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Abstract— During teleoperation, a human operator often re-
ceives only 2-D visual feedback from the remote environment. 
While a variety of kinematic sensors exist on the remote ma-
nipulator for control purposes, the information inherent in 
these signals is rarely extracted and presented to the operator 
in a useful form. This paper investigates the extraction of such 
information through the development of an algorithm that es-
timates the geometric properties of a manipulated object and 
its environment using the remote robot’s sensors and knowl-
edge of the task being performed. The focus of the paper is the 
development of contact constraint equations parameterized by 
the desired geometric properties and the automatic segmenta-
tion of the data stream according to the set of active contacts. 
The approach is validated for three dimensional peg-in-hole 
insertion using a desktop teleoperator system.  
 
Index Terms- teleoperation, property identification, con-
strained motion, 3-D peg-in-hole insertion. 

I. INTRODUCTION 

In many applications, the concept of providing task specific 
feedback to the operator during teleoperation is an appeal-
ing one, which could both improve the system’s perform-
ance and its safety. As an example, consider an undersea 
teleoperation task where the goal is to insert a hydraulic 
connector into a tight socket. Limited visual feedback ren-
ders the timely completion of this task difficult. One solu-
tion is to use the data collected during the task to automati-
cally build geometric models of the connector and socket 
and to use these models to guide the operator to task com-
pletion. Improved teleoperation using system models has 
been reported by a number of investigators, e.g., [1]. Addi-
tional applications in unstructured environments include 
interplanetary exploration, toxic waste remediation [10] and 
explosive defusing. 
 
In this paper, we investigate the use of kinematic measure-
ments collected during object manipulation to estimate the 
geometric properties of those objects. This work builds on 
our previous results published in [4] and extends them to 
three dimensions. Contact states are described using con-
straint equations parameterized by the geometric properties 
that we wish to identify. 

 
The paper is laid out as follows. The next section reviews 
the framework for automatic property estimation first pre-
sented in [4]. The following section describes how contact 
states of 3D objects can be described using sets of param-
eterized constraint equations. Multiple model estimation 
based on least squares and correlation coefficients is pre-
sented as a means to segment the data stream according to 
the active contacts. The subsequent section describes an ex-
perimental evaluation of this approach using a desktop 
teleoperator system. A three dimensional peg-in-hole inser-
tion is carried out and the geometrical properties of the peg 
and hole are estimated. Conclusions are presented in the 
final section of the paper.  

II. SOLUTION PROCEDURE AND BACKGROUND 

 
To solve the automatic property estimation problem, we 
employ the solution framework described in [4]. The over-
all problem can be solved as a sequence of three interrelated 
subproblems: task decomposition, data segmentation and 
property estimation. These three subproblems are formally 
described in [5] and can be summarized as follows: 
  
1. Task decomposition - The process of resolving a task 

into a minimal sequence of subtasks described by con-
tact states and their associated sets of properties. 

  
2. Data segmentation - Given a task decomposition and 

the sensor data stream, find the time intervals corre-
sponding to each subtask. 

 
3. Property estimation - Given the time intervals associ-

ated with each subtask, estimate the desired properties. 
 
Figure 1 depicts the organization of the proposed property 
estimation system. As a normal teleoperated task is per-
formed, the system collects such data as task descriptions 
and desired properties from the operator. The resulting 
forces and motions are received from sensors in the remote 
environment. Visual feedback as well as interaction between 
the human operator and the data segmentation module make 
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possible the development of task strategies amenable to 
property estimation. Based on the deduced sequence of sub-
tasks, the data segmentation module associates subtasks (and 
thus states) with time segments of the data stream. The de-
sired properties are then estimated and used to build and 
calibrate a model of the remote environment. As shown, the 
model can then be used either to provide immediate assis-
tance to the operator or to form the basis of a training sys-
tem. 
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FIG. 1.  Flow diagram of automatic property identification. 

