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Devwudfw

Rxu uhfhqw zrun h{dplqhv wkh olqnv dprqj lqqrydwlrq/ whfkqrorj|/ wudgh/ dqg jurzwk1

Rqh vwudqg irfxvhv rq uhvhdufk dfwlylw|/ whfkqrorj| gl�xvlrq/ dqg jurzwk1 Wkh rwkhu h{dp0

lqhv whfkqrorj| dqg wudgh1 Lq wklv sdshu zh h{sorlw wkh frpprq wuhdwphqw ri whfkqrorj|

lq wkhvh wzr vwudqgv wr surylgh d sduvlprqlrxv prgho ri lqqrydwlrq/ jurzwk/ dqg wudgh1

Zh h{dplqh wkh h�hfw ri orzhu jhrjudsklf eduulhuv wr wudgh rq uhvhdufk dqg wkh h�hfwv ri

vfdoh dqg uhvhdufk surgxfwlylw| rq uhodwlyh lqfrphv1

Nh| zrugv= wudgh/ jurzwk/ whfkqrorj|/ uhvhdufk

MHO fodvvl�fdwlrq= I44> I4:> R64> R66> R73
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Zh uhsruw rq d olqh ri uhvhdufk h{dplqlqj wkh olqnv dprqj lqqrydwlrq/ whfkqrorj|/ wudgh/ dqg

jurzwk1 Wkh uhvhdufk kdv ehhq dlphg dw ghyhorslqj d wkhruhwlfdo vwuxfwxuh wkdw vxlwv lwvhoi wr

hpslulfdo lpsohphqwdwlrq1 Lw jrhv rq wr txdqwli| wklv vwuxfwxuh xvlqj djjuhjdwh dqg plfurohyho

gdwd1

Rqh vwudqg ri wklv zrun irfxvhv rq wkh olqnv dprqj uhvhdufk dfwlylw|/ sdwhqwlqj/ whfkqrorj|

gl�xvlrq/ dqg jurzwk1 Nruwxp +4<<:, ghyhorsv d vlqjoh0frxqwu| vhdufk0wkhruhwlf prgho ri

lqqrydwlrq dqg jurzwk wr h{sodlq sx}}olqj wuhqgv lq surgxfwlylw|/ sdwhqwv/ dqg U)G dfwlylw|

lq wkh Xqlwhg Vwdwhv1 Hdwrq dqg Nruwxp +4<<<, h{whqg wkh prgho wr d pxowl0frxqwu| zruog

zlwk lqwhuqdwlrqdo whfkqrorj| gl�xvlrq1 Wkh| phdvxuh wkh h{whqw ri whfkqrorj| gl�xvlrq dprqj

wkh �yh pdmru uhvhdufk hfrqrplhv e| �wwlqj wkh prgho wr gdwd rq uhvhdufk/ surgxfwlylw|/ dqg

elodwhudo sdwhqw dssolfdwlrqv1�

Dqrwkhu vwudqg ri uhvhdufk h{dplqhv wkh olqnv ehwzhhq whfkqrorj| dqg wudgh1 Hdwrq dqg

Nruwxp +5333d, ghyhors d prgho ri elodwhudo wudgh zklfk wkh| �w wr wudgh dqg sulfh gdwd dprqj

wkh RHFG1 Wkh| h{soruh wkh h{whqw wr zklfk wkh ehqh�wv ri whfkqrorj| duh vkduhg wkurxjk

wkh h{fkdqjh ri surgxfwv1 Ehuqdug/ Hdwrq/ Mhqvhq/ dqg Nruwxp +5333, jr rq wr dqdo|}h wkh

uhodwlrqvkls ehwzhhq wkh surgxfwlylw| ri lqglylgxdo surgxfhuv dqg wkhlu delolw| wr shqhwudwh

h{sruw pdunhwv1 Wkh| xvh wkh prgho wr uhfrqfloh elodwhudo wudgh gdwd zlwk idfwv derxw wkh

h{sruw ehkdylru ri lqglylgxdo X1V1 sodqwv1

Frpprq wr doo ri wkhvh sdshuv lv d wuhdwphqw ri whfkqrorj| wkdw doorzv d xql�hg wkhru|

ri lqqrydwlrq/ wudgh/ dqg jurzwk1 Lq hdfk ri wkhp zh dxjphqwhg wkh edvlf prgho wr fdswxuh

ihdwxuhv ri wkh gdwd fuxfldo wr wkh dssolfdwlrq dw kdqg1 Wkhvh dgglwlrqv zhuh qrw fhqwudo wr wkh

ixqgdphqwdo zrunlqjv ri wkh prghov/ krzhyhu/ dqg pd| kdyh hyhq revfxuhg wkhlu xqghuo|lqj

xqlw|1
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Khuh zh suhvhqw d sduvlprqlrxv iudphzrun wkdw hqfrpsdvvhv wkh edvlf vwuxfwxuh lq hdfk ri

wkhvh sdshuv1 Zh gr vr lq rughu wr uhyhdo wkh frqqhfwlrqv ehwzhhq wkh irufhv gulylqj lqqrydwlrq

dqg surgxfwlylw|/ rq wkh rqh kdqg/ dqg wkh lpsolfdwlrqv ri whfkqrorj| iru wudgh/ rq wkh rwkhu1

Khqfh zh irfxv rq wkh wkhru| udwkhu wkdq rxu txdqwlwdwlyh �qglqjv12

Rqh qhz lvvxh zh frqiurqw lv wkh h�hfw ri lqfuhdvhg rshqqhvv rq uhvhdufk lqfhqwlyhv dqg

jurzwk1 Wkh prgho lqfrusrudwhv wzr r�vhwwlqj h�hfwv rq uhvhdufk lqfhqwlyhv1 Rqh lv wkh

srwhqwldoo| pxfk odujhu pdunhw wkdw dq| vxffhvvixo lqqrydwru fdq h{sorlw wkurxjk h{sruwv1

