lemma A.5. Let §y; = inf\TrTl?bKH&TII_Z G4 (07, Tp) . Under Assumption A.1,
(1) for any € > 0 there exists some C' > 0 such that iminfr_ . P (ﬁd >C H5T||2> <1l-—¢;
(ii) with Bf o = {Tb: Tn > |T, — TP| > K/||5TH2}, for any € > 0 there exists a C > 0 such that
liminfp_ oo P (infTbEB%’K 94 ((5T, Tb) > C) <l-—e

Proof. Part (i) was proved in Lemma A.2 of Bai (1997). As for part (ii), by Lemma A.1,

_ X\ XA 1
94 (0%, 1) > 6r D' 70 (X6Xe) ™ (X6Xo) Dér = Ay,

where A7, is the minimum eigenvalue of D'.J (Ty) D, with J (Tp) 2 ||67]|* (T0 — Tp) ™' XA XA (X5X2) ™! (X} X0) .
It is sufficient to show that, for T, € BT g, Ajz, Is bounded away from zero with large probability

for large K and small 7. We have HJ(Tb)_lH < H“MTHQ (19 —Tb)f1 X’AXA]I‘ H(XéXQ) (X(’)XO)AH

and by Assumption 2.3-2.4 H(XQXQ) (X()XO)—1H < |IX'X| H(X()Xo)_l‘ is bounded. Next, note that
0 0

(T — Tb)f1 XhXa = (T - Tb)f1 ZtTinH a2} is larger than (Tn) ZTZ’

for all K, (|57 /K) )

oral & ller t=10~ | K/|}or |

=19~ | /167l ]
sumption 2.3. Now, (K/Tn) (||5T||2 /K> >

xyxy on B -, and

| x4x} 1s positive definite with large probability as T' — oo by As-
7

! N .
10— | K/ 671 xixy = Op (1), by choosing sufficiently large K

-1
and small 7. Thus, [H5T||2 (T — Tb)_1 X\X A} is bounded with large probability for such large K
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and small 7, which in turn implies that || (T) ~!|| is bounded. Since D has full column rank, A7, is
bounded away from zero for sufficiently large K and small 7. O

Lemma A.6. Under Assumption A.1, for any € > 0 there exists a C' > 0 such that

lim inf P sup  Qr (0(Ty), Tp) — QT( ( ) Tb) < —Cuvr| >1—g¢,
T—o0 2
[ul=T(|é7[I"n

for every n > 0, where vp — c0.

Proof. Fix any n > 0. Note that on {\u\ > TH(STHQn} we have |T, — T| > Tn. We proceed in a si-
milar manner to Lemma A.4. Let B, = {Ty - |Tb — Tb0| > Tn} and recall (A.8). First, as in Lemma
A.5-(i), we have infr,epe, , 9d (67, Tp) > C||67|*> with large probability for some C' > 0. Noting that

Tninfryeps,  Ja (o7, Tp) dlverges at rate 70 = T'||67]|, the claim follows if we can show that g. (07, T}) =
Op (77), with 0 < @ < 1 uniformly on Bf,, . This is shown in Lemma A.7 below, which suggests setting

@ € (1/2,1). Then, choose vy = (T||ér||” ) - O
Lemma A.7. Under Assumption A.1, uniformly on Bf. ., |ge (01, Tp)| = Op (H(STH T2 log T) .
Proof. We show that T |g. (6%, T;)| = Op (HdTH T-1/21o0g T) uniformly on Bf.,. Note that

sup |ge (67, Tp)| < sup  |ge (67, Tp)],
T,eB;, q<T,<T—q

and recall that ¢ = dim (2;) is needed for identification. Observe that

sup H (ZéMZQ)—l/Q Z§M€H =Op(logT), (A.12)
q<Tp<T—q

by the law of iterated logarithms [cf. Billingsley (1995), Ch. 1, Theorem 9.5]. Next,

sup T~V (Z)MZy) (Z4M Zy) ™% = 0p (1), (A.13)
4<Ty<T—q

which can be proved using the inequality (Z\M Zs) (Z4M Zs) (Z{M Zs) < ZyM Zy = Op (T') (valid for all
T,). Thus, by (A.12) and (A.13), the first term on the right-hand side of (A.6) multiplied by 7! is such
that

sup 205 T (Z5MZs) (Z5M 2Z5) " ZyMe = Op (||or]| T/ log T) . (A.14)
q<Tp<T'—q

The second term on the right-hand side of (A.6) is 207.ZyMe = Op (||5TH T1/2) . Using (A.12), and dividing
by T, the first term of (A.7) is Op ((log 7)” /T while the last term is Op (7'~1) . When divided by 7', they

are of order Op ((log T)? /T) and Op (T'~') , respectively. Therefore, |ge (Tp, 6°)| = Op <H5T” T2 log T)
uniformly on Bi -

A.3 Proofs of Results in Section 3

We denote by P the class of polynomial functions p : R — R. Let Ur £ {ueR: \) + u/1/JT e I},
Try 2 {ueR: |u <yr}, FTw ZR—-T7y, and Ur‘fp £ Ur—TIry. Foru€eR, let Ry, (u) £ Qry (u) —
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A% (u) and Gr,y (u) £ sups.y, G (u, D). The generic constant 0 < C' < oo used below may change from
. . . ~ A 2
line to line. Finally, let 47 = ~vp/T ||| .

A.3.1 Proof of Proposition 3.1
We begin with the proof for the case of a fixed shift.
Lemma A.8. Under Assumption 2.1-2.4, 3.1-3.8 (except that 67 = 6°) and 3.6-(3), XE’L =)+ op (1).
Proof. Let St (5 (M), M) 2 Q1 (8 (M), Xo) — Qr (8 (AD), AD). From (A.9),
St (g()\b)a >\b) =— ’Tb - Tl?‘gd (50, Tb) + e (50, Tb) )
where g, (0°, T,) and g, (6°, Tp) are defined in (A.6)-(A.8). By Lemma A.24 in Bai (1997), lim inf7_, gy

(6%, T3) > 0 and T~ supy, |g. (5%, Th)| = Op (T*1/2 logT). Thus, for any B > 0 if \X,,GL - )\2‘ > B we
have that,

—Sr (S(Ab) , )\b) — ooatrate TB. (A.15)

Let pr (u) £ p1,7 (w) /Pp with p17 (u) = exp (Qr (6 (u), w)) and pr £ fUT p1,7 (w) dw. By definition,

)
XIS}L is the minimum of the function [ ! (s — u) p1,7 (u) 7 (u) du with s € I'’. Using a change in variables,

/ l(s—u)p1r (u)m(u)du
70
=T'p / LT (s—=X)) —u)pr (M) + T ) m (A) + T 1) du,
r Jo LT (5= 2) —w)pr (M4 T70) w (3 + 771)
where Ur £ {u € R : )\2 + T~ u € I'°}. Thus, AsT 2T (XfL — )\2) is the minimum of the function,

s B pr(N+T ) m (A + T u)
Sr(s) = /UT tHs—u) Jo, pr )+ T w) w () + T-1w) dw

du,

where the optimization is over Up. We shall show that for any B > 0,

P HX?L _ )\8‘ > B} <P Lsglg Sr(s) < Sr (0)1 0. (A.16)

By assumption the prior is bounded and so we can proceed the proof for the case m (u) =1 for all u. By
the properties of the family L of loss functions, we can find @y, s € R, with 0 < w; < s such that as T’
increases,

LrEsap{l(u): uelir} <lr2inf{l(u): uelyr},

where 'y 7 £ Ur N (Ju| < @) and Do = Ug N (Ju| > Tg). With this notation,

Sr(0) < ll,T/

NN

pr (u) du + / I (u) pr (u) du.
UTﬁ(|u|>ﬂl)

If | € L then for a sufficiently large T' the following relationship holds: [ (u) — inf},s7p/ 2l (v) < 0,
lu| < (TB/2)? for some ¥ > 0. It also follows that for large T’ we have TB > 21 and (T'B/2)” > . Let
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I'rp 2 {u: (Jul > TB/2)NUr}. Then, whenever |s| > TB and |u| < TB/2, we have,

|lu—s| >TB/2>uy and inf 1(u)>lar. (A.17)

UEFT,B

With this notation,

inf Sp(s)> inf Ir(u)

|S|>TB uEFT,B /(V|w|STB/2)IﬁIUT

>Tor / pr (w) du,
(lw|£TB/2)NUr

pr (w) dw

from which it follows that

Sr(0)— inf Sp(s) < —w/r pr (u) du

|s|>TB
+/ [(u)— inf Ip(s) | pr(u)du
Urn((TB/2)" >[ul>T1 ) ( () |s|>TB/2 7 ( )> 7 (u)

+ L) pr () o,
Urn(|u[>(TB/2)”)

where w £ lor — I 7. The last inequality can be manipulated further using (A.17),

Sr(0)— inf Sr(s) < —w pr (u) du (A.18)
|s|>TB Ty

+ Uz (u) pr (w) du.
UrN([ul>(TB/2)")

Since | € L, we have [ (u) < |u|", a > 0 when u is large enough. Thus, given (A.15), the second term of

(A.18) converges to zero. Since fFl . pr (u)du > 0 the first term of (A.18) is negative which then leads
to St (0) — inf |y~ 75 Sr (s) <0 or St (0) < inf|gs7p St (s) . Thus, we have (A.16). O

Lemma A.9. Under Assumption 2.1-2./, 3.1-3.3 and 3.6-(i), for | € L and any B > 0 and € > 0, we
have for all large T, P H)\EL — )\2’ > B} <e.

