
Qualifying Exam: CAS MA 575

Boston University, Spring 2009

1. In Figure 1 are shown data on personal savings for 50 countries, with y correspond-
ing to a measure of the country-wide average savings rate, and x corresponding to
the percent of the population in the country under the age of 15 years old. The
data suggest the possibility of two different types of behavior in personal savings,
depending on whether the percent population under 15 is lower or higher. The
ordinary least squares fits for two different models are shown (i.e., in solid and
dashed lines, respectively).
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Figure 1: Savings versus Percent of Population Under Age of 15 Years.
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a. Consider the fit shown in solid lines. This corresponds to the results of two
separate OLS fits. The first fit is for the model

E(Y |X = x) = β
(L)
0 + β

(L)
1 x , (1)

to all (xi, yi) such that xi < 35 (i.e., for all x to the left of 35), and the second
fit is for the model

E(Y |X = x) = β
(R)
0 + β

(R)
1 x (2)

to all (xi, yi) such that xi > 35 (i.e., for all x to the right of 35).

Alternatively, we might consider combining these two models into a single
model, using indicator functions (i.e., ‘dummy’ variables). Defining an appro-
priate choice of indicator variable(s), write down such a model.

b. Compare the model you defined in part (a) to the model defined by equations
(1) and (2). In particular, which parts of the output for the fitted models (i.e.,
coefficient estimates, fitted values, t-tests, etc.) will be the same, and which,
if any, will be different? Explain.

c. Consider the fit shown in dashed lines in Figure 1. This corresponds to a
model of the form

E(Y |X = x) = β0 + β1BL(x) + β2BR(x) , (3)

where

BL(x) =
{

35 − x, if x < 35 ,
0, otherwise

(4)

and

BR(x) =
{

x − 35, if x > 35 ,
0, otherwise .

(5)

This model ensures that the two lines meet, so that the fit changes in a con-
tinuous manner from one line to the other.

What is the interpretation of the coefficient β0 in model (3) ?

d. Suppose rather than specifying two lines on either side of 35 in part (c), we
want to replace 35 by a constant γ. Propose a method for choosing γ in a
data-dependent manner. In a sentence or two, provide some justification for
your proposed method.
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e. Consider the model defined in your answer to part (a), on the one hand, and
in equation (3), on the other hand. How might we compare these two models
formally? In particular, since the model in equation (3) is a constrained version
of the model in your answer to part (a), can you define appropriate null and
alternative hypotheses and a corresponding test?

2. Suppose that a response variable yi and predictors x1i and x2i are related according
to the linear model

yi = β0 + β1x1i + β2x2i + ei ,

where (conditional on X) the errors ei are independent and identically distributed
normal random variables, with E(ei|X) = 0 and var(ei|X) = σ2.

a. Let (β̂0, β̂1, β̂2) be the ordinary least squares (OLS) estimate of the parameters
(β0, β1, β2). Give a formula for a 100(1 − α)% confidence interval for β2.

b. Give a formula for a 100(1− α)% confidence interval for log(β2). Justify your
formula using a formal probability statement.

c. Provide a test at the α significance level of H0 : β2 = 6 versus H1 : β2 6= 6.

d. Provide a 100(1 − α)% confidence interval for the parameter β1 + β2. Justify
your formula – that is, in a sentence or two, give a reasoned argument for your
choice of formula.

e. Provide a test at the α significance level for the hypothesis H0 : β1 = β2.
Again, justify your formula by giving a reasoned argument.
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