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Spring 2015

1. We say that a variable Y follows a compound Poisson-exponential (CPE) distribution with

rate parameters � and �, Y ⇠ CPE(�, �), if N ⇠ Poisson(�), Xi
iid⇠ Exp(�) independent of

N , and Y =
PN

i=1 Xi conditional on N . Note that E[N ] = � and E[Xi] = 1/�.

(a) Show that the (marginal) pmf of Y is

P(Y = y) = e����y
1X

n=0

(��)n

n!�(n)
yn�1,

where � is the gamma function. (Hint: the distribution of Y |N is gamma.) Argue
that the CPE distribution belongs to the exponential family only if the dispersion is a
function of the product �� and thus the sum above does not depend on the canonical
parameter.

(b) Taking the dispersion � = (��)�1/2, what are the canonical parameter ✓ (as a function
of � and �) and the cumulant b(✓)?

(c) Using the cumulant, find the mean and variance of a CPE(�, �). What is the canonical
link? Now express the variance as a function of the mean and the dispersion; how
does this relationship compare to their counterparts from the Poisson and gamma
distributions?

(d) Write down an expression for the deviance associated with this distribution.

2. A professor decides to evaluate a class of 100 students by giving them a quiz with four
questions. After the quizzes are graded, each student is assigned a letter grade (A to F).
The results are compiled in variables Ygi, the number of students in grade group g that
answered question i correctly, and mg, the number of students in grade level g. The data
is summarized in the following table:

question grade y m

1 A 13 15
2 A 14 15
3 A 5 15
4 A 8 15
1 B 23 35
...

...
...

...
4 F 0 5

To analyze the results from the quiz, the professor adopts a Rasch model where the prob-
ability of outcome Yvi 2 {0, 1} indicating if a student v in grade group g (v 2 g) answered
question i correctly is given by

P(Yvi) / exp{Yvi(✓g � �i)}. (*)



Note that Ygi =
P

v2g Yvi. The professor further assumes that the outcomes are indepen-
dent. Parameters ✓g relate to the ability of a student in grade level g, while parameters
�i represent the di�culty of question i. The summary from fitting the Rasch model (⇤) is
given below.

Call:

glm(formula = cbind(y, m - y) ~ grade + question, family = binomial)

Coefficients:

Estimate Std. Error z value Pr(>|z|)

(Intercept) 1.2402 0.3637 3.410 0.000650

gradeB -0.8807 0.3506 -2.512 0.012002

gradeC -1.8776 0.3735 -5.027 4.99e-07

gradeD -3.0634 0.5178 -5.916 3.30e-09

gradeF -4.0159 1.0846 -3.703 0.000213

question2 0.5542 0.3197 1.733 0.083022

question3 -1.7159 0.3702 -4.635 3.57e-06

question4 -0.6195 0.3241 -1.911 0.055959

Null deviance: 126.184 on 19 degrees of freedom

Residual deviance: 14.556 on 12 degrees of freedom

(a) What is the interpretation for the coe�cient gradeB? According to the model fit,
what is the odds of an A student getting question 1 right relative to the odds of a B
student (for the same question)?

(b) How would you rank the questions with respect to di�culty? Assuming that the

correlation between any pair of estimated question coe�cients b� is 0.5, obtain a
rough 95% confidence interval for the log odds ratio of getting the hardest question
right relative to getting the easiest question right for a student in the same grade
level.

(c) Conduct a test for independence between grade and question, that is, test the Rasch
model in (⇤) against the model P(Yvi) / exp{Yvi�gi}. What is the test statistic and
its distribution under the null? Comment on the assumptions behind your test and
if they would apply here. How do you relate this test with the Rasch model being
under/over-dispersed?

(d) If a new student took the quiz and got questions 3 and 4 right, what grade would you
assign to her? Explain your answer in detail; for instance, what is the probability of
her getting questions 3 and 4 right if she is an A student?

(e) Suppose the professor gave this quiz to another class, graded and summarized the
results—which student got which questions right or wrong—and then asked you to
assign letter grades. How would you proceed in light of the Rasch model in (⇤)? In
particular, describe your fitting procedure and how you would estimate ✓ and � along
with the grade groups.