Proof. The structure of the proof is similar to that of Lemma A.8. By Proposition 1 in Bai (1997), eq.
(A.15) holds with Op (T H6T||2) in place of Op (T'B), B > 0. One can then follow the same steps as in
the previous lemma to yield the result. O

Lemma A.10. Under Assumption 2.1-2.4, 3.1-3.3 and 3.6-(i), for l € L and for every e > 0 there exists
a B < oo such that for all large T, P [TU% )\IE;L — )\2’ > B} <e.

Proof. See Lemma A.29 which proves a stronger result needed for Theorem 3.2. O
Parts (i) and (ii) of Proposition 3.1 follow from Lemma A.9 and Lemma A.10, respectively.

A.3.2 Proof of Theorem 3.1

We start with the following lemmas.

Lemma A.11. For any a € R, |c| < 1, and integer i > 0,

exp (ca) — g (ca)’ /51| < [cf " exp (lal)
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Proof. The proof is immediate and the same as the one in Jun, Pinkse, and Wan (2015). Using simple
manipulations,

%

exp (ca) = 3 (ca)’ /3!

J=0

< ¢ exp (Jal) .

S (e | <

]
j=it1 I’

25

Lemma A.12. G, (u, 0) = # (u) in Dy (C x V), where C C R and V C RP24 are both compact sets,
and

2 ((69)£10%) Wi (—w), ifu<o

W (u) &
) 2((50)’2250)1/2% (w), ifu>0.

Proof. Consider u < 0. According to the expansion of the criterion function given in Lemma A.2, for any

_ = . TO
(u, D) € CxV, Gy, (u, D) satisfies 2sgn (Tp — Ty, (u)) 8 Zhe+op (1) . Then, 8. Z4e = (6°) vp >0 Luguz.| 24 =
(50)/% (—u), where ¢ is a multivariate Gaussian process. In particular, (50)/% (—u) is equivalent in

1/2
law to ((50)/ 2160> / Wi (—u), where W1 () is a standard Wiener process on [0, co). Similarly, for u > 0,

1/2
Zhe = ((60)/22(5(]) / Wj (u), where Wy (+) is another standard Wiener process on [0, co) which is

independent of Wy. Hence, G, (u, 7) = # (u) in Dy (C x V), O

Lemma A.13. Fiz any a >0 and let w € (1/2, 1]. (i) For any v > 0 and any € > 0,

limsupIP’[ sup {GTU —chSOH lu|® }> I/] <e.

T—o0 uEFgw)

(ii) Foru e Ry let T 2 {u e R : |u| > @}. Then, for every e > 0,

_ 2
lim lim P lsup {GTW (u) —a H(SOH |u]w} > el =0.

T— =
U—00 oo wel’

Proof. We begin with part (i). Upon using Lemma A.12 and the continuous mapping theorem, with any
nonnegative integer 1,

T— 00 uel's, " T—o0 |u|>w

lim sup P [ sup {GT,v (u) —a H50H2 |u|w} > 1/] < lim P [Sup GTv —a HéOH |u]w} > v
< lim P [sup GTU ) > aH(SOH lu|® } > v

T—oo |u| >3
<P |sup {| |—aH60H Jul® } v
|u|>z
[ sup (u)] —a H50H |u|w} > I/] )
r— ,L+1 r— 1<|u\<r
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Then,

P sup V4 inf a— SO lul®
r=i+1 LT— 1<|u|<r \[ ‘ ( )| r—1<lul<r \f H H | | ‘|
w—1/2
= Z P sup W (u/r)| > inf <T> ’U| H]
r=it1 L1=1/r<[ul/r<1 1-1/r<|u|/r<1 T

D N A B e |

r=i+1 [1-1/r<s<1 c<s<1
= 5 e g =] a1
r=i+1 L[5<1

where 0 < ¢ < 1. By Markov’s inequality,

4 ¢ E(supu [# (s)') &
Z P | sup |7/() >C4H50H T4(w_1/2)c4w] < ||50||4 ( Sciw ) Z q—(4w=2)

r=i+1 e<s<l r=i+1

(A.20)

By Proposition A.2.4 in van der Vaart and Wellner (1996), E(sup,<; [# (s)[*) < CE (Sup5<1 |7 (S)|>4
for some C' < oo, which is finite by Corollary 2.2.8 in van der Vaart and Wellner (1996). Choose K (thus
u) large enough such that the right-hand side in (A.20) can be made arbitrarily smaller than £ > 0. The
proof of the second part is similar and omitted. O

Lemma A.14. Fiz any a > 0. For any € > 0 there exists a C < co such that

P
u€R

_ 2
sup {GTJ, (u) —a H(SOH ]u\} > C} <e, forall T
Proof. For any finite T, G, (u) € D}, by definition. As for the limiting case, fix any 0 < u < oo,

limsup P lsup {GTU —a H(SOH \u!} >C

T—oo u€R

<limsupP lsup Gry(u) > C

T—o0 lu|<u

_ 2
+ limsup P [sup Gty (u) > aHéOH u] .

T—o0 lu|>w

The second term converges to zero letting u — oo from Lemma A.13-(ii). For the first term, let C' — oo,
use the continuous mapping theorem and Lemma A.12 to deduce that it converges to zero by the properties
of W € . ]

Lemma A.15. Let

Aq (u, v) = u" 4 (u) exp (WTC:’TJ, (u, D) + Qro (u)) , (A.21)
Ay (u, D) = u" 71" exp (ﬁTCNJTﬂ} (u, v) — Ao (u)) .

Form >0,

hm inf P

T—o0

/ (Ay (u, D) — As (u, 7))

T

sup
vEV

<6] >1 —e.
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Proof. We consider each integrand 4; (u, v) (i = 1, 2) separately on I'}. . Let us consider A4; first. Lemma
A 4 yields that whenever y7 — ky < 00, A (u, ¥) < Cyexp (—Carr) where 0 < C, C2 < 00 and vr is a
divergent sequence. Note that the number C; follows from Assumption 3.2 (cf. 7 (-) < c0). The argument
for A (u, v) relies on Lemma A.13-(i), which shows that Gr,, (u, v) is always less than C |u|® uniformly
on I'G. ,, with € >0 and w € (1/2, 1). Thus, 4 (u, v) = op (1) uniformly on V. O

Let I'r g 2 {u€eR: ju| < K, K>0},and 'y, £ {u € R: K < |u| < mpp, K,n > 0}.
Lemma A.16. For any polynomial function p € P and any C < oo, let
DTé:mmn/ p ()] exp {CGry (u, B) } lexp (Bry (u) = 1] exp (—4° (w)) du = o5 (1)
veW It i
Proof. Let 0 < € < 1. We shall use Lemma A.11 with i = 0, a = Rr, (u) /¢, and ¢ = € to deduce that
D7 = Op (€) and then let ¢ — 0. Note that
e'Dr <C p ()| exp (CGry (u, B) + | Ry (u)| = A° (u)) du.
I'r k

By definition, K > u = ||5TH2 (T —Té)) on I'r . By Lemma A.2-A.3, on I'r g we have Ry, (u) =
Op (H(ST”2> for each u. Thus, for large enough 7', the right-hand side above is Op (1) and does not depend
on €. Thus, Dy = €Op (1) . The claim of the lemma follows by letting e approach zero. ]

Lemma A.17. Forp e P,

Do £ sup / Ip (u)| exp {’7T(~;T,v (u, 5)} exp (—AO (u)) ’7TT7U (u) — 71'0‘ du =op(1).
veV I,

Proof. By the differentiability of 7 (-) at A} (cf. Assumption 3.2), for any u € R |rr, (u) — 7% <
‘77 (Ag}T (v)) - 770‘ + Cy! Ju|, with €' > 0. The first term on the right-hand side is o (1) and does not

)

depend on u. Recalling that Gr., (u, 0) = supz.y ’GT,U (u, v)

Dyr <K

omﬁ @wmwwﬁﬁ uldr () du| < K [o(1) O (1) + 7 0¢ (1)]

where dr (u) £ |p (u)| exp {’T/T@Tﬂ, (u, 6)} lexp (—A° (u))| and the Op (1) terms follows from Lemma A.14
and Y7 — ky < 00. Since Y — 0o, we have Dy = op (1). O

Lemma A.18. For any p € P and constants C1, C2 > 0, [r. [p(u)|exp (CléT (u) — Co ]u\) du =
T4
op(1).

Proof. It follows from Lemma A.13. O

Lemma A.19. For p € P and constants a1, az, ag > 0, with as + ag > 0, let

D3 2 /fj’c Ip (u)| exp (ﬁT {aléTﬂj (u) + a2Q1y (u) — aszA° (u)}) du=op(1).

Proof. It follows from Lemma A.6. O
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Lemma A.20. For any integer m > 0,

sup
eV

/Rum exp (WTC:’TW (u, 5)) {WTW (u) exp (Qr,p (u)) — 7% exp (—AO (u))} du

- /R (A1 (u, D) — A (u, 0)) du
=op(l).