Wkh rwkhu lv wkh juhdwhu gl�fxow| lq frplqj xs zlwk dq lghd wkdw qrw rqo| dgydqfhv wkh

grphvwlf vwdwh ri wkh duw exw dovr frpshwhv vxffhvvixoo| zlwk whfkqrorjlhv dydlodeoh wkurxjk

lpsruwv1 Wkh �uvw h�hfw hqfrxudjhv uhvhdufk zkloh wkh vhfrqg glvfrxudjhv lw1

Rxu prgho surylghv d edvholqh lq zklfk wkhvh wzr irufhv h{dfwo| fdqfho= Vwhdg|0vwdwh uh0

vhdufk lqwhqvlwlhv duh lqyduldqw wr jhrjudsklf eduulhuv wr wudgh1 Zkloh wkhuh duh vwdwlf jdlqv

iurp wudgh/ wkhuh duh qr g|qdplf jdlqv wkurxjk wkh dffxpxodwlrq ri whfkqrorj|1 Zkloh jhq0

hudol}dwlrqv ri wkh prgho fdq ghvwur| wklv vwdun qhxwudolw|/ wkhuh lv qr suhvxpswlrq derxw wkh

pdunhw0hqodujlqj h�hfwv ri wudgh rq lqqrydwlrq1

D vhfrqg lvvxh zh dgguhvv lv wkh uroh ri sxuh vfdoh dqg uhvhdufk surgxfwlylw| lq ghwhuplqlqj

olylqj vwdqgdugv1 Lq jhqhudo/ d frxqwu|*v uhdo zdjh ghshqgv qrw rqo| rq krz jrrg lwv zrunhuv

duh dw frplqj xs zlwk lghdv/ exw rq krz pdq| zrunhuv lw kdv wr frph xs zlwk wkhp1 Lq

wkh h{wuhph fdvh ri dxwdun|/ uhodwlyh uhdo zdjhv ghshqg rq uhodwlyh oderu irufhv zhljkwhg e|

uhvhdufk surgxfwlylw|1 Orzhulqj jhrjudsklf eduulhuv wr wudgh/ krzhyhu/ ehqh�wv frxqwulhv zlwk

vpdoohu oderu irufhv glvsursruwlrqdwho|/ vr wkdw frxqwulhv zlwk pruh oderu vwduw wr orvh wkhlu

hgjh1 Prylqj wr wkh rssrvlwh h{wuhph ri qr eduulhuv wr wudgh/ d pruh srsxorxv frxqwu|*v
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dgydqwdjh iurp kdylqj pruh shrsoh wr jhqhudwh lghdv lv h{dfwo| r�vhw e| lwv uhodwlyho| orzhu

jdlqv iurp wudgh1 Khqfh/ zlwk iulfwlrqohvv wudgh/ uhodwlyh zdjhv ghshqg rqo| rq uhodwlyh uhvhdufk

surgxfwlylwlhv1 Uhodwlyh oderu irufhv gr qrw pdwwhu1

Vhfwlrq 5 ehorz suhvhqwv wkh vwdwlf wudgh prgho1 Vhfwlrq 6 hpehgv lw lqwr d g|qdplf prgho

ri uhvhdufk dqg jurzwk1 Vhfwlrq 7 r�huv vrph frqfoxglqj uhpdunv1

� ��
��

Zh frqvlghu d zruog zlwk d xqlw frqwlqxxp ri frqvxpswlrq jrrgv dqg Q frxqwulhv1 Zh �uvw

ghvfuleh wkh whfkqrorj| iru surgxfwlrq dqg wudgh/ dqg wkhq wxuq wr suhihuhqfhv dqg wkh jdlqv

iurp wudgh1

��� ��� ��	������� �����
��

Dq| frxqwu| lv fdsdeoh ri surgxflqj dq| jrrg/ dowkrxjk lw pljkw qrw eh yhu| jrrg dw lw1 Wkh

h�flhqf| zlwk zklfk frxqwu| l surgxfhv jrrg m lv }�+m,/ zkhuh m 5 ^3> 4` dqg l 5 i4> ===>Qj=

Zh dvvxph oderu lv wkh rqo| lqsxw wr surgxfwlrq/ vr wkh }*v uhsuhvhqw oderu surgxfwlylwlhv1�

Zh uhihu wr i}�+m,mm 5 ^3> 4`j dv frxqwu| l*v whfkqrorjlfdo iurqwlhu vlqfh lw uhsuhvhqwv wkh ehvw

whfkqltxhv ri surgxfwlrq dydlodeoh wkhuh1

Doo wkh djhqwv lq wkh hfrqrp| nqrz wkh whfkqrorjlfdo iurqwlhu1 Exw udwkhu wkdq nhhslqj

wudfn ri doo ri wkh }�+m,*v rxuvhoyhv zh wuhdw wkhp dv uhdol}dwlrqv ri udqgrp yduldeohv ]� gudzq

iurp d glvwulexwlrq I�1 Zh fdq wkxv uhsuhvhqw d frxqwu|*v whfkqrorjlfdo iurqwlhu zlwk rqo| wkh

vpdoo qxpehu ri sdudphwhuv ri wkh glvwulexwlrq I�1

Lw wxuqv rxw wkdw d sduwlfxodu ixqfwlrqdo irup iru I� |lhogv d yhu| wudfwdeoh irupxodwlrq ri

wudgh dprqj frxqwulhv dw dq| prphqw1 Lq sduwlfxodu/ zh dvvxph wkdw I� kdv wkh Iu�hfkhw irup=

I�+}, @ Su^]� � }` @ h3A�5
3w

> } � 3= +4,
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Wkh glvwulexwlrq kdv wzr sdudphwhuv/ hdfk ri zklfk lv fhqwudo wr wkh dqdo|vlv1e

Wkh dffxpxodwhg whfkqrorj| sdudphwhu W�> zklfk zh wuhdw dv frxqwu|0vshfl�f/ jryhuqv wkh

orfdwlrq ri wkh glvwulexwlrq1 Frxqwulhv zlwk kljkhu ohyhov ri W whqg wr eh pruh h�flhqw dw

surgxflqj dq| jrrg m= Dv zh vkrz lq wkh qh{w vhfwlrq/ W� phdvxuhv wkh klvwru| ri lqyhqwlrqv

wkdw kdyh ehhq devruehg lqwr frxqwu| l*v whfkqrorj|1 Lq d wudgh frqwh{w W uh�hfwv devroxwh

dgydqwdjh1

Wkh sdudphwhu � jryhuqv wkh dprxqw ri yduldwlrq lq h�flhqf| durxqg d frxqwu|*v phdq/

zlwk orzhu ydoxhv ri � lpso|lqj pruh khwhurjhqhlw|1 Lq d wudgh frqwh{w � uh�hfwv wkh vfrsh iru

