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Abstract

This paper considers various asymptotic approximations to the finite sample dis-
tribution of the estimate of the break date in a simple one-break model for a linear
trend function that exhibits a change in slope, with or without a concurrent change in
intercept. The noise component is either stationary or has an autoregressive unit root.
Our main focus is on comparing the so-called “bounded-trend” and “unbounded-trend”
asymptotic frameworks. Not surprisingly, the “bounded-trend” asymptotic framework
is of little use when the noise component is integrated. When the noise component is
stationary, we obtain the following results. If the intercept does not change and is not
allowed to change in the estimation, both frameworks yield the same approximation.
However, when the intercept is allowed to change, whether or not it actually changes
in the data, the “bounded-trend" asymptotic framework completely misses important
features of the finite sample distribution of the estimate of the break date, especially
the pronounced bimodality that was uncovered by Perron and Zhu (2005) and shown
to be well captured using the “unbounded-trend” asymptotic framework. Simulation
experiments confirm our theoretical findings, which expose the drawbacks of using the
“bounded-trend” asymptotic framework in the context of structural change models.
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1 Introduction

Estimating and forming confidence intervals for break dates in structural change models is
an important issue of practical interest (see, e.g., Perron, 2005, for an extensive review). To
obtain confidence intervals, the most common approach is to use the asymptotic distribution
of the estimated break dates, though other approaches are possible such as methods based on
inverting a test statistic (see, e.g., Siegmund, 1988). In the context of models with stationary
regressors, it is well known since the work of Hinkley (1970) that the limit distribution of
the MLE (or other estimates) depends on the finite sample distribution of the errors. A
solution to this problem is to consider an asymptotic framework whereby the magnitude of
the change shrinks at a suitable rate as the sample size increases, in which case the limit
distribution is invariant to the finite sample distribution of the errors (see, e.g., Yao, 1987,
and Picard, 1985). For comprehensive results in linear regression models, see Bai (1997)
for a single break, and Bai and Perron (1998) for the multiple break case. In general, the
shrinking shift asymptotic framework provides a reliable guide unless the magnitude of the
change is very small, in which case the confidence intervals are liberal, or very large, in which
case they are conservative (see, e.g., Bai and Perron, 2005).

In the context of regression models with trending regressors, there is an additional layer
of complexity related to the way in which the trend is specified. Consider the case where the
regression function is a simple linear trend. One approach is simply to specify the regression
function as, say, p + ft, as done in Perron and Zhu (2005), henceforth referred to as PZ,
and Bai, Lumsdaine and Stock (1998). A more common approach is to specify it in the form
w+ B(t/T), so that the trend is bounded and indeed restricted to be in the interval [0, 1],
see, e.g., Bai (1997). This is a special case of a “bounded-trend" asymptotic framework
analyzed by Andrews and McDermott (1995). A common argument is that the “bounded-
trend” asymptotic framework yields more tractable results, but little is known about which
approach delivers a better approximation to the distribution of the estimates of the break
dates and the parameters of the trend function.

The aim of this paper is to inquire about which asymptotic framework provides the most
reliable approximation to the finite sample distribution of the estimate of the break date in

a simple one-break model for a linear trend function of the form
Y= p+ Bt +u

where 3, is a scalar observable variable and u; is a noise component that can be stationary,

I(0), or have an autoregressive unit root, /(1). While a simple model, it is nevertheless an
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important one in practice. For example, it is often of interest to assess whether the rate of
growth of a series such as real GDP exhibits a change and if so, to form a confidence interval
for the break date. Allowing the errors to be I(0) or /(1) permits the series to be trend- or
difference-stationary, see e.g., Nelson and Plosser (1982) and Perron (1989).

The main findings are the following. First, if the noise function u; is (1), the “bounded-
trend” asymptotic framework is of little use. This is not surprising since with a “bounded-
trend” specification, the noise then dominates the signal. Of more interest are the results
pertaining to the case with a stationary noise function. If the intercept p does not change
concurrently with the slope § and the fitted intercept is not allowed to change, then all
frameworks are basically equivalent. However, if the fitted intercept is allowed to change,
whether or not p changes, the “bounded-trend" asymptotic framework completely misses
important features of the finite sample distribution of the estimate of the break date, espe-
cially the pronounced bimodality that was uncovered by PZ and shown to be well captured
using the alternative “unbounded-trend” asymptotic framework.

The rest of the paper is organized as follows. Section 2 presents the various models
considered and summarizes the relevant results from PZ pertaining to the “unbounded-
trend” asymptotic framework. Section 3 provides results about limit distributions using the
“bounded-trend” asymptotic framework, with fixed and shrinking shifts. Section 4 presents
the results from simulation experiments aimed to assess the quality of the approximation to
the finite sample distribution of the various asymptotic frameworks. Section 5 offers brief

concluding remarks and an appendix some technical derivations.

2 The Models

Throughout, it is assumed that some variable of interest, ¥, is the sum of some systematic

part d; and a random component, u;, i.e.
Yr = di + uy.

The models analyzed differ according to the assumptions made about both components d;
and u;. For the random component u;, we specify F(u;) = 0 and alternatively one of the
following two assumptions:

e Assumption 1: u; ~ I(0). More specifically u, is such that 723y, = oW (r)

where 02 = limy_o, T E(Y.[_, uy)? exists and is strictly positive. Here “=” denotes
weak convergence in distribution (under the sup metric) and W(r) is the unit Wiener

process.



e Assumption 2: u; ~ I(1). More specifically u, = "

j—1€; where the sequence ¢; is

assumed to be I(0) as defined in Assumption 1.