Proof. By Assumption 3.2, A; (u, v) =0 for u € 7y — [NJCT Then, omitting arguments, we can write,

/R (A; — Ay) /F ) /F 4, /ﬁ A,

T
The first right-hand side term above converges in probability to zero by Lemma A.16-A.17. The second

sup < sup + sup + sup . (A.22)

and the last term are each op (1) by, receptively, Lemma A.18 and Lemma A.19. O
We are now in a position to conclude the proof of Theorem 3.1.
Proof. Let V C RPT24 be a compact set. From (3.11),

B Jp wexp (7T [C:’Tﬂ) (u, V) + Q1 (u)D e (u) du

ROL* (5. 0) — A0 (0)) = - '
Yr (/\b (@, v) = Apr ( )) Jip exp (% [GT,U (u, 0) + Q1 (U)D T (u) du

For a large enough T', by Lemma A.20 the right-hand is uniformly in v € V equal to

J wexp (’VT(NJTW (u, 17)) exp (—A° (uv)) du
Jrexp (FrGry (u, 0)) exp (~4° (u) du

+ op (1) .

The first term is integrable with large probability by Lemma A.13-A.14. Thus, by Lemma A.12 and the
continuous mapping theorem, we have for each v € V,

Jruexp (# (v)) exp (—A° (u)) du
Jwexp (7 () exp (— A0 (u)) du

T llor|* (" (3, v) = M (v)) = (A.23)

Note that 9pQ% (6, -) is monotonic and bounded for all § € S. The argument of Theorem 4.1 in Jurecova
(1977) can be used in (A.23) to achieve uniformity in v. O
A.3.3 Proof of Proposition 3.2

We first need to introduce further notation. For a scalar @ > 0 define I'y = {u :€ R : |u| < u}. Note that
Yo L—op (1). We shall be concerned with the asymptotic properties of the following statistic:

_ frﬂu exp <'7T (G’T’U (u, 0) + Qrp (u))) T (u) du
S exp (37 (G (u, B) + Qo (W) ) 720 (w) du

&7 (0)

Furthermore, for every v € V, let & (v) = arg maxyer_ 7 (u). It turns out that & (v) is flat in v and thus
we write & = & (¥). Finally, recall that u = T ||67 | ()\b - AgT (v)) :
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Lemma A.21. Let I'% Ur —I'y. Then for any e >0 and m =0, 1,

supgey Jre |ul™ exp (’77“ (éT,v (u, V) + Qo (u)>) 71w (u) du
lim lim P i

~ = — >e| =0.
u—o0 T—o0 SUPycy fR exp <7T (GT,U (u, ) + QT (u))) 7 (u) du

Proof. Let Jy and Jo denote the numerator and denominator, respectively, in the display of the lemma.
Then,

P(J1/J2 >¢€) <P(Jo <exp(—aqr)) + P (J1 > eexp (—aqr)), (A.24)

for any constant @ > 0. Let us consider the second term term in (A.24). For an arbitrary a > 0,

let H (@, a) = {u €Ty supyey ‘GTW (u, '15)‘ < a\u|}. Let X = 2sup,, o [Ap|. Note that X < 2 and
SUPycH(7, ) [U] < AT ||67]]%. By Assumption 2.4 and 3.4, and Lemma A.6, Q7 (1) < —min (/10 (u) /2, oA ||67]2 T)
uniformly for all large T" where 1 > 0. Thus,

SUp  Sup exp (?T [CNJTW (u, V) + Qrv (U)D (A.25)
u€H(u,a) eV

< sw supesp (5r [alul = A% (u) /4 + [A° (u) /2 + Qry (w)] ])

< D exp (57 [alul = A% (u) = min (4° (u) /4, 24° (u) 4+ |67 T) )

< sup exp(3rla|u] — Cq|ul]) + exp ('yT [ax — nCD
ueH(w, c)

< sup exp(yr[a—Cal) +exp (yr [aX —nC]) = o(exp (—y7m)).
ueH(w, c)

when a > 0 is chosen sufficiently small and for some @; > 0. Furthermore, by Lemma A.13-(ii) below with
w=1,

lim lim P (u € {FCT’E — H (w, c)}) < lim lim P (sup Cro (. ©) > a) =0. (A.26)

u—o0 T—00 u—o0 T—00 |u|>u |U’

By combining (A.25)-(A.26), P (J; > eexp (—avyr)) — 0 as T — oo. Next, we consider the first right-hand
side term in (A.24). Recall the definition of Ay from Assumption 3.5 and let 0 < b < @/4A;. Note that

for Gr,, (b) £ SUp|y|<p SUPFcy ‘CNJT,U (u, v)

P (J2 <exp(—avr)) <P (Gr, (b) <@, Jo < exp (—a7yr)) + P (Gryp (b) > @) . (A.27)

Under Assumption 3.2 and the second part of Assumption 3.5, using the definition of b,

)

P(Gry (b) <@, Jo <exp(—ajr)) <P (C7r exp (37 (—a/2 — A4b)) du < exp (—a?ﬂ)

ul<b
<P(Crbexp (ayr/2) < 1) — 0,

as T — oco. We shall use the uniform convergence in Lemma A.12 for the second right-hand side term in
(A.27) to deduce that (recall that @ was chosen sufficiently small and b < @/4\y),

lim lim P(Gr, (b) >a) < %in%IF’ (sup |V (u)| > a) =0.
—

b—0T—o00 [u|<b
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Lemma A.22. AsT — oo, {7 (0) = & in Dy (V).

Proof. Let B =T'zx V. For any fixed u, Lemma A.12 and the result SUP(,, 7)eB Q1.0 (u) — A% (u)| = op (1)

(cf. Lemma A.3), imply that Q@ = 7 in D, (B). By the Skorokhod representation theorem [cf. Theorem
6.4 in Billingsley (1999)] we can find a probability space (Q Z, IP’) on which there exist processes Qr (u, 7)

and ¥ (u) which have the same law as Qp (u, 0) and ¥ (u), respectively, and with the property that

sup ’@T (u, v) — “/7(u)’ — 0 P — a.s. (A.28)
(u,?}I)EB

Let

_ s Jrowep (rQry (u, 9)) 7 (u) du

&r (v) = — = — )
frg exp (’YTQT,U (u, v)) e (u) du

and & £ arg Max,cr.. ¥ (u). We shall rely on (A.28) to establish that

sup ’{T 50’ — 0 P — a.s.. (A.29)
vEV

Let us indicate any pair of sample paths of Qr (u, v) and ¥, for which (A. 28) holds with a superscript w, by
QT,U and ”//“ respectively. For arbitrary sets Si, So C B, let 5 (S1, S2) 2 Leb (S; — S2) + Leb (So — S1)
where Leb (A) is the Lebesgue measure of the set A. Further, for an arbitrary scalar ¢ > 0 and function
T: B — R, define S (7, ¢) = {(u, v) €B: ‘T(u, v) — 77M' < c} where ¥ £ maxXyer, % (u). The first
step is to show that

7(8(Qurc), S (7%, ¢)) =0 (1). (A.30)

Let S17(c) =S (@%U, c) -S (“/7‘”, c) and Sor (c) =S (77“’, c) S ( s c). We first establish that
Leb (So.7 (¢)) = o(1). For an arbitrary ¢ > 0, define the set Sz (¢) £ {(u, v) €B: ‘@%v (u, B) — V¥ (u)‘ < E}
and its complement (relative to B) S5 (¢) £ {(u, v)€B: ‘@%U (u, 0) — ¥ (u)’ > E}. We have

Leb (S5,r (¢)) = Leb (So,(¢) N S7 (2)) + Leb (So.r (¢) N 85 (0))
< Leb (82,7 () NS7 (2)) + Leb (85 (0)) -
Note that Leb (gr‘fp (é)) — 0 (1) since the path w satisfies (A.28). Furthermore, So 7 (¢)NSt (¢) € Cr (¢, ©)
where Cr (c, ¢) £ {(u, v)eB:c< ‘@%U (u, V) — 771\/1) < c+E}. In view of (A.28),
lclﬁ)lylggoLeb (Cr (e, ) = %r{)lLeb{(u, v)eB:c< ‘“I/ (u) — 7/M‘ < c+6}
=Leb{(u, 0) € B: [7* (u) — %] = ¢} =0,

by the path properties of ¥“. Since Leb (S1,7(c)) = o(1) can be proven in a similar fashion, (A.30) holds.
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For m =0, 1, (1 < oo and by Assumption 3.2 we know there exists some C < oo such that

sup

Tev /sc (32, (7)) |ul™ exp (’77“ (@c’f“v (u, v) — 771\/1)) e (u) du < Cyexp (—cyr) CQ/ lul™ du = o (1),

I

since {u < @} on I'y and recalling that 7 — oo. This gives an upper bound to the same function where
u replaces |u|. Then,
fr uexp (fVT@‘fp’U (u, 5)) e (u) du
sup
2EV fr exp (VTQTU (u, v)) Ty (u) du

< esssup S (CNQ%’U, c) +o(1).