h{sorlwlqj frpsdudwlyh dgydqwdjh1D

Zh pdnh wkh Ulfdugldq dvvxpswlrq wkdw oderu lv shuihfwo| preloh dfurvv dfwlylwlhv dqg

uhjlrqv zlwklq d frxqwu| exw grhv qrw pryh dfurvv frxqwulhv1 Ehiruh wxuqlqj wr lqwhuqdwlrqdo

wudgh/ frqvlghu zkdw wkh prgho lpsolhv zlwklq d frxqwu| wkdw frqvwlwxwhv d vlqjoh oderu dqg

jrrgv pdunhw/ exw zlwk whfkqrorj| gl�hulqj dprqj lwv N uhjlrqv1

Vxssrvh hdfk uhjlrq n zlwklq wkh frxqwu| kdv d whfkqrorj| iurqwlhu I& zlwk sdudphwhuv W&

dqg �= Zlwk ixoo prelolw| ri jrrgv dqg oderu/ dq| jrrg m zloo eh surgxfhg rqo| lq wkh uhjlrq

zlwk kljkhvw h�flhqf|1 Khqfh wkh frxqwu|*v h�flhqf| ohyho lv }+m, @ pd{i}�+m,> ===> }g+m,j=

Vlqfh hdfk }&+m, lv wkh uhdol}dwlrq ri d udqgrp yduldeoh gudzq iurp I&> }+m, lwvhoi lv wkh

uhdol}dwlrq ri d udqgrp yduldeoh ] zlwk glvwulexwlrq=

I +}, @ Su^] � }` @
g\

&'�

Su^]& � }` @
g\

&'�

I&+}, @
g\

&'�

h3A&5
3w

@ h3A5
3w

> +5,

zkhuh W @
gS
&'�

W&= Khqfh zh fdq vxppdul}h wkh frxqwu|*v ryhudoo dffxpxodwhg whfkqrorj| W

dv wkh vxp ri wkh dffxpxodwhg whfkqrorj| W& lq hdfk uhjlrq1

Rxu dvvxpswlrq rq wkh irup ri wkh glvwulexwlrq ri wkh whfkqrorj| iurqwlhu lv/ ri frxuvh/ yhu|

vshfldo1 Dv zh vkrzhg deryh/ krzhyhu/ lw grhv hperg| wkh ixqgdphqwdo surshuw| ri uhsolfdwlqj
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lwvhoi xqghu djjuhjdwlrq dfurvv vsdfh1 Dv zh vkrz lq wkh qh{w vhfwlrq/ xqghu fhuwdlq frqglwlrqv

lw dovr uhsolfdwhv lwvhoi xqghu djjuhjdwlrq ryhu wlph1 Dv d uhvxow/ lw fdq eh ghulyhg iurp d

g|qdplf surfhvv ri lqqrydwlrq1

��� ��� �
����� �� ��
��

Lq wkh fdvh ri lqwhuqdwlrqdo wudgh/ oderu lq gl�huhqw frxqwulhv pd| hduq gl�huhqw zdjhv dqg

prylqj jrrgv ehwzhhq frxqwulhv fdq eh frvwo|1 Zh ghqrwh wkh zdjh lq frxqwu| l dv z� +xvlqj

z� dv qxphudluh, dqg uhsuhvhqw wkh frvw ri prylqj jrrgv iurp frxqwu| l wr frxqwu| q e| wkh

sdudphwhu g?�= Khuh g?� uh�hfwv jhrjudsklf eduulhuv wr wkh pryhphqw ri jrrgv ri wkh vwdqgdug

lfhehuj ydulhw|= Gholyhulqj rqh xqlw ri d jrrg wr frxqwu| q iurp frxqwu| l uhtxluhv vklsslqj

g?� � 4 iurp frxqwu| l= +Iru hdfk l zh vhw g�� @ 4=, Zh lqwhusuhw wkhvh frvwv eurdgo| wr lqfoxgh

qrw rqo| wdul�v dqg wudqvsruw frvwv exw dovr dgglwlrqdo lpshglphqwv wr wkh iuhh �rz dqg xvh

ri iruhljq jrrgv vxfk dv frvwv ri vhdufk/ qhjrwldwlrq/ dqg dgrswlrq1

Wkh frvw ri ex|lqj jrrg m iurp frxqwu| l lq frxqwu| q lv=

f?�+m, @
z�g?�

}�+m,
=

Rxu dvvxpswlrq derxw wkh }�+m,*v phdqv wkdw f?�+m,*v duh uhdol}dwlrqv gudzq iurp=

J?�+f, @ 4� h3A�E��_?��
3w

S
w

=

Qrwh wkdw wkh glvwulexwlrq ri wkhvh frvwv wdnhv lqwr dffrxqw qrw rqo| frxqwu| l�v dffxpxodwhg

whfkqrorj|/ exw dovr wkh frvw ri sd|lqj oderu wkhuh dqg gholyhulqj jrrgv wr frxqwu| q1

Zh dvvxph wkdw frxqwu| q ex|v hdfk jrrg rqo| iurp wkh fkhdshvw vrxufh +dv lv wkh fdvh

xqghu shuihfw ru Ehuwudqg frpshwlwlrq,1 Wkh frvw ri jrrg m lq frxqwu| l lv wkhq f?+m, @

plqif?�+m,> ===> f?� +m,j= E| wkh vdph orjlf xvhg lq +5,/ wkh orzhvw frvwv dydlodeoh lq frxqwu| q/

wkh f?+m,*v/ duh uhdol}dwlrqv iurp=

J?+f, @ 4� h3x?S
w

+6,
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zkhuh �? @
�S

�'�

W�+z�g?�,
3w/ hdfk frxqwu|*v dffxpxodwhg whfkqrorj| grzqzhljkwhg e| lwv oderu

frvw dqg wkh frvw ri gholyhu| wr q= Wkh frvw sdudphwhu �? uh�hfwv frxqwu| q*v delolw| wr h{sorlw

whfkqrorj| durxqg wkh zruog wkurxjk lqwhuqdwlrqdo wudgh1

Uhpdundeo|/ dv zh vkrz lq Hdwrq dqg Nruwxp +5333d,/ wkh glvwulexwlrq +6, dssolhv qrw rqo|

wr wkh frvw ri dq| jrrg wkdw frxqwu| q ex|v xqfrqglwlrqdo xsrq vrxufh/ lw dssolhv frqglwlrqlqj

rq vrxufh dv zhoo1 Wkdw lv/ jlyhq wkdw frxqwu| l furvvhv wkh kxugoh ri vhoolqj lq frxqwu| q> lwv

frvw wkhuh kdv wkh vdph glvwulexwlrq dv dq| rwkhu frxqwu| dfwxdoo| vhoolqj wkhuh1 D frxqwu|

wkdw lv pruh edfnzdug/ uhprwh/ ru kljk0zdjh zloo vlpso| furvv wkh kxugoh ohvv riwhq1