A. Prior Work 

 
The automatic modeling of remote environments has re-
ceived limited attention in the literature. The three individ-
ual subproblems, however, have been studied in other con-
texts. Task decomposition, for example, has been motivated 
by an interest in task planning, robot learning and subtask-
specific control strategies. The earliest work known to the 
authors is that of Kondoleon [12] who analyzed ten com-
mon products and found they could all be assembled using 
twelve manufacturing tasks. More recently, McCarragher 
has divided tasks according to contact states in order to un-
derstand subtask control strategies employed by humans 
[14]. 
 
For the purpose of segmentation, a variety of modeling ap-
proaches has been employed. The most common methods 
include hidden Markov models [11], generalized likelihood 
ratio tests [5], qualitative reasoning with thresholding [14], 
neural networks for off-line segmentation [7] and Petri nets 
[15].  
 

Most work on property estimation assumes a parameterized 
model, e.g., a geometric or contact force model, is given. A 
significant portion of this literature is devoted to robot pa-
rameter estimation. Methods for estimating payload inertia 
appear in the work of Lin and Yae [13]. Lin and Yae also 
estimate certain parameters relating to constraints of the op-
erating environment.  
 
To model the properties of objects during manipulation, a 
central issue is the question of how to model the contact 
states. A considerable literature on this topic appears in the 
context of grasping. For example, a kinematic description 
of two bodies undergoing point contact is studied in the 
work of Cai and Roth [3], utilizing kinematic and tactile 
sensing. Other related works include that of Bruyninckx et 
al who estimate local geometric properties using active 
force sensing together with kinematic and geometric de-
scriptions of the contact states [2]. 
 
In this paper, we assume that the following are given: 
 
• A network of contact states describing allowable state 

transitions during a task. 
• A list of geometric properties to be estimated. 
 
The goals of the paper are to provide the following: 
 
• A standard formulation for expressing a contact state’s 

kinematic constraints. 
• A means of generating a sufficient number of contact 

state constraint equations to solve for the desired prop-
erties. 

•  A simple multiple model approach to data segmenta-
tion and estimation. 

 
These topics are described in the sections below. 
 

III. CONTACT CONSTRAINT SEGMENTATION AND 

ESTIMATION 

 
Contact states can be easily parameterized by the geometric 
properties of the manipulated object and its environment. 
As a simple example, consider a cylindrical object pivoting 
on a corner (Fig. 2.) In this example, the location of the 
contact state can be parameterized by the position of the 
corner and the radius of the object. 
 

.  
 

FIG. 2. Example of one point contact state.  

 
In this paper, we assume that the task decomposition prob-
lem has been solved and that there is a finite number of 
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contact states that may be active. Each contact state can be 
expressed using sets of parameterized constraint equations 
that describe the motion of the contact state in different 
frames. For example, point contact between the manipu-
lated object and an environment object can be expressed as 
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in which T to

m( )  is a homogeneous transform matrix which 

relates the manipulated object body frame, through the re-
mote manipulator’s kinematics, to the remote environment 
base frame. Similarly, T to

e ( )  relates the environment object 

body frame to the remote environment base frame. At any 
instant, these transform matrices are identical for all active 
constraints pairs of the form given by (2). 
 
While it is assumed that the remote manipulator’s configu-
ration is known, T to

m( )  also depends on the possibly un-

known grasp configuration of the manipulated object, lead-
ing to additional unknowns in T tg

m ( ) . In addition, the base 

frame location of the environment object may be unknown 
leading to additional free parameters in T to

e ( ) . If the envi-

ronment object or the object  is not moving or deforming in  
its associated frame, then matrices To

e andTg
m are time inde-

pendent.  
 
 

 

FIG. 3 Kinematic closure equation. 

 

In order to create and solve an overdetermined problem, a 
minimal number of constraint equations are necessary at 
each time step. In n  time steps, the kinematic closure equa-
tions (2) introduce 3n  equations with 6n +  unknowns.  
Assuming that the constraint equations will also introduce a 
finite number η of unknown parameters, the number k  of 
constraint equations must satisfy 
 

3kn n> + +          (3) 

 
Thus, at each time step, four independent constraint equa-
tions are needed to solve (2).  