By (A.28) we deduce esssup S (@"iv, c) +o0(1) =esssupS (f‘”, c) + 0(1). The same argument yields

_wexp (rQ¥ o (U, D)) T, (u) du ~
inf fF“ (~ ~T’ — ) zessinfS(”//“’, c)—{—o(l).
vev fFa exp (’;/TQ‘%,U (u, v)) e (u) du

Since almost every path w of the Gaussian process ¥ achieves its maximum at a unique point on compact
sets [cf. Bai (1997) and Lemma 2.6 in Kim and Pollard (1990)], we have

. . W T Jw _ Jw

101\1&)1 essinf S (7/ , c) = lgi%l esssup S (7/ , c) = arg 33‘};7/ (u) .
Hence, we have proved (A 29) which by the dominated convergence theorem then implies the weak con-

vergence of &p toward &. Since the law of &7 (&) under P is the same as the law of &7 (&) under P, the
claim of the Lemma follows. O]

We are now in a position to conclude the proof of Proposition 3.2. For a set T € R and m =
0, 1 we define J,, fTu exp (7T (GTU (u, 0) + Qrp (u ))) 7 (u) du. Hence, with this notation

equation (3.11) can be rewritten as T |67 ()\bGL (v, v) — /\27T (v)) = J1(R)/Jo (R). Applying simple
manipulations, we obtain,

I (R) /o (R) = 0 - (fr) s {1 L e

Jo (R)

Jo (R)

By Lemma A.21, J, (FC )/Jo( ) = op (1) (m = 0, 1) uniformly in ¥ € V. By Lemma A.22, with
&r (0) = J1 (Tg) /Jo (Tg) , the first right-hand side term in (A.31) converges weakly to arg max,cg * (u)
in Db (V)

A.3.4 Proof of Corollary 3.1

The proof involves a simple change in variable. We refer to Proposition 3 in Bai (1997).

A.3.5 Proof of Theorem 3.2

We begin by introducing some notation. Since [ € L, for all real numbers B sufficiently large and ¢
sufficiently small the following relationship holds

inf I (u)— sup I(u)>0. (A.32)

lul>B lu|<B?
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Let Cry (u, 0) = exp (Grop (u, 0) — A% (u)), Tr £ {u € R: Ay € I'°} and
FM:{UER: MS|U|<M+1}QFT,

and define
Jim £ Crw (u, V) Ty (u) du, Jy 2 Crw (u, V) Ty (u) du. (A.33)
Tar I'r

In some steps in the proof we shall be working with elements of the following families of functions. A
function fr : R — R is said to belong to the family F' if it satisfies the following properties: (1) For fixed
T, fr (z) increases monotocically to infinity with = € [0, o0); (2) For any b < oo, 2 exp (—fr (z)) — 0 as
both T" and x diverge to infinity.

Proof. The random variable T'||67|| (XSL — /\0) = 7 is a minimizer of the function

exp (éT,v (u, D) + Q1o (u)) T (u)

\IIZ,T (S) = /I:T ! (S N u) fFT exp (éT,U (w, ’17) + QT,?} (u)) T v (w) dw "

Observe that Lemma A.16-A.20 apply to any polynomial p € P; therefore, they are still valid for [ € L.
We then have that the asymptotic behavior of ¥;r (s) only matters when u (and thus s) varies on
'k ={ueR:u<K}. ByLemma A.27-A.28, for any ¥ > 0, there exists a T such that for all T > T,

Gry (u, © v
. / exp (NT, (u, 0) + Qr, (U)) du| < %. (A.34)
rc Jpp exp (Gro (w, ) + Qry (w)) du K
Therefore, for all T > T,
l - é v ’~ v d
U r(s) = I‘UISK (s —ujexp ( zo (, 0) + Qr, (U)) ‘ +op (1), (A.35)

Srtere @0 (G (w, ©) + Qry (w)) dw

where the op (1) term is uniform in 7' > T as K increases to infinity. By Assumption (3.2), |71, (u) — 7] <
‘77 ()\g’T (v)) - 770‘ + Ozt |ul, with € > 0. On {|u| < K}, the first term on the right-hand side is o (1)
and does not depend on u. The second term is negligible when 7" is large. Thus, without loss of generality
we set w7, (u) = 1 for all u in what follows.

Next, we show the convergence of the marginal distributions of the estimate ¥; 1 (s) to the marginals
of the random function ¥, (s), where the region of integration in the definition of both the numerator and
denominator of W; 7 (s) and ¥; (s) is restricted to {|u| < K} only, in view of (A.35). For a finite integer

n, choose arbitrary real numbers a; (j =0,..., n) and introduce the following estimate:
n
Z aj / l(sj —u)Crp (u, v)du+ ao/ [ (so —u) Cryp (u, 0) du. (A.36)
j=1 [ul<K lu| <K

By Lemma A.24 and A.30, we can invoke Theorem I.A.22 in Ibragimov and Has’minskii (1981) which
gives the convergence in distribution of the estimate in (A.36) towards the distribution of the following
random variable:

lul<K

j;aj /|u|§K I(sj —u)exp (¥ (u))du+ ao/ L(so —uw)exp (¥ (u)) du.
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By the Cramer-Wold Theorem [cf. Theorem 29.4 in Billingsley (1995)] this suffices for the convergence in
distribution of the vector

/ l(si —u)Cryp(u, 0)du,..., / [(sn —u) (1o (u, ) du, / [(so —u)Cryp (u, 0) du,
lu|<K [u| <K lu|<K
to the distribution of the vector
/ l(si —u)exp (¥ (u))du,..., / l(sn —u)exp (¥ (u)) du, / [ (so —u)exp (¥ (u)) du.
lul<K lu| <K lu| <K

As a consequence, for any K7, Ko < oo, the marginal distributions of

Srujer L(s = w)exp (G (u, ©) + Qryy (u)) du
Jjwi<xc, P (éT,v (w, v) + Qrp (w)) dw

converge to the marginals of flu\<K1 l(s—wu)exp (¥ (u))du/ (f|w|<K2 exp (7 (w)) dw). The same conver-
gence result extends to the distribution of

/ exp (éT,v (u, V) + Qrp (u)) d
M "

SJul<M+1 [l <, €XP (éT,U (w, V) + Qrp (w)) dw

towards the distribution of fM<|u‘<M+1(exp (¥ (u)) du/ f|w|<K2 exp (¥ (w)) dw). By choosing Ko > M +1
we deduce - -

exp (¥ (u))
E [/M du

<Jul<rmrs1 Jpexp (¥ (w)) dw

< lim E du| < coM™?,

T T—oo

[ exp (C:’Tﬂ, (u, V) + Qv (u))
Ot Sjere, @0 (Gro (w0, ) + Qrp (w)) du

in view of (A.34). This leads to

B s exp (¥ (u)) du
\Ill (S) B /|u|§K : ( f\w\gK €xp (4// (w>) dw

+op (1), (A.37)

where the op (1) term is uniform as K increases to infinity. We then have the convergence of the finite-
dimensional distributions of W; 1 (s) toward W¥; (s). Next, we need to prove the tightness of the sequence
{¥; 7 (s), T > 1}. More specifically, we shall show that the family of distributions on the space of conti-
nuous functions Cp (K) generated by the contractions of ¥;r (s) on {|s| < K} are dense. For any [ € L

the inequality [ (u) < 2" (1 + |u|2)r holds for some r. Let

A 2 —r—1
TK(w):/ sup  [l(s+y—w—i(s—u) (1+ ) du
R |s|<K,|y|<w

Fix K < co. We show limg |9 Tx (w) = 0. Note that for any x > 0, we can choose a M such that

9\ —r—1
sup |l(s+y—u)—l(s—u)|(1+\u|) du < K.
|

ul>M |s|<K, |y|<w

We now use Lusin’s Theorem [cf. Section 3.3 in Royden and Fitzpatrick (2010)]. Since I(-) is measu-
rable, there exists a continuous function g (u) in the interval {u € R: |u| < K + 2M} which agrees with

-1 _
[ (u) except on a set whose measure does not exceed k (QL) , where L is the upper bound of I (-) on
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{ueR: |ul <K +2M}. Denote the modulus of continuity of g (-) by wy (w). Without loss of generality
assume |g (u)| < L for all u satisfying |u| < K +2M. Then,

—r—1
/ sup ]l(s+y—u)—l(s—u)|(1—|—|u|2) du
lu|>M |s|<K, |y|<w

—r—1
§/ sup \l(s—f—y—u)—l(s—u)](1+|u!2> du
R [s|<K, |y|<w

—r—k _
< wg (w) sup (1+]u|2) ' du+2LLeb{u e R: |u| < K +2M, 1 # g},
R |s|<K,|y|<=

and L < Cwy (w) + k for some C. Hence, Yk (w) < Cw, (w) 4 2k since k can be chosen arbitrary small
and (for each fixed k) wy (w) — 0 as w | 0 by definition. By Assumption 3.7, there exists a number
C < oo such that

E

Is|<K,|y|<w

sup  |Vir(s+y)— ¥ r (s)|]

exp (CN;T,U (u, V) + Qrp (u)) ) .
S oD (G (w, B) + Qrp (w)) duw

s/ sup u<s+y—u>—Z<s—u>|E<

R |s|<K,|y|<w

< CYTk (w).