Wkh suredelolw| �?� wkdw frxqwu| l lv wkh fkhdshvw vrxufh ri d sduwlfxodu jrrg lq frxqwu|

q lv vlpso| l*v vkduh ri �?=

�?� @
W�+z�g?�,

3w

�S

&'�

W&+z&g?&,3w
= +7,

Vlqfh wkhuh duh d frqwlqxxp ri jrrgv/ wklv suredelolw| dovr uhsuhvhqwv wkh iudfwlrq ri jrrgv

wkdw frxqwu| q ex|v iurp l=

H{fhsw lq wkh }hur0suredelolw| hyhqw ri d wlh/ frxqwu| q ex|v hdfk jrrg iurp rqo| rqh

vrxufh1 Krzhyhu/ lq wkh suhvhqfh ri jhrjudsklf eduulhuv +g?� A 4,/ pruh wkdq rqh frxqwu| pd|

surgxfh wkh vdph jrrg1

Xqghu shuihfw frpshwlwlrq/ ri frxuvh/ sulfhv fruuhvsrqg wr frvwv1 Vlqfh frqvxphuv lq frxq0

wu| q zloo wkhq idfh wkh vdph sulfh glvwulexwlrq iru dq| jrrg wkh| dfwxdoo| ex| uhjdugohvv ri

zkhuh lw frphv iurp/ �?� uhsuhvhqwv wkh iudfwlrq ri vshqglqj lq frxqwu| q ghyrwhg wr jrrgv

iurp frxqwu| l=S

H{shqglwxuh vkduhv uh�hfw wkh udqjh ri jrrgv wkdw q ex|v iurp l1 E| doorzlqj iru hq0

grjhqrxv vshfldol}dwlrq rxu Ulfdugldq prgho frqwudvwv zlwk wkh prqrsrolvwlf frpshwlwlrq dqg

Duplqjwrq dssurdfkhv srsxodu lq jhqhudo htxloleulxp wudgh prgholqj1 Xqghu wkh Duplqjwrq

dssurdfk hdfk frxqwu|*v jrrgv duh glvwlqfw vlpso| e| dvvxpswlrq1 Wkhuh lv qr vhqvh/ wkhq/

S�t �i t�L� �? �ih?@h_c ,@|L?c ai?ti?c @?_ kLh|�4 E2fff�c |��t ui@|�hi Lu |�i 4L_i* }i?ih@*�3it �ih)

�@?_�*) |L �ih|h@?_ UL4Ti|�|�L?�

:



lq zklfk frxqwulhv frpshwh zlwk hdfk rwkhu wr vxsso| d sduwlfxodu jrrg1 Xqghu prqrsrolvwlf

frpshwlwlrq hdfk frxqwu| hqgrjhqrxvo| vshfldol}hv lq d gl�huhqw vhw ri frpprglwlhv/ vr djdlq

wkhuh lv qr khdg0wr0khdg frpshwlwlrq jrrg e| jrrg1 Lq hlwkhu ri wkhvh rwkhu dssurdfkhv/ jh0

rjudsklf eduulhuv lq�xhqfh krz pxfk ri d jrrg lv vrog/ exw qrw zkhwkhu wkh jrrg lv vrog dw

doo1

��� ��� �

�� ���� ��
��

Wr ghulyh wkh prgho*v lpsolfdwlrqv iru wudgh dqg zhoiduh/ zh qhhg wr vshfli| suhihuhqfhv1 Zh

pdnh wkh vlpsohvw dvvxpswlrq wkdw xwlolw| ri d uhsuhvhqwdwlyh frqvxphu lq frxqwu| l lv d Free0

Grxjodv ixqfwlrq dfurvv wkh frqvxpswlrq ri lqglylgxdo ydulhwlhv1 Khqfh=

X @ h{s

]
�

f

oq{�+m,gm

zkhuh {�+m, lv wkh frqvxpswlrq ri jrrg m lq frxqwu| l1. Vlqfh h{shqglwxuh vkduhv duh lqgh0

shqghqw ri sulfh/ xqghu wklv dvvxpswlrq wkh �?� fruuhvsrqg wr wudgh vkduhv xqghu dq| irup ri

frpshwlwlrq lq zklfk rqo| wkh fkhdshvw vrxufh vhoov1

Zh fdq qrz ghprqvwudwh krz wudgh/ e| doorzlqj frxqwulhv wr h{sorlw hdfk rwkhu*v whfkqror0

jlhv/ frqihuv jdlqv1 Wkh h{dfw sulfh lqgh{ lq frxqwu| q> S?> xqghu Free0Grxjodv dqg shuihfw

frpshwlwlrq/ lv=

S? @ h{s

]
�

f

oq f?+m,gm @ h{s

]
"

f

oq+f,gJ?+f, @ ��3�*w? > +8,

zkhuh/ djdlq/ � lv Hxohu*v frqvwdqw1H

Glylglqj wkh zdjh e| wklv sulfh lqgh{/ lqyrnlqj +7,/ jlyhv wkh uhdo zdjh=

z?

S?
@ �3�

%
�[
�'�

W�

W?

�
z�

z?

�
3w

g3w?�

&�*w
W �*w
? @ �3�

�
W?

�??

