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Abstract— We describe a nonlinear control law for tracking
single, sub-diffraction limit fluorescent particles that takes
advantage of the geometric properties of the spatial intensity
pattern. We present simulation results for tracking a single
particle based on confocal measurements to illustrate the
approach. The control law converts each intensity measurement
into actuator commands directly, and consequently should
yield improved temporal response over existing algorithms. We
consider both two- and three-dimensional tracking.

I. INTRODUCTION

The ability to image and analyze single molecules is a

powerful tool in molecular biology that continues to be

used to significantly advance knowledge of a wide-range of

systems. There are a wide variety of methods yielding sub-

diffraction limit position accuracy in two and three dimen-

sions and their broad utility is evidenced by several recent

review articles [1]–[3]. The main limitation of such methods

is their relatively poor temporal resolution, especially when

applied to systems with poor signal-to-noise ratio (SNR) such

as labeled molecules inside living cells.

As a result, several alternative approaches have been de-

veloped to track a single nanometer-scale fluorescent particle.

These schemes rely on point detectors in a single or multi-

photon microscope. Recent reviews of the state-of-the-art can

be found in [3]–[5]. Typically these schemes rely on a col-

lection of data to estimate (directly or indirectly) the position

of the fluorescent source, either by rapidly steering the laser

focus around a circle [6], [7] or by using a scanning stage

to acquire fluorescence measurements at different positions

[8]. Other tracking approaches include [9]–[11], which track

particles moving in three dimensions without scanning the

focus but at expense of a more complicated detection system.

Most systems are typically able to track particles diffusing

with constants of 0.1-1 µm2/s at SNRs significantly above

10, though the system reported in [7] successfully tracked

quantum dots diffusing at 20 µm2/s (though at high SNR)

while [12] tracked particles with an SNR as low as 2 (though

with a diffusion constant of 0.5 µm2/s).

Servoing on the estimated position of the fluorescent

particle slows down the tracking process due to the need

to collect enough data for accurate estimation. In this paper

we introduce an alternative scheme in which each intensity

measurement is used directly in a tracking control law, with-

out the need for the intermediate step of position estimation.

This is achieved through use of a reactive control law origi-

nally developed for mapping environmental qualities such as

temperature, substance concentration, and radioactivity [13],

[14]. The algorithm takes advantage of the geometric features

of the scalar field defined by the quantity to be mapped. Its

scale-invariant nature makes it well-suited for application to

systems with nanometer-scale features as evidenced by its

recent application to tracking of single particles in magnetic

force microscopy [15].

The process of measuring the fluorescence intensity from

a single particle using a confocal microscope can be viewed

as using a point-like sensor to measure a spatially and

temporally varying field. The spatial field is defined by the

point spread function (PSF) of a single fluorescent particle

in the confocal microscope and the dynamics are governed

by the motion of the particle. In this work we modify the

previous tracking control law for the particular measurement

scheme in the confocal setting. The resulting law steers the

focal point of the microscope to converge to a periodic

trajectory centered on the fluorescent particle. While the

basic law is limited to tracking in the image plane, we

include a preliminary approach to extend the tracking to the

optical axis as well. Unlike other methods there is no explicit

calculation of the position of the particle. Rather, the control

law acts directly on the intensity measurements. The position

of the particle can then be extracted through off-line analysis

using, for example, the fluoroBancroft estimator [16].

The remainder of this paper is organized as follows. In

Sec. II we describe the PSF in the confocal setting and

describe how the approach takes advantage of the geometric

structure. The algorithm is described in Sec. III and the

simulation results are given in Sec. IV.

II. FLUORESCENCE AS A SCALAR POTENTIAL FIELD

In a confocal microscope, fluorescence is generated by

focusing an excitation source to a diffraction-limited spot in

the sample. A pinhole in the conjugate focal plane spatially

filters the output light, blocking the signal arising from

outside the focal volume of the microscope. A detector

such as an avalanche photodiode is used to measure the

output fluorescence. For a particle at the center of the focal

volume of the microscope, the spatial intensity of the output

fluorescence is given by

I(µ,ν) = (hdet(µ,ν)h∗det(µ,ν))(hill(µ,ν)h∗ill(µ,ν)) (1)

where ill (det) denotes the illumination (detection) light [17].

