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!  Hermiticity:  !5 D !5 = D†  
     !5

2 = 1  and !5 = !1 !2 !3 !4     
!   Gauge :   U(x,x+µ) !  "x U(x,x+µ) "†x+µ  
                   are  unitary  transformations of A 
!   Chiral:   D = exp[i !5 #] D  exp[ i !5 #] at  m=0 

! Scale: Only quantum fluctuations of glue break scaling 
at m=0  as  a goes to zero. BUT the even/odd modes are 
decoupled so this is 16 fermions (UGLY: Staggered drops 
this to 4 copies!??!) 
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3x3 Unitary :  U(x,x+µ) = exp[i a Aµ(x)] and  U(x,x-µ) = U†(x-µ,x)  
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xµ = (x1,x2,x3,x4)  
(space,time)  

4x4 sparse spin matrices: 
 4 non-zero entries 1,-1, i, -i 

3x3 color gauge  
    matrices 

On a Hypercubic Lattice   (xµ = integer, a = lattice spacing): 
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x x+µ!

Dimension: 
µ=1,2,…,d 

Color 
a = 
1,2,3 

Spin 
i = 1,2,3,4 

x1 axis ! 

x 2
 a

xi
s 
!

 

Projection Op 
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See Thomas Kalkretuer!
hep-lat/9409008!
review on “MG Methods!
for Propagators in LGT”.!

Israel: Ben-Av, M. Harmatz,!
P.G. Lauwers & S.Solomon!

Amsterdam: A. Hulsebos, !
J Smit J. C. Vick!

Hamburg: T. Kalkreuter,!
G. Mack & M. Speh!

Boston: Brower, Edwards,!
Rebbi & Vicari!



† R. C. Brower, R. Edwards, C.Rebbi,and E. Vicari, 
"Projective multigrid for Wilson fermions", Nucl. Phys.B366 (1991) 689 

(aka Spectral AMG, Tim Chatier, 2000) 
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Gauss-Jacobi (Diamond), CG (circle),  
V cycle (square), W cycle (star) 

2-d Lattice,  
Uµ(x) on links !(x) on sites 

" = ! 
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Gauss-Jacobi (Diamond), CG(circle),  
3 level  (square & star) 

! = 3 (cross) 10(plus) 100( square) 
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MG-QCD  Applied Math/Physics  Collaboration!!

Harvard U!
Mike Clark!
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smoothing 

Fine Grid 

Smaller Coarse Grid 

restriction 

prolongation 
(interpolation) 

The Multigrid 
V-cycle 

Spilt the  vector space 
into near null space S 
and the complement S!!

Adaptive Smooth Aggregations Algebraic MultiGrid 

D: S " 0!
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Little Dirac: "
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EXPONENTIAL GROWTH OF NEAR NULL SPACE!

N wells !    N   near null states basis vectors!

! Size of null space S = const V  where !

Lattice  size L!

“instanton separation” l!!

N ∼ L4/l4σ
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for d=1,!
s =1!

Cut up on sublattice in Blocks of size 4d 

....!

....!

............!

d=2!
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But    P†P =  1cc  so Ker(P) = 0!

S!!

S span(P)!

ker(P†)!

P!

P†!

(fine lattice vector space)! (coarse lattice vector space)!

span(P†)!

UV!

IR!

S= span(P) = Image(P†) !

rank(P) = rank(P†) =dim(S)= N! NB = 2N! L4/44!

† See  Front cover of Gilbert Strangʼs undergraduate text !!

fine space!
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But P2 ≠ P is not a “proper projection operator”  -- "

The  projectors operator (!^2 = ! ) are:"

Lüscher’s  “oblique”  projectors are:  PL = 1- !†L and  PR = 1 - !R"
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 Note since P† r’ = 0  ! full (exact) deflation on  S           !

RESULT: D is preconditioned by  M =  P (P† D P)-1 P†  
   M-1 D x = M-1 b                    !  r’   = ( 1 - D M-1 ) 
r !
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–  Asym V=163 x64, 243x64, 323x96 (Nf = 2, 400MeV pion)"

–  N$ =20 &(2%%&#"?)01'&!sx&N$)*&O)*&01+"1&3.&N$)*&
'2<'")1"P("7"()C "

–  MG Blocks = 44x Nc x 2  and 3 level V MG cycle  with 
smoothing etc,etc"
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Test of MG algorithm in 4-d Wilson!
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mstrange!
msea!
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physical m2!  
Chiral limit: m2! = 0 

ms (- 0.38922) 

Small increase is probably 
not significant? 



High Performance Production SciDAC QCD Wilson MG!







































Non Normal !
Non Hermitian!
Non Pos. Def.!
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