��*w

= +9,
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Xqghu dxwdun| wkh uhdo zdjh lq frxqwu| q lv mxvw �3�W
�*w
? / vr rqo| grphvwlf whfkqrorj| pdw0

whuv1 Dffhvvlqj iruhljq whfkqrorj| wkurxjk wudgh dxjphqwv grphvwlf whfkqrorj| e| wkh idfwru

4@�?? @ 4@+4�L?,/ zkhuh L? lv q*v lpsruw vkduh1 Khqfh/ wkh jdlqv iurp wudgh duh dq lqfuhdvlqj

ixqfwlrq ri wkh vkduh ri sxufkdvhv iurp deurdg/ dqg nqrzlqj �> wkhvh jdlqv fdq eh txdqwl�hg1

Lw wxuqv rxw wkdw wkh uhdo zdjh fruuhvsrqgv wr wkh dyhudjh h�flhqf| ri dfwlyh surgxfhuv lq

d frxqwu|1 Htxdwlrq +9, wkxv looxvwudwhv wkh uroh ri wudgh lq sxvklqj zrunhuv lqwr dfwlylwlhv lq

zklfk wkh frxqwu| lv pruh h�flhqw/ zkloh gulylqj wkh ohdvw h�flhqw surgxfhuv rxw ri exvlqhvv1

Djjuhjdwh surgxfwlylw| wkxv ulvhv dv frxqwulhv rshq wkhlu erughuv wr lpsruwv1

Zkloh zh fdq lqihu d frxqwu|*v wudgh jdlqv iurp lwv lpsruw vkduh/ wklv vkduh lwvhoi ghshqgv

qrw rqo| rq wkh sdudphwhuv jryhuqlqj whfkqrorj| dqg jhrjudsklf eduulhuv/ exw dovr rq hqgrjh0

qrxvo| ghwhuplqhg zdjhv1 Iru wkhvh/ zh wxuq wr wkh frqglwlrqv iru oderu0pdunhw htxloleulxp

lq hdfk frxqwu|1

Zlwk d frpprq sur�w vkduh dfurvv frxqwulhv +zklfk/ xqghu shuihfw frpshwlwlrq/ lv }hur dqg

zklfk/ lq wkh fdvh ri Ehuwudqg frpshwlwlrq wkdw zh h{soruh ehorz/ wxuqv rxw wr eh 4@+4 . �,,/

wkh frqglwlrq iru oderu pdunhw htxloleulxp lq frxqwu| l lv=

z�O
�
� @

�[
?'�

�?�z?O
�
? > +:,

zkhuh O�
� duh wkh qxpehu ri surgxfwlrq zrunhuv lq frxqwu| l=

Htxdwlrqv +7,/ +9,/ dqg +:, wrjhwkhu ghwhuplqh wudgh vkduhv/ zdjhv/ dqg zhoiduh dv ixqfwlrqv

ri wkh sdudphwhuv ri wkh whfkqrorj| glvwulexwlrqv W� dqg �> jhrjudsklf eduulhuv g?�> dqg oderu

vxssolhv O�
� =

Dv zh vkrz lq Hdwrq dqg Nruwxp +5333d,/ wkh fdvh ri }hur judylw| +doo g?� @ 4, |lhogv d

vlpsoh forvhg irup vroxwlrq ri wkh frpsohwh prgho1 Wkh uhodwlyh zdjh lq frxqwu| l lv=

z�

z�
@

#
W�@O

�
�

W�@O�
�

$�*E�nw�
= +;,

Zlwk doo g?� @ 4 wkh sulfh ohyho lv wkh vdph hyhu|zkhuh/ vr +;, dovr fruuhvsrqgv wr wkh uhodwlyh
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uhdo zdjh1 Lq frqwudvw/ iurp +9,/ wkh uhodwlyh uhdo zdjh xqghu dxwdun| lv=

z�@S�

z�@S�
@

�
W�
W�

��*w

= +<,

Khqfh xqghu dxwdun| lw lv wkh devroxwh ohyho ri whfkqrorj| wkdw ghwhuplqhv d frxqwu|*v uhodwlyh

zhoiduh zkloh xqghu iuhh wudgh lw lv krz pxfk whfkqrorj| lw kdv shu zrunhu1 +Wkxv vpdoo

frxqwulhv jdlq uhodwlyho| pruh iurp wudgh wkdq odujh rqhv1,

� ��
�� 
�� ������

Vr idu zh kdyh dqdo|}hg wudgh jlyhq wkh whfkqrorj| iurqwlhuv +4,1 Zh qrz vkrz krz wkhvh

iurqwlhuv hphujh iurp dq xqghuo|lqj surfhvv ri lqqrydwlrq dqg krz wkh lqfhqwlyhv wr lqqrydwh

glylgh wkh zrunirufh ehwzhhq surgxfhuv dqg uhvhdufkhuv1 Lq pdnlqj wkh prgho g|qdplf zh

doorz whfkqrorjlhv W wr hyroyh ryhu wlph1 +Zh wuhdw jhrjudsklf eduulhuv g?� dqg wkh sdudphwhu

� dv �{hg ryhu wlph1,

Uhvhdufkhuv gudz lghdv derxw krz wr surgxfh jrrgv1 D jlyhq uhvhdufkhu lq frxqwu| l

gudzv lghdv dw d Srlvvrq udwh ��> d sdudphwhu uhsuhvhqwlqj uhvhdufk surgxfwlylw|1 Dq lghd lv

wkh uhdol}dwlrq ri wzr udqgrp yduldeohv1 Rqh lv wkh jrrg m wr zklfk lw dssolhv/ zklfk lv gudzq

iurp wkh xqlirup glvwulexwlrq ryhu ^3> 4`= Wkh rwkhu lv wkh h�flhqf| t+m, zlwk zklfk lw hqdeohv

jrrg m wr eh surgxfhg/ zklfk lv gudzq iurp wkh Sduhwr glvwulexwlrq K+t, @ 4 � t3w= Wkh

h�flhqw whfkqrorj| }�+m, iru surgxflqj jrrg m lq frxqwu| l lv wkh ehvw lghd iru surgxflqj lw |hw

glvfryhuhg1 D qhz lghd lv qhyhu dgrswhg xqohvv lw vxusdvvhv wkh fxuuhqw vwdwh ri wkh duw }�+m,1