A. Motion Constraints 

 
While four constraint equations are needed for point-contact 
problems in three dimensions, the contact geometry may 
provide a lesser number. In these situations, additional con-
straints could be obtained either by adding sensors or by 
imposing restrictions on the estimable motion trajectories. 
The latter approach will be taken here. 
 
The crucial point is that we do not force the operator to fol-
low constrained trajectories. Instead, we select motions that 
the operator is likely to produce at some point during the 
task. Success of data segmentation and property estimation 
then depends on the operator producing those constrained 
motions for at least some short time interval during the as-
sociated contact states. Consider, for example, the contact 
depicted in Fig. 2. The geometry provides only three con-
straint equations – one restricting the contact point to the 
cylinder’s surface and two limiting the contact point to the 
intersection of two planes. During this contact state, it is 
likely that the operator may slide the peg across or along the 
edge for at least a short distance without rotating the cylin-
der about its axis. With the inclusion of such a constraint 
equation, this contact becomes well defined for estimation 
purposes.  
 
In many situations, motion constraints can be selected such 
that the contact point is fixed or moves along a line in the 
object or environment frame. Constraint equations of this 
type are particularly easy to implement and the motions 
they describe are likely to be reproduced by an operator. 

B. Property Estimation 

 
Equations (1) and (2) introduce time dependent and inde-
pendent unknowns.  If the contacting objects are rigid solids 
and that the environment changes only due to manipulation, 
the properties that we want to identify are time independent.  
 
In order to solve for the desired parameters we first need to 
eliminate the time dependent unknowns by substituting (1) 
into (2). This step assumes that the set of constraint equa-
tions has been chosen such that it allows this substitution. 
Often, the resulting set of equations can be arranged as an 
overdetermined set of linear equations Ax b= , where b  
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( 1)n ´  and A  ( )n m´ are, respectively, the observation 

vector and the data matrix. A  and b  both depend on meas-

urements through the components of T to
m( ) ; thus they can 

contain noise. Consequently, total least squares, a more 
general fitting technique than classical least squares, is em-
ployed [9]. The error function to be minimized is   
 

2|| ( ) ( ) ||e A E x b r= + − −% %       (4) 

 

E%  and r% represent the perturbation of A  and b , respec-
tively. It is well known that an ill-conditioned data matrix 
will lead to poor estimates. To avoid this problem, suffi-
ciently exciting trajectories are necessary as well as care-
fully selected parameterizations. Both issues can be investi-
gates using the analytical form of [ | ]A b . As an example, 

consider [ | ]A b  as a function of the pitch and roll motion. 

In this case, one can see that the information content of the 
data with regard to the desired parameters will depend on 
the excitation of these two angles. Therefore, a motion with 
significant excursions of pitch and roll should be selected. 
If it is found that [ | ]A b  is ill conditioned regardless of the 

trajectory, a new parameterization should be sought.    

C. Data Segmentation 

 
Segmentation is based on a multiple model estimation ap-
proach (Fig. 4.). First, each contact state is expressed as a 
set of equations parameterized by the desired properties. 
Then, total least squares is used inside a moving data win-
dow of fixed length to simultaneously estimate the proper-
ties associated with each contact model. 
 

 

FIG. 4. Multiple model acceptance test. 

 
To decide which contacts are active at each time step, an 
acceptance test is employed that compares the multiple cor-
relation coefficients associated with each possible contact. 
This coefficient, defined by 2R  in (5), represents the pro-
portion of variation in the vector b that can be explained by 
changes in the model. The closer 2R  is to one, the better 
the model accounts for the data. Ideally, we want all the 
variation to be explained.  
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                            (5) 

 
In order to test if a contact is active a threshold for R2 must 
be selected. The value of this threshold is not empirical but 
based on a probability measure that the data and the model 

are uncorrelated.  As a complement to the correlation coef-
ficient, condition number is used to eliminate poorly excited 
trajectories. Task history and contact incompatibility, as 
embodied in the assumed task network of contact states, are 
also used to decide contact activity. 
 