Here the amplitude point spread function is given by

h(µ,ν) = −i
2πnAsin2 α

λ
e

iµ

sin2 α

∫ 1

0
J0(vρ)e−

iµρ2

2 ρdρ (2)
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where n is the refractive index of the medium in which the

fluorophore is embedded, nsinα is the numerical aperture

(N.A.) of the objective lens, A is a scaling factor, λ is the

illumination or emission wavelength, J0 is the zeroth-order

Bessel function of the first kind, and (v,u) are the normalized

optical coordinates given by

ν =

(

2π

λ
nsinα

)

√

x2 + y2
, µ =

(

8π

λ
nsin2 α

2

)

z. (3)

The origin (ν ,µ) = 0,0 is taken to be the center of the focal

volume. With a fluorescent source at (∆v,∆u) relative to the

center of the focal volume, the spatial intensity is given by

I(µ,ν) = (hdet(µ,ν)h∗det(µ,ν))

× (hill(µ −∆µ,ν −∆ν)h∗ill(µ −∆µ,ν −∆ν)) .
(4)

The light collected by the detector, denoted Idet , is the

integral of this function over the area of the pinhole. Due to

shot noise, the actual measured signal is a Poisson process

with rate Idet combined with the background fluorescence. It

is this signal which we view as a spatial potential field.

In Fig. 1 we show simulated raster-scan images of a sub-

diffraction limit sized fluorescent particle in the lateral (x,y)
plane and in a plane, (x,z), along the optical axis. The

parameters of the optical system were set to n = 1.333 to

represent imaging in a water medium, an N.A. of 0.8, an

excitation wavelength of 488 nm, an emission wavelength of

505 nm, and a 20 µm pinhole.

Fig. 1. Simulated confocal scan in the (left) (x,y) and (right) (x,z) planes
where z is the optical axis. Simulation parameters for the optical system
were N.A. = 0.8, excitation = 488 nn, emission = 505 nm, 20 µm pinhole.

III. TRACKING CONTROLLER

Our goal is to develop a tracking controller which keeps

the focal volume of the microscope in a region near the

source particle. Actuation of the relative position between the

focal volume and the particle is typically achieved in one of

two ways. The first is by moving the sample while keeping

the focal volume fixed. This is achieved by mounting the

sample on a piezoelectric stage, allowing three dimensional

motion between the particle and the focal volume. The sec-

ond is by moving the focal volume with the use of actuated

mirrors or acousto-optic modulators. This only allows motion

in the focal plane. Motion along the optical axis is typically

achieved by including a single-axis piezoelectic actuator that

moves either the objective lens or the sample.

In either case, one or more piezoelectric actuators are used.

These actuators, however, exhibit a variety of interesting

and important dynamic effects, including nonlinearities such

as creep and hysteresis, as well as cross-coupling between

the axes. Such effects must be accounted for to ensure

accurate control. There is a growing body of literature on

efficient and effective controllers for these systems (see, e.g.

[18]–[20] and discussions in [21]) and thus in this work

we assume there is a low-level controller with sufficient

bandwidth to drive the piezoactuators, allowing us to focus

on trajectory determination. With this assumption, we can

model the motion of the focal volume as

ẋ = u =
(

ux uy uz

)T
. (5)

To take advantage of the controllers developed in [13],

[14], we consider first the motion of the focal volume in the

plane and choose the controller form to artificially implement

a nonholonomic system,
(

ux

uy

)

= v

(

cosθ

sinθ

)

, θ̇ = vω. (6)

Here the steering rate, ω , is viewed as the control input. The

intensity Idet defines a spatial potential field. It is shown in

[14] that the control law given by

ω =
1

ro

(

1−K
d

dt
Idet

)

, (7)

with the gain K sufficiently large, converges to within a

distance ro from an extremum of the potential field. Note

that the time derivative is along the trajectory of the sensor

(the focal point of the system in the confocal setting).