Hyhq li lw grhv/ lw pd| qrw eh deoh wr vxuylyh frpshwlwlrq iurp deurdg1

Lq wkh devhqfh ri whfkqrorj| gl�xvlrq wkh qxpehu ri lghdv wkdw d frxqwu| kdv dydlodeoh wr

lw ghshqgv rq wkh klvwru| ri uhvhdufk h�ruw wkhuh1 Li wkh phdvxuh ri uhvhdufkhuv lq frxqwu| l

dw wlph v lv U�r wkh wrwdo vwrfn ri lghdv wkhuh lv W�| @ ��
U |
f
U�rgv1 Ehfdxvh zh kdyh d xqlw

lqwhuydo ri ydulhwlhv/ wkh qxpehu ri lghdv iru surgxflqj d vshfl�f jrrg lv glvwulexwhg Srlvvrq

zlwk sdudphwhu W�|1 Dv zh qrz vkrz/ wklv W wxuqv rxw wr eh wkh vdph rqh wkdw hqwhuv wkh

whfkqrorj| iurqwlhu +4,1
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Wkh Srlvvrq duulydo ri lghdv lpsolhv wkdw wkh suredelolw| ri n lghdv iru surgxflqj d sduwlfxodu

jrrg e| gdwh w lq frxqwu| l lv +W�|,
&h3A�|@n$1 Li wkhuh kdyh ehhq n lghdv/ wkh suredelolw| wkdw

wkh ehvw rqh lv ehorz } lv ^K+},`&1 Vxpplqj ryhu doo srvvleoh qxpehuv ri lghdv=

I�|+}, @
"[

&'f

W�|
&h3A�|

n$
K+},& @ h3A�|d�3ME5�o @ h3A�|5

3w

> } � 4=

��� �����
�
��

Dowkrxjk d uhvhdufkhu lq frxqwu| l jhwv lghdv dv d Srlvvrq surfhvv zlwk sdudphwhu ��/ prvw ri

wkrvh lghdv zloo kdyh d txdolw| ehorz wkh iurqwlhu whfkqrorj|1 Hyhq pdq| zklfk vxusdvv wkh

orfdo iurqwlhu pd| qrw krog xs wr frpshwlwlrq iurp deurdg1 Wkh suredelolw| wkdw dq lghd ri

txdolw| t zloo eh frpshwlwlyh lq frxqwu| q> l1h1 wkdw z�|g?�@t lv wkh orzhvw frvw lq frxqwu| q> lv

jlyhq e| 4�J?|+z�|g?�@t,> zkhuh J lv jlyhq e| +6,1 Pruh jhqhudoo|/ wkh suredelolw| wkdw wkh

lghd zloo xqghufxw wkh orzhvw frvw e| d idfwru p � 4 lv 4 �J?|+pz�|g?�@t,= Lqwhjudwlqj ryhu

wkh Sduhwr glvwulexwlrq ri lghd txdolw|=

e?�|+p, @

]
"

�

^4�J?|+pz�|g?�@t,`gK+t, �
4

�?|+pz�|g?�,w
= +43,

Ri frxuvh vhwwlqj p @ 4 jlyhv wkh suredelolw| ri hqwhulqj wkh pdunhw dw doo1b

Lqfrusrudwlqj wkh wudgh vkduh h{suhvvlrq +7, iurp wkh suhylrxv vhfwlrq lqwr wklv h{suhvvlrq

lpsolhv wkdw wkh suredelolw| ri dq lghd iurp l kdylqj d pdunhw lq q lv jlyhq e|=

e?�|+4, @
�?�|
W�|

= +44,

Iru d frxqwu| l lqyhqwlrq wr vxffhhg lq pdunhw q lw pxvw furvv wzr kxugohv1 Iluvw/ wkh lghd

kdv wr vxusdvv wkh suhylrxv vwdwh ri wkh duw lq frxqwu| l> zklfk lw grhv zlwk suredelolw| 4@W�|=

Frqglwlrqdo rq ehlqj iurqwlhu whfkqrorj| lq frxqwu| l/ wkh lghd kdv wr ehdw rxw wkh iruhljq

frpshwlwlrq lq pdunhw q> zklfk lw grhv zlwk suredelolw| �?�|=

bA�i @TThL �4@|�L? �? E�f� �@t |L _L ��|� �L� �i �@?_*i i�U�i?U) *i�i*t Mi*L� �� �L|i |�@| L�h _ih��@|�L?
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Qrwh wkdw dv wlph sdvvhv dqg wkh vwrfn ri h{lvwlqj lghdv lq frxqwu| l jurzv/ lw jhwv kdughu

dqg kdughu wr frph zlwk qhz lghdv wkdw duh ehwwhu wkdq wkh ehvw h{lvwlqj rqhv1

��� �
�����

Krz duh uhvhdufkhuv frpshqvdwhg iru wkhlu h�ruwvB Xqghu shuihfw frpshwlwlrq surgxfhuv zrxog

fkdujh pdujlqdo frvw/ vr wkhuh zrxog eh qr uhwxuq wr lqqrydwlqj1 Iroorzlqj wkh txdolw| odgghuv

prgho +Jurvvpdq dqg Khospdq/ 4<<4> Djklrq dqg Krzlww/ 4<<4, zh pdnh wkh Ehuwudqg

dvvxpswlrq wkdw wkh orzhvw frvw surgxfhu ri hdfk jrrg fodlpv wkh hqwluh pdunhw iru wkdw jrrg/

fkdujlqj wkh kljkhvw pdunxs wkdw nhhsv dq| frpshwlwru dw ed|1 Lq rxu prgho wkh pdunxs ri

dq| vxffhvvixo hqwudqw ru vxuylylqj lqfxpehqw lv d udqgrp yduldeoh P zlwk Sduhwr glvwulexwlrq

K> dv zh qrz vkrz1

AIurp +43,/ wkh suredelolw| ri vhoolqj lq pdunhw q dw doo lv e?�|+4, zkloh wkh suredelolw| ri

vhoolqj lq wkdw pdunhw zlwk pdunxs kljkhu wkdq p � 4 lv e?�|+p,= Wkxv/ frqglwlrqdo rq vhoolqj

dw doo/ wkh glvwulexwlrq ri wkh pdunxs lv

Su^P �pmP � 4` @
e?�|+4,� e?�|+p,

e?�|+4,
@ K+p,>

zklfk lv vlpso| Sduhwr1

Wkh pdunxs glvwulexwlrq grhv qrw ydu| zlwk wlph/ ghvwlqdwlrq/ ru vrxufh1 Lw iroorzv wkdw

wkh glvwulexwlrq ri wkh pdunxs dw dq| gdwh v � w iru lghdv wkdw duh vwloo frpshwlqj dw wkdw wlph

lv dovr Sduhwr1 Lpdjlqh d frkruw ri lghdv glvfryhuhg dw gdwh w lq frxqwu| l zklfk kdyh d pdunhw

lq frxqwu| q1 Dv wlph surfhhgv/ vrph ri wkh lghdv zloo eh vxusdvvhg e| vxevhtxhqw lghdv vr zloo

gurs rxw ri pdunhw q1 Wkh suredelolw| ri uhpdlqlqj lq wkdw pdunhw e| wlph v � w lv e?�r@e?�|1