Markov’s inequality together with the above bound establish that the family of distributions generated
by the contractions of U is dense in Cy (K). Since the finite-dimensional convergence in distribution
was demonstrated above, we can deduce the weak convergence ¥; 7 = ¥; in I, (V) uniformly in )\2 € K.
Finally, we examine the oscillations of the minimum points of the sample criterion ¥; 7. Consider an
open bounded interval A that satisfies P{¢) € b(A)} = 0, where b(A) denotes the boundary of the set
A. Choose a real number K sufficiently large such that A C {s: |s| < K} and define for |s| < K the
functionals Ha (V) = infsea Vi (s) and Hae (V) = infseac ¥; (s). Let My denote the set of minimum
points of ¥; 7. We have

PMyp C A] =P[HA (V) < Hae (), My C {s: |s| < K}]
>P[HA (V) < Hpae (U)] —P[Mp € {s: |s| < K}].

Therefore,

liminf F[My C A] > P[Ha (V) < Hae (¥)] —supP [Mr € {5 |s] < K],

and limsupp_,.o P[Mr C A] < P[Ha (V) < Hae (¥)]. Moreover, the minimum of the population crite-
rion ¥, (-) satisfies P [¢) € A] < P[Ha (V) < Hae (V)] and P [¢) € A]+P [|€)| > K| > P[Ha (V) < Hae (9)].
Lemma A.29 shall be used to deduce that the following relationship holds,
limsupE |1 (T |67 PYSERDYY < 00,
o [ (7 1o (6% 6))

for any loss function [ € L. Hence, the set My of absolute minimum points of the function ¥, r (s) are
uniformly stochastically bounded for all T' large enough: limg oo P[Myp € {s: |s| < K}] = 0. The latter
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result together with the uniqueness assumption (cf. Assumption 3.7) yield

lim {SL%p]P’[MT Z{s:]s] < K}]—I—]P’Hﬁlo‘ >K}} =0.

K—oo

Hence, we have

lim P[My C Al =P[¢f € A]. (A.38)
T—00

The last step involves showing that the length of the set My approaches zero in probability as T" — oo.

Let A, denote an interval in R centered at the origin and of length d < oo. Equation (A.38) guarantees

that limg, oo supy_,oo P[Mr € Ay] = 0. Choose any € > 0 and divide A, into admissible subintervals

whose lengths do not exceed €/2. Then,

P| sup |s;—sj|>e€
Si,SjEMT

S P [MT g Ad] + (1 + 2d/6) SU.p]P> [HA (\PZ,T) = HAc (\III,T” s

where the term 1+ 2d/e is an upper bound on the admissible number of subintervals and the supremum
in the second term is over all possible open bounded subintervals A C Ay. The weak convergence result
implies P[Ha (Y1) = Hae (V7)) = P[Ha (V) = Hac (V)] as T — oo. Since P [Ha (V) = Hac (V)] =
0 and P[My € Ay] — 0 for large d, then P [SUPsi,sjeMT |si — s;] > e} = 0(1). Since € > 0 can be chosen

arbitrary small we deduce that the distribution of T ||ép]* (X?L — /\2) converges to the distribution of
&- O

Lemma A.23. Let uj, us € R be of the same sign with 0 < |uy| < |uz|. For any integer r > 0 and some
constants ¢, and C,. which depend on r only, we have uniformly in v € V,
T

< Crluz —w|",

E (%) (juz — ua| 20) 6°

r _ - A\ 2r
(67 (w9 = 61 ()| < e

where 3; is defined in Assumption 3.5 andi =1 ifuy <0 andi=2 if u; > 0.

Proof. The proof is given for the case ug > u; > 0. The other case is similar and thus omitted. We
follow closely the proof of Lemma III.5.2 in Ibragimov and Has'minskii (1981). Let V (u;) = exp (¥ (u;)),

2r . .
= 1,2 We have B | (V2" (uz) = V2 ()| = 232 () (-1 Buy [V (1], where Vi, () 2
exp (¥ (u2) — ¥ (u1)) . Using the Gaussian property of # (u), for each u € R, we have

Euy [V (u2)] = exp (; (;})24 (6°)' (juz — | £2) 80 % 49 () — A° (ul)D . (A.39)

Then, B | (V17" (ug) = V2 ()| = 2y (4) (-1 &2 with
& J o (50) _ 0_ |0 40
d 2 exp <2r2(5) (Juz — 1] £2) 8" — [A4° (ug) — A (UI)D.

Let B 2 2(6°) (Jug — u1| 22) 8% — |A° (ug) — A° (uy)|. There are different cases to be considered:
(1) B < 0. Note that
+ B>

] / /
d =exp <2‘77“2 (50> (lug — u1] 32) 6% — ‘(5()) (|lug — u1| B2) 6°
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2r—73 1.0y 0> B
= e ) — ¥9) 48
exp( (%) (juz = | 52)8°) 7,
which then results in

B (V2 (w2) <V ()| < v (a), (A.40)

where p, (a) = ?20 (2;) (=1 a9 and a = eB/? exp <77‘_1 (69) (Jug — u1| Z9) 50) .

(2) 2 (60)/(|u2 —u1|22) 6% = |A° (ug) — A% (u1)|. This case is the same as the previous one but with
a = exp (—r‘l (3%) (Jug — u1| Ta) 50).

2r
(3) B > 0. Upon simple manipulations, E {(VUQT (ug) — VY2 (ul)) ] < py (a), where

2r
Dr (a) = 673/27" Z (27") (_1)] a(27’*j)7

j=o \J

with a = exp (—7"1 ((50)/ (Jlug — u1| X2) 60). We can thus proceed with the same proof for all the above

cases. Let us consider the first case. We show that at the point a = 1, the polynomial p, (a) admits a root

of multiplicity . This can be established by verifying the equalities p, (1) = pﬁl) (H)=---= pg—l) (1)=0.

One then recognizes that pﬁi) (a) is a linear combination of summations S (kK = 0, 1,..., 2i) given by

S =ef Z?TZO (?f)jk Thus, one only needs to verify that Sy = 0 for £ =0, 1,..., 2r — 2. This follows

because the expression for Sy is found by applying the operator e®a (d/da) to the function (1- a2)2r and
evaluating it at a« = 1. Consequently, S = 0 for £k = 0, 1,..., 2r — 1. Using this result into (A.40) we
find, with p, (a) being a polynomial of degree r2 — r,

T

E {(7/1/% (ug) — ¥/ (u1)>2r] — (1—a) jr (@) < <7°_1 (6°)' (juz — wa 22) 50) Br(a), (A4

where the last inequality follows from 1—e™¢ < ¢, for ¢ > 0. Next, let Zr}p/?)r (u2, up) = ilp/fr (ug)— ilp/fr (uq).

By Lemma A.3 and A.12, the continuous mapping theorem and (A.41), limp o E [Z;/ ir (ug, ul)} <
(1 —a)" pr (a), uniformly in ¥ € V. Noting that j < 2r, we can set C, = maxo<q<1 €59, (a) /7" to prove
the lemma. 0

Lemma A.24. For uj, us € R being of the same sign and satisfying 0 < |ui| < |ug] < K < oo. Then,
for all T sufficiently large, we have

E

4
(62l (2, ®) = Gy (ua, ) } < Oy Juz — w2, (A.42)
where 0 < C1 < 0o. Furthermore, for the constant Cy from Lemma A.23, we have
P[¢rp (u, ©) > exp (—3C1 |u| /2)] < exp (—Ch |u| /4). (A.43)

Both relationships are valid uniformly in v € V.

Proof. Suppose u > 0. The relationship in (A.42) follows from Lemma A.23 with » = 2. By Markov’s
inequality and Lemma A.23,

P [Cro (u, B) > exp (—3C1 u] /2)] < exp (3C1 [u] /) E [y (u, D)]
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< exp (301 lu| /4 — (60)/ (Ju| X2) 60> < exp(—=Cy |u| /4).

O]

Lemma A.25. Under the conditions of Lemma A.2}, for any ¥ > 0 there exists a finite real number cy
and a T such that for all T > T, sup;ey P [sup|u|>M Crw (u, v) > M‘ﬂ < cyM?.

Proof. Tt can be shown using Lemma A.23-A.24. O

Lemma A.26. For every sufficiently small e <€, where € depends on the smoothness of w (-) , there exists
0 < C < o such that

P { / Cro (u, ) 7 (A + u/vor) du < ex (Ag)} < Ceé?, (A.44)
0
Proof. Since E ({7, (0, v)) = 1 and E ({7, (u, v)) < 1 for sufficiently large T', we have
o\ 1/2
EGro (u 9) ~ Gro 0, 9)| < (B[t} (u, 9)+ 612 0,9 B[ (0. 9) - 62 0,9 ) < clal?,
(A.45)
by Lemma A.23 with r = 1. By Assumption 3.2, |77, (u) — 70| < ‘7‘(’ <)‘2,T (v)) — ﬂo‘—l—Cw;l |u| , with C' >

0. The first term on the right-hand side is o (1) (and independent of u) while the second is asymptotically
negligible for small . Thus, for a sufficiently small € > 0,

€ 0 €
/0 (1w (u, ) Ty (u) du > 7;/0 Crp (u, ) du

Next, using (7, (0, v) =1,

P [/06 Crp (U, 0) 1 (u) du < 6/2:| <P {/06 (1w (u, V) = (1 (0, D)) du < —6/2]
<Pp UO (G (1, B) — Cr (0, )| du > 6/2} ,

and by Markov’s inequality together with (A.45) the last expression is less than or equal to

(2/¢) /0 "B |Gr (1, B) — Cruo (0, 8)] du < 20672,

Lemma A.27. For fr € F', and M sufficiently large, there exist constants ¢, C > 0 such that

P Jin > exp (—cfr (M))] < C (14 M) exp (=cfr (M), (A.46)

uniformly in v € V.