Typically, such a control would be implemented digitally.

We therefore integrate (7) over a time step ∆t to obtain the

exact discretization

θ(t +∆t) = θ(t)+
v∆t

ro

−
vK

ro

(Idet(t +∆t)− Idet(t)) . (8)

This control law is explicitly defined by four parameters:

the update rate ∆t, the speed v, the gain K, and the conver-

gence distance ro. Implicit to the controller is the choice of

an integration time on the intensity measurement. While this

clearly must be less than the update rate, it should also be

much shorter than the (expected) time scale of the motion

of the particle to be tracked. Such a choice ensures that

each intensity measurement reflects a single position of the

particle rather than a sweep of positions. Shorter integration

times, however, lead to lower SNR and thus this time should

be chosen also with the signal and background levels in mind.

To implement tracking along the optical axis, we apply a

simple proportional control law given by

uz = Kz (Idet(t)−C) . (9)

This control law was also used in [15]. This law requires

a choice of desired intensity level C. In practice, however,

knowledge of the absolute intensity level is difficult to obtain.
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Fig. 2. Tracking a fixed particle. (a) The trajectory resulting from the control law superimposed upon a simulated confocal image of the spatial intensity
pattern of a fluorescent particle located at the origin. Noise in the (b) measured intensity is reflected in noise in the (c) controlled distance between the
center of the focal volume and the position of the fixed particle.

In addition, the choice of sign in (9) implies that reducing

z will increase the intensity level. The intensity field is

symmetric and thus this choice directly translates to an

assumption that the particle is below the center of the focal

volume. If this is violated then the control law will fail. For

slowly moving particles, this assumption is not restrictive as

the controller will be able to respond sufficiently fast so as

to keep the focal volume above the particle. It is expected,

however, that this component of the control scheme will be

limiting when attempting to track faster particles. Unlike

existing schemes, under the combined control law of (6),

(8), and (9), each intensity measurement is used directly

rather than being filtered through some version of position

or gradient estimation.While this should allow tracking of

faster particles, it is still important in application to know

the trajectory of the particle itself rather than that of the

focal volume of the microscope. Such estimation can be done

through post-processing using a variety of methods.

IV. SIMULATIONS

To illustrate the scheme and explore the effect of parameter

choices, the algorithm was simulated in Matlab. The N.A.

in the simulated system was set to 0.8, the pinhole radius

to 20 µm, the excitation wavelength to 488 nm, and the

emission wavelength to 505 nm. The immersion media was

assumed to be water and so the index of refraction was set to

n = 1.333. The fluorescence measurements were determined

by sampling a Poisson process with rate give by the integral

of (4) over the area of the pinhole. The scaling factor A was

set so that when the source particle was at the center of the

focal volume, the intensity had a rate of 100 counts/ms.

The simulator was updated at a fixed time of 0.25 ms per

cycle. Inside each cycle, the current fluorescence intensity

counts was calculated and added to an accumulator. The

position of the molecule was then updated according to a

discrete time random walk

xm(k +1) = xm(k)+
√

2D∆tw(k) (10)

where D was the modeled diffusion constant of the particle,

∆t was the simulation update rate of 0.25 ms, and w(·) was

a Gaussian white noise process with zero mean and unit

variance. The controller update time was selected differently

in different runs. At the end of each controller cycle, the total

measured intensity was recorded and the position of the focal

point updated according to (5) with the control given by (6),

(8), and (9). In all cases ro was set to = 0.2 µm.

We note that only shot noise was considered in these

simulations. The SNR in the measurement depended upon

the controller update time and upon the radius ro since

decreasing the time or increasing the radius reduced the

measured intensity and since SNR typically scales as
√

N

where N is the number of photons measured. Intensity

fluctuations also arose from the diffusive motion of the

tracked particle.