+Iurp qrz rq zh xvh e wr ghqrwh e+4,> wkh suredelolw| ri uhpdlqlqj lq wkh pdunhw dw doo1, Wkh

lghdv uhpdlqlqj lq wkh pdunhw pd| kdyh wkhlu pdunxsv zklwwohg grzq ryhu wlph e| qhz lghdv1

Dpd}lqjo|/ wkh vhohfwlrq surfhvv/ zklfk idyruv lghdv zlwk odujhu pdunxsv/ h{dfwo| r�vhwv wkh

zklwwolqj grzq h�hfw1 Wkh glvwulexwlrq ri wkh pdunxs iru pdunhw vxuylyruv uhpdlqv h{dfwo|

wkh vdph ryhu wlph1
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��� ��� ��

Ohw \?| ghqrwh wrwdo h{shqglwxuh dw gdwh w1 Vlqfh suhihuhqfhv duh Free0Grxjodv/ \?| lv dovr

wkh udwh ri h{shqglwxuh shu ydulhw| lq frxqwu| q1 Vlqfh doo �upv vhoolqj lq pdunhw q fkdujh d

pdunxs gudzq iurp K> wrwdo sur�wv hduqhg e| hlwkhu grphvwlf ru iruhljq �upv vhoolqj wkhuh

duh=

�?| @ \?|

]
�

f

k
4�p+m,3�

l
gm @ \?|

]
"

�

+4�p3�,gK+p, @
\?|
4 . �

=

Zkdw lv wkh sur�w hduqhg e| d �up surgxflqj lq frxqwu| qB Lwv fxw ri pdunhw n sur�wv lv

vlpso| lwv wudgh vkduh wkhuh �&?|= Khqfh lwv wrwdo hduqlqjv durxqg wkh zruog duh=

�[
&'�

�&?|�&| @
�[
&'�

�&?|\&|
4 . �

@
\?|
4 . �

+45,

zkhuh wkh odvw htxdolw| iroorzv iurp wkh edodqfhg wudgh frqglwlrq wkdw \?| @
�S
&'�

�&?|\&|�

Khqfh �?| dovr fruuhvsrqgv wr sur�wv hduqhg e| �upv lq frxqwu| q= Wkh sur�w vkduh lq wkh

hfrqrp| lv frqvhtxhqwo| 4@+4 . �,= Vlqfh wklv vkduh lv frqvwdqw dfurvv frxqwulhv/ rxu oderu

pdunhw htxloleulxp frqglwlrq +:, vwdqgv1

��! "���
�	� ��	���
���

Sxwwlqj wrjhwkhu wkh slhfhv iurp wkh suhylrxv vhfwlrq/ wkh h{shfwhg suhvhqw glvfrxqwhg ydoxh

ri dq lghd iurp frxqwu| l wkdw vxffhhgv lq frxqwu| q dw gdwh w lv=

Y?�| @ S�|

]
"

|

h34Er3|�
�?r

S�r

e?�r

e?�|
gv> +46,

zkhuh � lv wkh glvfrxqw idfwru +dvvxphg frqvwdqw,1 Sur�wv duh glvfrxqwhg e| wkh glvfrxqw udwh

exw dovr e| wkh gzlqgolqj suredelolw| ri uhpdlqlqj lq exvlqhvv lq wkh pdunhw1 +Khuh S�r lv wkh

sulfh lqgh{ lq frxqwu| l dw wlph v=,

Exw wkh suredelolw| ri d uhvhdufkhu lq frxqwu| l �qglqj dq lghd wkdw vxffhhgv lq euhdnlqj

lqwr pdunhw q dw wlph w lv mxvw e?�|= Vxpplqj dfurvv doo pdunhwv/ wkh h{shfwhg ydoxh ri d
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glvfryhu| lq frxqwu| l lv vlpso|=

Y�| @
�[

?'�

e?�|Y?�| @ S�|

]
"

|
h34Er3|�

�[
?'�

�?r

S�r
e?�rgv= @

S�|

4 . �

]
"

|
h34Er3|�

\�r
S�r

4

W�r
gv> +47,

zkhuh wkh odvw htxdolw| iroorzv iurp wkh frqglwlrq iru edodqfhg wudgh1 Qrwh wkdw/ hyhq wkrxjk

rxu prgho lqfrusrudwhv lqwhuqdwlrqdo wudgh/ zh fdq dvfhuwdlq wkh ydoxh ri dq lghd ruljlqdwlqj

lq frxqwu| l e| orrnlqj rqo| dw frxqwu| l*v rzq lqfrph dqg dffxpxodwhg whfkqrorj|1

Dv lq wkh txdolw| odgghuv prgho/ lq htxloleulxp zrunhuv glylgh wkhpvhoyhv ehwzhhq uhvhdufk

dqg surgxfwlrq1 Dq htxloleulxp zlwk zrunhuv hqjdjhg lq erwk dfwlylwlhv uhtxluhv wkdw wkh zdjh

ri d surgxfwlrq zrunhu z�| htxdo wkh h{shfwhg uhwxuq wr uhvhdufk/ ��Y�|=

��# $��
�� $�
�� ������

Iru vlpsolflw| zh frqvlghu d vwhdg| vwdwh lq zklfk d frqvwdqw vkduh u� @ U�|@O�| ri wkh oderu

irufh lq frxqwu| l hqjdjhv lq uhvhdufk1 Wr doorz vxfk d vwhdg| vwdwh wr hphujh zh dvvxph wkdw

oderu irufhv hyhu|zkhuh jurz dw d frqvwdqw udwh ju=

Zlwk frqvwdqw u� wkh ohyho ri whfkqrorj| lq frxqwu| l hyroyhv dffruglqj wr=

�

W �|@ ��u�O�|

vr wkdw W@O frqyhujhv wr w� @ ��u�@ju= Khqfh lq vwhdg| vwdwh W� jurzv dw udwh ju lq hdfk

frxqwu| l=

Zh fdq uhzulwh wkh oderu pdunhw htxloleulxp frqglwlrq +:, dv=

z�|+4� u�, @
�[
?'�

w�+z�|g?�,
3w

�S
&'�

w&+z&|g?&,3w+O&|@O?|,

z?|+4� u?,=

Vlqfh O&|@O?| lv frqvwdqw ryhu wlph/ wkh vroxwlrq iru uhodwlyh zdjhv lv wlph lqyduldqw1 Vlqfh