IV. EXPERIMENT: 3D PEG-IN-HOLE INSERTION 
 
A tabletop teleoperator system composed of two PHAN-
ToM® haptic devices is used to perform a spatial peg-in- 
hole insertion task. The desired outputs of the problem are 
the peg length and diameter, and the hole location and its 
diameter. The inputs consist of the remote manipulator joint 
angles. Constraint equations for the primary contacts, to be 
defined below, are also assumed known. A sketch of the 
system is shown in Fig. 5. Each device is a 6 degree of 
freedom manipulator. In order to accomplish the desired 
task, a gripper is added to the remote manipulator. The op-
erator controls the master by manipulating a stylus attached 
through a passive spherical wrist.  
 
At each sample time, the forward kinematics is computed 
such that the position and orientation of the end effector 
with respect to the base frame is known. The workspace is 
roughly a box of dimension 19.5 cm � 27 cm � 37.5 cm. 
Each device can exert a continuous tip force of 1.7 N, and a 
maximum force of 8.5 N can be achieved. 
 

 

FIG. 5.  Two PHANToM® haptic devices used as a teleop-
erator system.  

 
The controller uses a symmetric proportional control 
scheme based on position and velocity error between the 
master and remote manipulators. See equation (6). The con-
troller gains are adjusted experimentally to achieve stability 
and haptic realism. The controller output is taken as an es-
timate of the force acting on the robot’s tip. The control 
loop rate is approximately 10 kHz.  
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A. Contact Constraints 

 
In spatial peg-in-hole insertion, a limited number of one-
point contacts can exist. Due to the symmetry of the peg 
and hole, four primary contacts can be defined as listed be-
low and as depicted in Fig. 6.  
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• Contact 1  The contact point belongs to the bottom rim 
of the peg in Rm  and to a plane in Re . 

• Contact 2 – The contact point belongs to the rim of the 
peg in Rm and to the cylindrical interior of the hole in 

Re . 

• Contact 3 – The contact point belongs to the cylindrical 
exterior of the peg in Rm and to the upper rim of the 

hole inRe . 

• Contact 4 – The contact point belongs to the rim of the 
peg in Rm  and to the rim of the hole in Re . 

 
The primary contacts can each be described using equation 
(1). In addition to these simple contacts, surface and com-
bined one point contacts can occur. Since parameterizations 
of the primary contacts can be selected to include all of the 
desired geometric properties, only these contacts will be 
considered further. The sets of constraint equations for the 
primary contacts appear in (7)-(10). 
 

 

FIG. 6. One point contact states. 
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B. Motion Constraints 

 
The geometry of the primary contacts as described by (7)-
(10) provides three constraint equations for Contacts 1-3 
and four for Contact 4. Since a minimum of four constraints 
are needed for estimation, the approach described in section 
III.A is employed to generate additional equations for Con-
tacts 1-3. These constraints are based on motions the opera-
tor is likely to employ during the assembly task. The fol-
lowing list describes the constrained motions selected for 
this example. While the choice of motion constraints is not 

unique, those described here have been found to be well 
suited to the task.  
 
• Contact 1 – The peg slides on a plane in Re without 

rotating about its axis. Thus, the contact point is fixed 
in Rm introducing one new constraint equation. 

• Contact 2 – The peg slides, without rotating about its 
axis, across a fixed point on the rim of the hole. Thus, 
the contact point is fixed in Re and describes a line in 

Rm  introducing two new constraint equations. 

• Contact 3 – The peg slides, without rotating about its 
axis, along the cylindrical interior of the hole, parallel 
to the hole’s axis. Thus, the contact point is fixed in 
Rm and describes a line Re  introducing two new con-

straint equations. 
 