Proof. In view of the smotheness property of 7 (-), without loss of generality we consider the case of the
uniform prior (i.e., 77, (u) = 1 for all u). We begin by dividing the open interval {u: M < |u| < M + 1}
into I disjoint segments denoting the i-th one by II;. For each segment II; choose a point u; and define
JP,M £ SUPgey 2o (T (u;, v) Leb (IL;) = SUPgey Dicl in (1w (U4, V) du. Then,

max sup C;/5 (us, ) (Leb (Tar))'/* > (1/2) exp (— fr (M) /2)

el Pev

P [y > (1/4) exp (—cfr (M))] <P
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<SPG (i, ©) > (1/2) (Leb (Tar) ™ exp (— fr (M) /2)]
el
< 2I (Leb (Tar)) 2 exp (— fr (M) /12), (A.47)

where the last inequality follows from applying Lemma A.24 to each summand. Upon using the inequality
exp (—fr (M) /2) < 1/2 (which is valid for sufficiently large M), we have

P[J1ar > exp (—fr (M) /2)] < P[|Juar = Jihy| > (1/2) exp (= fr (M) /2)] + B [Ty > exp (= fr (M))] .

Focusing on the first term,

E [0 — ] < Z/ E|G1/2 (u. B) — G2 (ui, )| du
el
< Z/ ‘ 1/2 +CTU Ui, v ‘ ‘CTU u, ’11“{3 (uiv 17)‘)1/2 du
i€l

§C(1+M)CZ/ s — ulY? du,
iel i

where for the last inequality we have used Lemma A.24 since we can always choose the partition of the
segments such that each 1I; contains either positive or negative u;. Since each summand on the right-hand
side above is less than C (M1 _1)3/ % there exist numbers C1 and Cy such that

E [JLM - JEM} < (1 + MC2) 12, (A.48)
Using (A.47) and (A.48) we have
PLJiar > exp (—fr (M) /2)] < Oy (14 M) 172 4 21 (Leb (Tar)) M/ exp (— fr (M) /12).

The relationship in the last display leads to the claim of the lemma if we choose I satisfying 1 <
32 exp (—fr (M) /4) < 2. O

Lemma A.28. For fr € F, and M sufficiently large, there exist constants ¢, C > 0 such that
E [0/ 2] < C (14 M) exp (—cfr (M), (A.49)

uniformly in v € V.

Proof. Note that Jj ps/J2 < 1. Thus, for any € > 0,

E[Jim/J2) < P[Jipm > exp(—cfr (M) /2)] + (4/€) exp (—cfr (M)) + P Crp (u, 0)du < €/4].

Ir

By Lemma A.27, the first term is bounded by C (1 + Mc> exp (—cfr (M) /4) while for the last term we
can use (A.44) to deduce

E [/ Jo] < C (1+ M) exp (—cfr (M) + (4/€) exp (—cfr (M) + C/2,
Finally, choose € = exp ((—2¢/3) fr (M)) to complete the proof of the lemma. O

Lemma A.29. Forl € L and and any 9 > 0, limp_,o limp_ oo BP [wT (XI?L — )\2) > B} =0.
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Proof. Let pr (u) £ p1,7 (w) /Pr where py 7 (u) = exp (CNJT,U (u, ) + Q1 (u)) and pp = fUT 1,7 (w) dw.
By definition, X,?L is the minimum of the function [} [ (T 16717 (s — u)) p17 (u) 7,y (w) du with s € T,
Upon using a change in variables,

[ 512 - 0) 0 7 0
= (TUel) e [ (P18l (5= ) ~w)pr (e )+ (ThorIP) )

1
X T (AS,T (v) + (T ||5TH2) u) du.

Thus, s 2 T ||67]” (X,?L - )\g) is the minimum of the function

oo (3 (0 ) e (05 (205017) ™)

Sr (s é/ I(s—u) — -
U fger (0 (P00rl?) ) w (M (T16012) )

du,

where the optimization is over Up. The random function Sy (-) converges with probability one in view
of Lemma A.27-A.28 together with the properties of the loss function [ [cf. (A.35) and the discussion
surrounding it]. Therefore, we shall show that the random function St (s) is strictly larger than Sy (0)
on {|s| > B} with high probability as 7' — co. This reflects that

P HT oz (A" - Ag)‘ >B| <P LsiﬁfBST (s) < Sr (0)] . (A.50)

We present the proof for the case 7y, (u) = 1 for all u. The general case follows with no additional
difficulties due to the assumptions satisfied by the prior 7 (-). By the properties of the family L of loss
functions, we can find wy, ue € R, with 0 < u; < g such that as T increases,

7177’ Ssup{l(u): ue I'ir}t< ZZT 2inf{l(u): u € Lo},

where I'y 7 2 U7z N (Jul <@p) and Lo 2 Ur N (Ju| > 12). With this notation,

St (0) < l1,T/

L7

pr (u) du + / [ (u) pr (u) du.
UTﬂ(|u|>ﬂl)

Furthermore, if I € L, then for sufficiently large B the following relationships hold: (i) I (u)—inf|,|s g2l (v) <

0; (i) |u| < (B/2)”, ¥ > 0. We shall assume that B is chosen so that B > 2uy and (B/2)” > %y hold.

Let I'rp £ {u: (Ju| > B/2) N Ur}. Then, whenever |s| > B and |u| < B/2, we have,

|lu—s| > B/2 > and inf 1(u)>lar. (A.51)

uEFT,B

With this notation,

inf Sr(s)> inf Ip (u)/ pr (w) dw
‘s‘>B ’MGFT7B (|w|§B/2)ﬂUT

>lor

)

/ pr (w) dw,
(lwl<B/2)NUT
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from which it follows that

Sr(0) — inf Sp(s) < —w/r pr (u) du —I—/

|s|>B inf Ip (3)) pT (u) du

I(u) —
Urn((B/2)">ul>t) |s|>B/2

[ (u u) du,
+/UTQ(|u|>(B/2)0) (w)pr (u)

where w £ ZZT — ZLT. The last inequality can be manipulated further using (A.51), so that

Sr(0) — inf Sr(s) < —w pr (u) du + / Ir (u) pr (u) du. (A.52)
|s|>B Ty Urn(Jul>(B/2)")

Let By £ (B/2)" and fix an arbitrary number @ > 0. For the first term of (A.52), Lemma A.26 implies
that for sufficiently large T, we have

P l/r pr(u)du < 2 (wBa)ll <c (wBa)il/z , (A.53)

where 0 < ¢ < co. Next, let us consider the second term of (A.52). We show that for large enough 7', an
arbitrary number @ > 0,

<cB™ (A.54)

Pl/ I (u) pr (u)du > B
Urn{lu/>By}

Since [ € L, we have [ (u) < |u|*, a > 0 when u is large enough. Choosing B large leads to

E [/ L (u) pr (u) du] <Y (Bo+i+1)"E(Ji,8y1i/J)
Urn{|u[>Bys} i=0

where Ji p,+i, J2 are defined as in (A.33). By Lemma A.28,

E (JLBﬂ_A'_i/JQ) <c (1 + (Bﬁ + i)a) exp (—bfT (Bﬁ + Z)) ,

where fr € F and thus for some for some b, 0 < ¢ < o0,

- UUTm{|u|>Bﬁ} Hpr () du

By property (ii) of the function fr in the class F', for any d € R, lim, oo limy_,oo v4e~7(®) = 0. Thus,
we know that for T" large enough and some 0 < ¢ < o0,

E [ / ! (u) pr (u) du] < B,
Urn{|u|>Bys}

from which we deduce (A.54) after applying Markov’s inequality. Therefore, for sufficiently large T and
large B, combining equation (A.50), and (A.53)-(A.54), we have

<cf (14 o) exp (<bfr (v) dv < cexp (~bfr (By)).

By

P[Tllorl (A" - A7) > B
<P l—w/ pr (u) du + / Ir (u) pr (u) du < 0]
Ty Urn{jul>By}
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+P

SIP’[/F pT (u)du<2<wBa>i1

<e (B*E/2 + B*E) ,

/ I (u) pr (u) du > B™°
Upn{|u[>By}

which can be made arbitrarily small choosing B large enough. O

Lemma A.30. As T — oo, the marginal distributions of (r,, (u, V) converge to the marginal distributions
of exp (¥ (u)).

Proof. The results follows from Lemma A.3, Lemma A.12 and the continuous mapping theorem. O

A.4 Proofs of Section 4
A.4.1 Proof of Proposition 4.1

The preliminary lemmas below consider the Gaussian process # on the positive half-line with s > 0. The
case s < 0 is similar and omitted. The generic constant C' > 0 used in the proofs of this section may
change from line to line.