z� lv qxphudluh/ zdjhv wkhpvhoyhv duh wlph lqyduldqw1

Lqfuhdvhg uhdo lqfrph frphv derxw iurp idoolqj sulfhv1 Gl�huhqwldwlqj wkh sulfh lqgh{ +8,

zlwk uhvshfw wr wlph/ sulfhv hyhu|zkhuh idoo dw udwh
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Vxevwlwxwlqj wkh uhvxowv iru vwhdg| vwdwh lqwr wkh h{suhvvlrq iru wkh ydoxh ri dq lghd lq frxqwu|

l +47, zh jhw=

Y�| @
ju
��u�

+4� u�,z�|

��� ju
= +48,

Khuh zh vhh wkdw zh qhhg wr lpsrvh wkh frqglwlrq � A ju@� wr rewdlq d �qlwh ydoxh1

Htxdwlqj wkh ydoxh ri grlqj uhvhdufk lq frxqwu| l> ��Y�| zlwk wkh zdjh z�| wkhuh zh jhw=

u� @ u @
ju
��

= +49,

Wklv h{suhvvlrq iru htxloleulxp uhvhdufk lqwhqvlw| lv lghqwlfdo wr wkh rqh fkrvhq e| d vrfldo

sodqqhu +vhh Nruwxp/ 4<<:,1

Qrw vxusulvlqjo|/ uhvhdufk lqwhqvlw| lv juhdwhu wkh kljkhu wkh udwh ri oderu irufh jurzwk dqg

wkh orzhu wkh glvfrxqw idfwru1 Pruhryhu uhvhdufk lqwhqvlw| lv juhdwhu wkh vpdoohu lv �= +Zlwk

vpdoohu �> vxffhvvixo lqyhqwlrqv rq dyhudjh frqvwlwxwh odujhu dgydqfhv ryhu wkh suhfhglqj vwdwh

ri wkh duw1,

Pruh vxusulvlqj lv wkdw uhvhdufk lqwhqvlw| grhv qrw ghshqg rq frxqwu| vl}h/ uhvhdufk sur0

gxfwlylw|/ ru rshqqhvv1 Zkloh dffhvv wr iruhljq pdunhwv lqfuhdvhv wkh srwhqwldo sur�wv wkdw d

vxffhvvixo lghd fdq hduq/ frpshwlwlrq iurp iruhljq lqyhqwlrqv pdnhv lw pruh gl�fxow wr kdyh d

pdunhwdeoh lghd lq wkh �uvw sodfh1�f

Dowkrxjk d odujh frxqwu| kdv wkh vdph uhvhdufk lqwhqvlw|/ wkh devroxwh qxpehu ri uh0

vhdufkhuv pdwwhuv iru wkh uhvhdufk vwrfn1 Lq vwhdg| vwdwh wkh uhodwlyh whfkqrorj| ohyhov duh=

W�
W�

@
��O�

��O�

= +4:,

�f+��ih@��@|�3 @?_ +L4ih E�bb�� @*tL �?_ �?�@h�@?Ui Lu hiti@hU� �?|i?t�|) |L |�i LTi?�?} �T Lu |h@_i EM�|
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4L_i* Lu |h@_i� �Lhi Uh�|�U@**)c |�i�h 4L_i*c �?*�!i L�htc _i*��iht tU@*i igiU|t L? }hL�|��
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D frxqwu|*v dffxpxodwhg whfkqrorj| ghshqgv rq wkh vl}h ri lwv oderu irufh zhljkwhg e| uhvhdufk

surgxfwlylw|1 Wkh vfdoh ri d frxqwu| pd| wkhuhiruh d�hfw lwv ohyho ri zhoiduh1

Wr vhh krz wudgh lq�xhqfhv wkh rxwfrph/ zh fdq frpelqh +4:, zlwk rxu h{suhvvlrqv iru

uhodwlyh uhdo zdjhv xqghu dxwdun| +<, dqg xqghu }hur judylw| +;,1 Zlwk dxwdun| vfdoh grhv

pdwwhu= D frxqwu|*v uhodwlyh uhdo zdjh ghshqgv rq lwv uhvhdufk surgxfwlylw| pxowlsolhg e| wkh

vl}h ri lwv oderu irufh1 Exw frxqwulhv zlwk vpdoohu oderu irufhv jdlq pruh iurp wudgh1 Zlwk

wkh frpsohwh holplqdwlrq ri wudgh eduulhuv wkh juhdwhu jdlqv iurp wudgh ri vpdoohu frxqwulhv

h{dfwo| r�vhwv wkhlu vfdoh glvdgydqwdjh lq surgxflqj lghdv1 Zlwk }hur judylw|/ uhodwlyh uhdo

zdjhv ghshqg rqo| rq uhodwlyh uhvhdufk surgxfwlylw|/ zlwk vfdoh sod|lqj qr uroh1

! %��	���
��

Wkh iudphzrun vxppdul}hg deryh lv uhdglo| h{whqghg wr h{dplqh d pxfk zlghu udqjh ri lvvxhv1

Iru h{dpsoh/ lqfrusrudwlqj whfkqrorj| gl�xvlrq zrxog doorz lqqrydwlrqv wr eh h{sorlwhg deurdg

qrw rqo| wkurxjk h{sruwv exw wkurxjk wkh pryhphqw ri lghdv wkhpvhoyhv1 Wklv h{whqvlrq

lqwurgxfhv d qxpehu ri fkdoohqjlqj sureohpv zklfk zh ehjlq wr h{soruh lq Hdwrq dqg Nruwxp

+4<<:/ 4<<<,1 H{sruwv ri fdslwdo jrrgv hperg|lqj whfkqrorjlfdo dgydqfhv duh dqrwkhu frqgxlw

iru vsuhdglqj wkh ehqh�wv ri whfkqrorj|/ dv zh h{soruh lq Hdwrq dqg Nruwxp +5333e,1

Wkhvh h{whqvlrqv dgguhvv rqo| d vpdoo iudfwlrq ri wkh p|uldg lvvxhv uhodwlqj wr whfkqrorj|

wkdw hphujh lq wkh joredo hfrqrp|1 Rxu dssurdfk gholyhuv d wudfwdeoh vwuxfwxuh iru dwwdfnlqj

wkhp1
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