C. Constraint Simplification 

 
A major difference between planar and spatial peg-in-hole 
insertion is the introduction of nonlinear constraint equa-
tions. These equations cause a problem when we want to 
insert  (1) into (2) in order to obtain a set of linear equa-
tions. To avoid this problem, cylindrical coordinates are 
used to describe the position of the contact point in the ob-
ject frame. As an example, the mathematical description of 
Contact 1 is given assuming the contact point is fixed on the 
peg.  
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To perform the desired task, the axis of the peg and hole 
must be aligned in space. In our formalism, position and 
orientation of both axes are given by the transformation ma-
trices To

e andTg
m . Each matrix is composed of a three by 

three rotation submatrix describing the orientation of the 
object and a three by one vector describing its position.  
The twelve components of each matrix are functions of only 
six independent parameters. Among these six parameters, 
only four are necessary to describe an axis in space, the re-
maining constants represent the length of the object or the 
vertical offset of the hole. 
 
To simplify the problem, the following assumptions are 
made: 
 
1. T to

g ( ) is known 

2. To
e andTg

m are time independent 

3. The grasping configuration of the object is known. 
4. The orientation of the hole's axis is orthogonal to the 

surface in which it is drilled. 
5. Initially the base frame has the same orientation as  the 

drilled surface.  
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With these assumptions, the kinematic closure equations 
reduce to the following set of equations: 
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Tg

m  and To
e  are created using, respectively, assumptions 2,3 

and assumptions 1,2,3. Equation (12) can be reformulated 
as follows.  
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       (13) 

 
Finally, the constraint equations (7-10) are modified using 
the technique leading to (11) and inserted into (13).  
 
For each contact state, the results lead to a set of overde-
termined set of linear equations, b Ax= . For contacts 1, 2 
and 3 of Fig. 6, these equations are given by (14), (15) and 
(16), respectively. Contact 4 is not likely to occur during an 
insertion, and as a result, it is not considered.  
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In these equations, , ( , ) {1, ,4}ija i j KÎ  and α are known and 

are time dependent. R Lpeg peg,  represent the radius and 

length of the peg while Tz  is the vertical offset of the 

drilled surface. ,x yH H  are the coordinates of a point on the 

cylindrical hole in the fixed frame. The last two parameters 
are the ones in which we are particularly interested because 
they contain information on the hole’s center ( T Tx y, ). How-

ever, one can see that these parameters cannot be identified 
without the others.  

D. Estimation 

 

From (14)-(16), notice first that Contact 1 allows us to iden-
tify all of the parameters except those associated with the 
hole’s axis. Secondly, notice that some parameters can be 
estimated in more than one contact state. Due to issues of 
numerical conditioning, however, it is often true that the 
quality of the estimates can vary considerably between con-
tact states. One strategy for obtaining the best estimates 
employs a two-pass process. During the first pass, the entire 
data stream is segmented by contact state. For those pa-
rameters tied to multiple contact states, the estimates asso-
ciated with the best-conditioned contact state are selected. 
These estimates are then utilized in estimating the remain-
ing parameters.  
 
Before testing this strategy for a complete insertion task, we 
first want to investigate the quality of the estimates obtain-
able from (14)-(16). The results of five trials associated 
with Contact 1, (14), are shown in Fig. 7, which compares 
estimates based on least squares and total least squares. The 
direct measurements are indicated by dashed lines. Notice 
that the estimated results agree well with the measured ones 
regardless of the position of the contact point on the peg. A 
difference between the least squares techniques is not read-
ily apparent. This is probably due to the very low noise 
level inherent in the PHANToM’s data.  
 