Lemma A.31. For @w > 3/4, we have limy o lim supyy_,o ‘% (s)‘ /15| =0, P-a.s.

Proof. For any € > 0, if we can show that

ZIP [ sup W (s)‘ /|s|® > e] < 00, (A.55)
i=1 i71§|8|<i

then by the Borel-Cantelli lemma, [P [lim SUP|| 00 ‘% (s)‘ /1s]% > e} = 0. Proceeding as in the proof of
Lemma A.13,

<P

P[ sup [ #r (s)| /15| > ¢

i—1<|s|<i

sup %(s)‘ > 71?2
|s|<1

1 —~ 4 o 1
<[ (07 0)'120) |
The series Y ;2; ¢~ P is a Riemann’s zeta function and satisfies > 52, 7P < oo if p > 1. Then,
_ 4
< (C/e4> E |E | sup ("//T (5)) | X
|s|<1

4
<(C/e)E [E (sup Wi (s)| ETN 7 (A.56)

|s|<1

oo
ZP[ sup WT(S)‘/\S\w>e
i=1 i—1<|s|<

where C' > 0 and the last inequality follows from Proposition A.2.4 in van der Vaart and Wellner
(1996). The process #7, conditional on Y7, is sub-Gaussian with respect to the semimetric d2yy, (¢, s) =

~

Y1 (t, t) + E7 (s, s), which by invoking Assumption 4.1-(iiiii) is bounded by

Sr(t—s,t—s)<|t—s|sup r(s, s).
[s|=1

Theorem 2.2.8 in van der Vaart and Wellner (1996) then implies

E (sup W (s) ] 2‘71) < C sup fjlﬁ (s, s).
\

s|<1 [s|=1
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The above inequality can be used into the right-hand side of (A.56) to deduce that the latter is bounded by
CE (sup|s|:1 X2 (s, 5)) By Assumption 4.1-(iv) CE (sup‘s‘zl Y2 (s, s)) < 00, and the proof is concluded.
O

Lemma A.32. {%} converges weakly toward W on compact subsets of Dy,.

Proof. By the definition of % (), we have the finite-dimensional convergence in distribution of % toward
# . Hence, it remains to show the (asymptotic) stochastic equicontinuity of the sequence of processes
{%, T> 1}. Let C C R4 be any compact set. Fix any n > 0 and € > 0. We show that for any positive
sequence {dr}, with dr | 0, and for every t, s € C,

limsup P ( sup ‘% (t) — Z (3)‘ > 77) < e (A.57)

T—o0 [t—s|<drp

By Markov’s inequality, P (Sup|t,s|<dT ’% (t) — #r (5)’ > 17) <E (sup|t,s‘<dT ‘% (t) — Wy (S)D /n. Let
Tr (¢, s) denote the covariance matrix of (% (t), Wy (s)) and A be a two-dimensional standard normal

/
vector. Letting + £ [1 —1} , we have

2 2
lE sup ‘%(ﬂ—%@” ZlE sup <E

\tfs|<dT |t*S|<dT

z’f%/Q (t, 5)./\/"

sup J/Tr(t, s) L]
|t75|<dT

:E[ sup  Lp (t— s, t—s)]
|t—S|<dT

< drE lsup Zr (s, 5)1 ,
[s|]=1

and so E [sup‘t_s|<dT Sr(t—s, t— s)} < 2drE [sup|s|:1 2r (s, s)} where we have used Assumption 4.1-

(iii) in the last step. As dr | 0 the right-hand side goes to zero since E [sup‘s|:1 S (s, s)} =0(1) by
Assumption 4.1-(iv). O

Lemma A.33. Fiz 0 < a < co. For any p € P and for any positive sequence {ar} satisfying ar LA a,

[ o )exn (72 (5)) exp (—ar ) ds 2 [ p()]exp 0 (s)) exp (—als)) ds.

Proof. Let B4 be a compact subset of Ry /{0}. Let

G = {(W, ar) € D (R, B, P) x B : limsup |W (s)| /|| =0, @ > 3/4, ar = a+ op (1)}7

|s|—o0

and denote by f: G — R the functional given by f(G) = [ |p(s)|exp (W (s))exp (—ar |s|) ds. In view

of the continuity of f(-) and arp LN a, the claim of the lemma follows by Lemma A.31-A.32 and the
continuous mapping theorem. O

~ 2
We are now in a position to conclude the proof of Proposition 4.1. Suppose v = CT H5TH for some

C' > 0. Under mean-squared loss function, fAT admits a closed form:

- Juexp (% (u) — Ar (u)) du
Jexp (Fr () = A (u)) du -
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By Lemma A.33, we deduce that fAT converges in law to the distribution stated in (3.12). For general
loss functions, a result corresponding to Lemma A.33 can be shown to hold since [ (-) is assumed to be
continuous.

A.5 Proofs of Section 5
~GL
Rewrite the GL estimator A,  as the minimizer of

exp (—Qr (6 (Ap) s Ap)) T (Ap)

Rur 2 /Foz(s—xb) [ AR T P (A.58)

We show with the following lemma that, for each i, XZGL LY AV no matter whether the magnitude of the
shifts is fixed or not. Then, the proof of Theorem 3.2 can be repeated for each ¢ = 1,..., m separately.
We begin with the proof for the case of fixed shifts.

Lemma A.34. Under Assumption 5.1-5.2, except that Ar; = AY for all i, forl € L and any B > 0 and
e > 0, we have for all large T, P [ XZGL — 2| > B} < ¢ for each 1.

Proof. Let St (6 (X)), Ap) 2 Q1 (5 (X)), Xp) — QT (5 ()\2) , )\2). Without loss of generality, we assume
there are only three change-points and provide a proof by contradiction for the consistency result. In
particular, we suppose that all but the second change-point are consistently estimated. That is, consider
the case T> < T3 and for some finite C' > 0 assume that |Aa — A}| > C. Q7 (0 (Xp), Ap) can be decomposed
as,

T T
QT (5 (Ab) > >\b) = Ze? + Zd? -2 etdt,
1

t=1 t=1 t=

where d; = w; (qg— qbo) +2 ((57c - (5?) ,fort e [fk—l +1, fk} N [T]Q_l +1, T]Q} (k,j=1,..., m+1) where
¢ and Oy, are asymptotically equivalent to the corresponding least-squares estimates. Bai and Perron (1998)
showed that

T T
T #5K>0 and TS edi=op(1).
t=1 t=1

Note that Qr ((5 ()\2) , )\2) = S (T7, T9, 1Y), where St (T?, T9, TY) denotes the sum of squared resi-

duals evaluated at (TY, T9, T9) . Since T~' Sy (TP, T, TY) is asymptotically equivalent to T~ 37, €7,
this implies that T=1S7 (5 (Ap), Ap) > 0 for all large T. For some finite K > 0, this implies

Sr (5 (As), Ny) > TK. (A.59)

Let Up £ {u ER: A+ T e FO}. Define pr (u) £ p1.7 (u) /Py where p1.7 (u) = exp (—Qr (6 (u), u))

~GL
and pp = fUT p1,7 (w) dw. By definition, A, = is the minimum of the function [ ! (s — u) p17 (u) 7 (u) du
with s € I'Y. Upon using a change in variables,

/ l(s—u)p1,r (u)m(u)du
0

=T 15, /UT l (T (s - )\2) — u) pT ()\8 + Tﬁlu) T ()\8 + T71u> du.
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~GL
Thus, As T aT ()‘b — A,?) is the minimum of the function,

Sp(s) 2 / (s —u pT ()\8 + T_lu) 7T ()\8 + T_1u>
Ur Ju, pr ()\2 + T‘lw) ™ (/\2 + T‘lw) dw

du,
where the optimization is over Up. As in the proof of Lemma A.8, we exploit the following relationship,
7|

Thus, we need to show that the random function St (s) is strictly larger than Sz (0) on {|s| > T B} with
high probability as T — oo. The same steps as in Lemma A.8 lead to,

~GL
Xy =N

>B] <P| inf Sp(s) < Sp(0)

i ] . (A.60)

Sr(0) — |s|i£1f“B Sr(s) (A.61)
<-w [ pr(udu+ / b (w) pr () du.
Ty UrN(Jul>(TB/2)")

We can use the relationship (A.59) in place of (A.15) in Lemma A.8 to show that the second term above
converges to zero. The first term is negative using the same argument as in Lemma A.8. Thus, Sy (0) —
inf|~7p St (s) < 0. This gives a contradiction to the fact that XSL minimizes [0 [ (s — u) p1,r (w) 7 (u) du.
Hence, each change-point is consistently estimated. O

Lemma A.35. Under Assumption 5.1-5.2, forl € L and any B > 0 and € > 0, we have for all large T,
IP’[)\Z-GL—)\? >B] < ¢ for each 1.

Proof. The structure of the proof is similar to that of Lemma A.34. The difference consists on the fact

that now T-' ST | d? % 0 even when a break is not consistently estimated. However, Bai and Perron
(1998) showed that T S°L , d? > 271" | e;d; and thus one can proceed as in the aforementioned
proof to complete the proof. ]

Lemma A.36. Under Assumption 5.1-5.2, for 1l € L and for every e > 0 there exists a B < oo such that
for all large T, P {TU% AGE )\?‘ > B} < e for each 1.