A. Tracking a fixed particle

We initially simulated a particle fixed at the origin. The

controller update rate was set to 1 ms, the speed was set to

v = 0.05 µm/ms, the planar gain was set to K = 0.05, and the

axial gain was set to Kz = 0 to disable motion of the focal

volume along the optical axis. The focal point was initialized

at the origin. The resulting trajectory, superimposed on a

simulated confocal scan of the intensity, is shown in Fig. 2a.

The trajectory clearly converges to a circular motion around

the origin with a radius that puts the focal point relatively

far away from the location of the particle. There are two

main reasons for selecting a relatively large radius. The first

is that in general, at a fixed speed, a larger radius circle

will be easier for piezoactuators to follow than a smaller

radius circle. The second is to mitigate photobleaching.

All fluorescent dyes have a limited lifetime that can be

understood as having a finite number of photons that can

be emitted. By moving the detection volume off the particle,

the particle receives a lower excitation intensity and thus the

lifetime of any fluorescent dyes will be extended.

The fluorescence intensity measured along the trajectory

is shown in Fig. 2b. Since the integration time was 1 ms,

the mean of approximately 45 counts corresponds to a mean

rate of 45 counts/ms. The corresponding SNR was 6.7. This

rate is significantly lower than the expected peak intensity
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Fig. 3. Simulation of planar tracking of a particle with D = 0.1 µm2/s. Parameters were v = 0.05 µm/s and K = 0.05. It is clear from the planar trajectory
and the x, y traces that the focal volume moves in a circular pattern around the particle.

rate of 100 counts/ms if the focal volume were controlled to

the extremum of the intensity field, reflecting the radius that

was selected for the steady trajectory. As shown in Fig. 2c,

the controller quickly converged to the steady state with a

small variance in the trajectory that was directly driven by

the shot noise in the measurements.

B. Tracking a particle diffusing in the plane

We consider first the planar tracking law in isolation. In

addition to providing intuition for the control law, there are

many applications in which planar tracking is useful, such as

tracking of particles moving in lipid bilayers. In addition, the

planar tracking law is invariant with respect to the absolute

level of measured intensity. It can thus be used even when

the particle is diffusing in three dimensions so long as the

particle is confined along the optical axis with a dimension

smaller than the size of the PSF in that dimension (typically

about 1 µm), such as occurs inside many bacterial cells.

In Fig. 3 we show a typical tracking run. The simulated

diffusion constant was D = 0.1 µm2/s. As before the con-

troller update time was 1 ms. The controller parameters were

set to v = 0.05 µm/s and K = 0.05 (with Kz = 0 to disable

the optical axis motion of the focal volume). The planar

trajectory is shown in Fig. 3a while the x and y components

for both the center of the focal volume and the particle are

shown in Figs. 3b,3c. The controller rate was sufficiently high

that the periodic nature of the motion of the focal volume

around the particle was preserved, as seen by the oscillatory

nature of the focal volume trace in the x and y components.

The distance between the center of the focal volume and

the particle is shown in Fig. 3d and the intensity measured

along the trajectory is shown in Fig. 3e. The mean values for

each are close to the fixed particle case though the variances

are higher, reflecting the motion of the particle.

C. Tracking in 3-D

We then enabled particle motion and tracking in all three

dimensions. The 3-D trajectory of a typical (successful) run

is shown in Fig. 4 with the traces along the three axes

given in Fig. 5. The particle was diffusing with a constant

of D = 0.01 µm2/s. The parameters for the planar controller

were again set to v = 0.05 µm/s and K = 0.05. The gain for

the vertical motion was set to Kz = 0.001 and the level set

constant was set to C = 40. Note that this choice attempted

to drive the vertical direction until the measured intensity

level reaches 40 counts. As seen from Fig. 4 and Figs. 5a, 5b,

the planar motion of the focal volume remained a circular

trajectory. Fig. 5c shows that the system initially drove the

focal point away from the particle and then maintained a

(nearly) constant separation.

The planar distance between the focal volume and the

particle along the trajectories of the run is shown in Fig. 5d

while the distance along the optical axis is shown in Fig. 5e.