To test (15) and (16), three experimental trials of the double 
contact 2,3 were conducted. The estimates obtained from 
(14) are assumed known at this point and H Hx y,  are esti-

mated. Points described by these two coordinates belong to 
the rim of the hole in the fixed frame. To obtain estimates 
of the hole’s center and radius, a circle is fit through these 
points [8]. Fig. 8 shows the results for three different trials. 
Note that each of the two contacts yields its own estimate of 
H Hx y,  for each trial. 

 

 

FIG. 7.  Contact 1 estimates. Tz , pegL  and pegR are the veti-

cal offset of the hole, length and radius of the peg, respec-
tively. 
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FIG. 8. Contact 2,3 estimates. Hole edge coordinates for 
three trials.  

E. Segmentation and Estimation 

 
The next series of results shows the automatic identification 
procedure applied to a spatial peg-in-hole insertion.  As a 
mean of testing the automatic segmentation algorithm, the 
operator presses a switch during the task at each change of 
contact state.  Position, velocity and angles of the tip of the 
robot are recorded at a rate of 50Hz.  
 
Fig. 9 depicts the anticipated sequence of contact states as-
sociated with the insertion task. First, the peg is slid toward 
the hole on the planar surface (Contact 1). As the peg enters 
the hole, it first pivots on the rim of the hole (Contact 2) 
and typically maintains this contact until the other side of 
the hole is reached. It then stays in double contact with the 
rim and the inside of the hole (Contacts 2,3) until the peg is 
inserted far enough that the task can be easily completed.  
 

 

FIG. 9. Task decomposition function of the different con-
tacts states 

To estimate the desired peg and hole properties, it is neces-
sary at a minimum to segment the data stream for these 
three contact states {1,2,23} . Segmentation is performed 

using multiple model estimation on a 30-point moving data 
window. Contacts are accepted as active when 2 0.998R ³ .  
 
In Fig. 10, automatic segmentation is compared with man-
ual segmentation as performed by the operator. For better 
visualization, 2 2

* (1 )*1000R R= −  is plotted instead of R2 . 

Note that each contact has been correctly detected. For this 
experiment, the clearance ratio of the hole was chosen to be 
large to facilitate manual segmentation. Automatic segmen-

tation of smaller clearance ratios has also been performed 
successfully. 
 
 

 

FIG. 10. Automatic versus manual segmentation. 

 
For this set of contact states, Contact 1 is best conditioned 
for estimating Tz , pegL  and pegR . These estimates are de-

picted in Fig. 11. They were obtained by averaging the pa-
rameters obtained by least squares for each data window 
within the segmented interval delineated by the two dashed 
lines. (Note that least squares applied over the entire inter-
val yielded comparable estimates.) These estimates can be 
compared with the direct measurements shown in Fig. 7. 
 
  

 

FIG. 11. Estimation of the properties Tz , pegL  and pegR  

associated with Contact 1.  

 
Finally, the properties associated with Contacts 2,3 are 
estimated using the parameter values obtained from Contact 
1. Equations (15) and (16) are used to find coordinates of 
points on the rim of the hole. A circle is fit through these 
points as shown in Fig. 12 to yield the hole’s center 
coordinates and radius. 
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FIG. 12. Estimation of the hole’s center and radius during 
Contact 2,3. 

V. CONCLUSIONS  

 
A simple method was presented for automatically estimat-
ing the geometric properties of manipulated objects and 
their environment during teleoperation. The approach relies 
on segmenting the kinematic data from the remote manipu-
lator according to the active contacts between a manipu-
lated object and its environment. A sufficient number of 
contact constraints for estimation were obtained by supple-
menting the geometric constraints with motion constraints 
based on anticipated motions of the operator. A tabletop 
teleoperator system was used to substantiate the approach. 
 
While not pursued here, it is clear how such an approach 
could be extended to include both additional inputs (sen-
sors) and outputs (object properties). Force data, for exam-
ple, would allow the estimation of friction properties. For 
the peg insertion problem, the combination of geometric 
and friction properties would be sufficient to generate, us-
ing an assembly planner, on-line instructions for the opera-
tor so as to avoid jamming and wedging. 
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