Proof. Let St (5 (Xp), Xp) £ Q1 (5 (Np), X)) — Qr ((5 (Ag) , /\2). Without loss of generality, we assume
there are only three change-points and provide an explicit proof only for \J. We use the same notation
as in Bai and Perron (1998), pp. 69-70. Note that their results concerning the estimates of the regression
parameters can be used in our context because once we have the consistency of the fractional change-
points the estimates of the regression parameters are asymptotically equivalent to the corresponding
least-squares estimates. For each € > 0, let V, = {(Tl, Ty, T5); |1, — TZ-0 <el,i=1<i< 3}. By the
fi —T?| < €T, where T, = QA“Z»GL = TXZGL. Hence,
P ({ﬁ, fg, T 3} € VE) — 1 with high probability. Therefore we only need to examine the behavior of

St (6 (Xp), Ap) for those T; that are close to the true break dates such that |T; — T?| < €T for all i. By
symmetry, we can, without loss of generality, consider the case Ty < T3. For C' > 0, define

consistency result, for each € > 0 and T large, we have

V(€)= {(Th, Ty, T);

€

T, - 1)

<eT,1§z'§3,T2—T20<—C/v:2p}.

Define the sum of squared residuals evaluated at (11, Ts, T3) by St (11, Ta, T3). Let SSRy = St (11, Ts, T3),
SSRy = St (Th, T3, T3) and SSR3 = St (T4, Tz, TY, T3). We have omitted the dependence on §. With
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this notation, we have St (§ (X)), Ap) = St (11, T, T3) — St (17, T3, TY) which can be decomposed as

St (6 (Ap) 5 Ab) (A.62)
= [(SSR1 — SSRs) — (SSRy — SSRs)] + (SSRy — Sr (17, 19, 1) )

In their Proposition 4-(ii), Bai and Perron (1998) showed that the first term on the right-hand side above
satisfies the following: for every € > 0, there exists B > 0 and € > 0 such that for large T,

P [min {[Sr (T3, Ty, Ts) = Sr (1, 15, T3) | / (15 — T2) } < 0] <&,

where the minimum is taken over V* (C). The second term of (A.62) divided by T — T can be shown
to be negligible for {T1, Ty, T3} € V* (C) and C large enough because on V.* (C') the consistency result
guarantees that \i can be made arbitrary close to AY. This leads to a result similar to (A.59) where T is
replaced by U;2. Then one can continue with the same argument used in the second part of the proof of
Lemma A.34. O

A.6 Proofs of Section 6
A.6.1 Proof of Proposition 6.1
Let

i (YA + vr'u) 2 exp ((Gro (u, 0) + Qro (u)) /2),

where G (u, 0) and Q7 (u) were defined in equation (3.7). Let py (y| Ap) 2 exp (L2 (\y) — L2 (Ao)) /2)
where L (\) = (T, (T = Ty))"/* (Y, = Y, ) with Y, = T, Sf g and Yo, = (0= 1)~ Slgy oy uee
Following Bhattacharya (1994) we use a prior 7 (-) on the random variable \,. The posterior distribution
of \p = Ny is given by p(\|y) = h ()\b)/fol h(s)ds where h(X\y) = p1 (y| Ap) 7 (Ap). The total variation
distance between two probability measures v; and v defined on some probability space S € R is denoted
as [y — va|py £ [g|v1 (w) — v2 (w)| du. Given the local parameter A, = A) + (Tv2) " with u € [-M, M]
for a given M > 0, the posterior for u is equal to p* (u|y) = (Tfu%)flp ((Tv%)fl u+ AP y) while the

quasi-posterior is given by pk (u|y) = (Tv%)_1 pT ((TU%)_l u+ A y).

Lemma A.37. Let Assumption 3.2-3.3 and 3.6-(i) hold and 7 (-) satisfy Assumption 3.2. Then,

P (Tv% (Xb — /\2) | y) —p (Tv% (Xb — /\2) | y) ‘TV 5o

Proof. By assumption 3.2, 7 (-) and 7 (-) are bounded, and

|us‘1;[])w w((Tv%)_lqu/\S)—w()\g) KO,
|us‘1;1])w ﬁ((TU%)_lu—l-)\g)—%()\g) 50

Since 7 () [ (-)] appears in both the numerator and denominator of p3. (-|y) [p* (:|y)], it cancels from
that expression asymptotically. Turning to the Laplace estimator, the results of Section 3 (see Lemma
A.2 and A.4) imply that for u < 0, using Q (6 (X\p), Ap) /2 in place of Q (5 (Ap), Ap),

exp ((@T,g (u, 0) + Q1o (u)) /2) (A.63)
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vy’ lul
=exp | o7 Z ero_; — lu|62/2 | (1 + A7),
t=0

where Ap = op (1) is uniform in the region u < UTU% for small n > 0. By symmetry, the case u > 0 results
in the same relationship as (A.63) with ero_; replaced by eqo ;. The results in the proof of Theorem 1 in
Bai (1994) combined with the arguments referenced for the derivation of (A.63) suggest that for u <0,

exp ((L2 ((Tv%)_l u+ )\8> — 12 (A?)) /2) (A.64)

2
Up |

=exp | o7 Z ero_y — | 58/2 (1+ Br),
t=0

where By = op (1) is uniform in the region u < T for small n > 0. By symmetry, the case u > 0 results
in the same relationship as (A.64) with ero_; replaced by ego,;. By Lemma A.6 and the results in Bai

(1994), pr (u|y) and p (u|y) are negligible uniformly in u for u > nTw2 for every n. Thus, (A.63)-(A.64)
yield,

b5 (T3 (3= 28) , y) =" (703 (% = X)) |ov < |Ax| + |Br| 5 0.

Continuing with the proof of Proposition 6.1, we begin with part (i). Note that ¢ (A, y) is defined
by

[ = 0n ) pr v =1-a

for all y, where II (-) is a probability measure on I'® such that IT (\,) = 7 (\y)dX\,. The fact that
11— ¢ (X, y)| <1 and Lemma A.37 lead to,

/ (1= 0 (v 9)) pr (] M) dIT (M) (A.65)
— [ On )P M) T () + 0m (1),

Given that Definition 4.1 of the GL confidence interval involves an inequality that explicitly allows for
conservativeness, (A.65) implies the following relationship,

/ o (s ) 7 (] 2p) T (Ap) = / o O )0 (5] M) dIT (M) + o1
< a/pwb) 41l (\y)

where e = [ ¢ (Ao, y) (pr (Y| M) — p (y[ X)) dIT (Ap). Rearranging, we have,

[ @= e 0u )l it o) - er 0,
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for all y. Now multiply both sides by g(y) > 0 and integrating with respect to ( (y) yields,

/ / (e — 0 oy 9)) B () p (y] M) dC (3) dIT (Ny) — 7 / B(y)dc (y) 0,

(1=a) [ La (0B N) diT Ov) —er [ B dc () > 0.

Taking the limit as T — oo,
(1-a) / La (10, b, A) dIT (A) > 0.

The latter implies that L, ((p, 5, )\b) > 0 for some \p. Thus, ¢ is bet-proof at level 1 — «.

We now prove part (ii). We use a proof by contradiction. If [’ (Ap, y)dXy > [ (X, y) dXNp for
all y € YV and [ ¢ (Mo, y)dNo > [ (N, y)dNy for all y € Yy with (D) > 0, then we show that
[ (Mo, y) 2 (y] M) dC (y) > a for some A, € I'°. By Lemma A.37 and (6.1) holding with equality,

[ ¢ O mypr i) it Ov) =a [ pr (a3 dit ()
—a [yl T ) + 02 (1).
Integrating both sides with respect to ¢ (y) yields,
[ ([ e0nvpaimdcw)dir v =a o 1). (4.66)
By Assumption 3.2, 7 (\y) > 0 for all A\, € I'°. Taking the limit as T — oo of both sides of (A.66) yields

[ ([, y)p(yl ) dC (y)) dIT (Xp) = a. The latter holds only if [ ¢ (Ap, y)p (y] M) dC (y) = « for all
Ay € I'%. This means that ¢ is similar. The definition of HPD confidence set ¢ (), y) implies that for (-

almost all y, if [ ¢ (Ao, y) dNp = [ ¢ (A, y) dXy then [ o (Mo, y) pr (Mol y) dNo < [ " (Nos y) pT (M| ) AN
The latter relationship and Lemma A.37 imply that,

/cp (Ao, ) p (y] M) dIT (Xo) < /so’ (Ao, ) p (y] Ap) dIT (M) ,
for all y € Y and
/cp (Ao, ) p (y] M) dIT (Xo) < /90’ (Ao, ) p (y] Ap) dIT (M) ,
for all y € ). Integrating both sides with respect to ¢ yields
[ ([ etnvpuimdcw) o
< / (/ ¢ (Ao, y) 0 (Yl Ap) dC (y)> Il (As) ,

or

/ (/ (v o ) = & (o ) p (yl As) dC (y)> Il (\) < 0.
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Since ¢ (A, y) is similar, there exists a A, such that [ ¢’ (X, y)p (y| Ap) d¢ (y) > a. Thus, ¢ is not of
level 1 —a. O
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