The fluctuations in the planar distance remained relatively

small, despite the larger fluctuations of the distance along

the optical axis and in the intensity measurements. These
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Fig. 5. Trajectories along the (a) x−, (b) y−, and (c) z− axes of the fluorescent particle and the focal volume for the motion shown in Fig. 4. The planar
tracking law is independent of the motion along the optical axis and consequently its behavior is similar to the 2-D tracking results. The vertical controller
drives the system to a (nearly) constant separation along the optical axis between the particle and the focal volume. The (d) planar and (3) axial distance
between the focal volume and the particle reveal the relatively poor performance of the vertical controller when compared to the planar controller. The
measured intensity is shown in (e).
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Fig. 4. Simulation of 3-D tracking with D = 0.01 µm2/s: 3-D trajectories
of the focal volume and the fluorescent particle. Controller parameters were
v = 0.05 µm/s , K = 0.05, Kz = 0.001, and C = 40.

results clearly indicate that the vertical controller is not as

effective as the planar law. While some improvement in

the vertical performance can be achieved by increasing the

gain parameter Kz, increasing it too much can lead to large

overshoot. As discussed in Sec. III and illustrated below, if

the focal volume moves below the particle then the controller

will fail due to the symmetry of the intensity field.

To illustrate this possibility, we performed a simulation

where all parameters were kept the same except for setting

C = 80. This value was close to the expected maximum of

100 and thus the system attempted to drive the focal volume

near to the particle. The particle quickly diffused above the

focal plane. Once this occured, the focal volume was driven

away from the particle by the controller. This was because

z should have been increased to bring the particle and the

focal volume closer together, thus increasing the intensity.

The controller, however, assumed that decreasing the value

of z would yield increasing intensity. This switch in sign

caused the system to drive the focal volume away from the

particle.

D. Tracking performance

Due to difficulties with the axial component of the tracking

law, and the importance of planar tracking by itself, we

restricted our simulation study of the performance to the

tracking component only. We defined tracking performance

as the standard deviation in the distance between the focal

volume and the particle. To explore this performance as

a function of the diffusion coefficient, we hand-tuned the

controller parameters for two different controller update rates

(1 ms and 0.25 ms). The results are shown in Fig. 6. Note
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that when tracking was lost, the error was arbitrarily set to

a value of 5. At very low values of the diffusion coefficient,

the slower controller exhibited better performance. This

directly reflects the increased SNR in the measurement for

the longer update time. As the diffusion coefficient was

increased, the error due to the motion of the particle began to

dominate, eventually leading to loss of tracking. The slower

controller sucessfuly tracked particles moving with diffusion

coefficients of 0.7 µm2/s while the faster controller was

successful up to 2.0 µm2/s. We note that, as expected, a four-

fold increase in the controller rate yielded an approximately

two-fold increase in tracking capability.
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Fig. 6. Std. dev. in focal point-particle distance under two sets of controller
parameters. The controller update rates were 1 ms and to 0.25 ms while the
controller parameters were hand tuned. At low values of D, the increased
SNR of the slower controller provides better performance while the faster
controller is able to track faster particles.

Both the error and the limiting diffusion coefficient are

driven in part by the SNR. The SNR can be increased by

increasing the fluorescence rate of the particle (by increasing

the excitation intensity), though at the cost of decreasing

the time to photobleaching, and by reducing the radius of

the steady-state trajectory, though at the cost of a more

challenging trajectory for the focal volume. In comparison to

[7], which showed tracking of diffusion rates of 20 µm2/s,

these simulations utilize a intensity levels approximately

three times smaller and an integration time 10 times shorter.

V. CONCLUSIONS AND FUTURE WORK

We have described a nonlinear control law for planar

tracking of a diffusing fluorescent particle in a confocal

fluorescence microscope combined with a linear control law

for tracking along the optical axis. Simulation results indicate

the planar control law is a promising alternative to existing

schemes, though more work is needed for full 3-D tracking.

Further study of the effect of the controller parameters on

tracking performance, as well as physical implementation

planned.
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