Remark 1 There are many sets of sufficient conditions to guarantee that the weak conver-
gence result stated in Assumption 1 holds. One that is fairly general is that used in Phillips
and Perron (1988), namely (a) sup, E |u:|"" < 0o for some v > 2 and n > 0 and (b) {u;}°
is strong mizing with mizing numbers o, that satisfy > 7 a7 < . Alternatively, we can
assume that u; s a linear process such that u; = Z;‘ﬁo cier—; where {e;, Fy_1} is a martin-
gale difference sequence with F,_; the filtration to which e, is adapted. Also Y .2, i|c;| < oo
(see Phillips and Solo, 1992). FEither sets of conditions include the popular stationary and

invertible ARMA processes.

For the systematic component d;, we consider 3 cases. As a matter of notation, the time
of break is denoted 7} and the break fraction as A =T, /7.
e Models I.a and I.b: Joint broken trend with /(1) or /(0) errors. Here, d; is a
first-order linear trend with a one time change in slope such that the trend function is joined

at the time of break, specified by:
di = py + Byt + By B (1)
where B; is a dummy variable for the slope change defined by

0, if 1< T
t—Tl, 1ft>T1

Bt:

Here, the slope coefficient changes from 3, to 5, + [, at the time point 7}. However, the
trend function is continuous at 7;. For this reason, this specification is referred to as a “joint
broken trend”.
e Models Il.a and II.b: Local disjoint broken trend with / (1) or / (0) errors. Here,
d; is a first-order linear trend with a one time change in intercept and slope which is such
that in the absence of an intercept change, the trend function is joined at the time of break,
ie.,

dy = py + Bit + Gy + By By (2)

where C; is a dummy variable for the level shift defined by

0, ft<Ty
1

Ct:
, ift>1T,



Note that 1, and [, capture the change in the intercept and slope coefficients. At the break
point 77, the slope changes by /3, and the level shifts by p,, which is negligible compared to
the level of the series p; + (3,77, hence the label “local disjoint segmented trend”.

e Models IIl.a and IIL.b: Global Disjoint broken trend with /(1) or /(0) errors.
The third specification is similar except that the trend function is not restricted to be joined
at the time of break (in the absence of a change in intercept). If one wants to model a
permanent shift in the level of the series such that the trend function is discontinuous at the

break date even asymptotically, we can specify the DGP as

dy = py + Bt + 1, Cy + 5bB§lj (3)
where
Btdj _ 0, ift<Ty
t, ift> Tl

We label this model as a “global disjoint segmented trend” since, in contrast to the pre-
vious “local disjoint segmented trend”, the implied (relative to the overall level of the
trend function) level shift at the break date converges to f8,/8; # 0 as T — oo, since
dr,+1 —dp, = By + 1 + B 11. Note that Model III is the one used by Bai, Lumsdaine and
Stock (1998) with shrinking shifts.

Hence, we have six different models labelled as follows: I.a) joint broken trend with 7 (1)
errors; I.b) joint broken trend with I (0) errors; Il.a) local disjoint broken trend with I (1)
errors; I1.b) local disjoint broken trend with I (0) errors; I1l.a) global disjoint broken trend
with I (1) errors; I11.b) global disjoint broken trend with 7 (0) errors. Note that, in empirical
applications, using Model II or III yields exactly the same results for the estimates of the
parameters 17, y, 5, and (3,. Nevertheless, the two specifications yield drastically different
asymptotic results, in particular pertaining to the rate of convergence and the asymptotic
distribution of the estimated break date. Limiting results obtained from Model II (local
disjoint trend) provide good approximations to the finite sample distributions when the shift
in level is small while those from Model IIT will do so when the shift in level is large. Hence,
both asymptotic frameworks are complementary.

All specifications discussed can be expressed in matrix notation as
Y = XTI”}/ +U

where Y’ = [y1,...,yr], U’ = [u1,...,ur], X7y = [2(T0)1, ..., z(T1)7], v = (11, By, iy, Bp) and
where, for Models I, z(T1); = [1,t, By], for Models 11, z(T3); = [1,t,Cy, By, and for Models
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IM1, (7)), = [1,t,C,, BY]. Note that the matrix X7, depends on the postulated value of the
break date T;. Since the parameters are assumed to be obtained using a global least-squares

criterion, we have the following estimate for the break date

T, = a,rgrr%inY’ (1-Pp)Y
1

= Xp, (X, Xp,) ™ Xf

the matrix X constructed using the least-squares estimate of the break

where Pp, is the projection matrix constructed using Xr,, i.e., Pp
Denoting by Xz

date T}, the least-squares estimate of the coefficients  is:
¥ = (X4 X7 ) 1X ’ Y

and the resulting Sum of Squared Residuals is, for an estimated break fraction A = T} /T,

SDILE YIEET)
=1 =1

where P is the projection matrix associated with X7 , i.e. Py

SSR(A =Y'(I - Py)Y

(X ! X )T 1X !

The true values of the unknown coefficients will be denoted with a O superscrlpt ie.
7 - (Ml?ﬁl? b?ﬁb) TZP? )‘0
true value T} for the break date, and Pro is the associated projection matrix, i.e. Pro =

XT{)(X,}PXT()) ¢ T9° So the true data generating process is assumed to be

1

T/T; Xro is the matrix of regressors constructed using the

Y = X0y + U.

Results pertaining to the limit distribution of Ty for each cases are reproduced below
from PZ. We assume throughout that 3; # 0 and \° € (0, 1).

—4 N(0,20%/(15(8,)%)):

2. In Model 1.b, T3*(\ — \) — N(0,40%/[\° (1 — \°) (82)?]);

d”f‘ on

Theorem 1 1. In Model Ia, VT(\ — \)

3. For Model II.a, define &, = fo r)dr, fo rW r)dr, f/\o —AO) (r)dr],

(
= 20 X0)/ (W) ]dW ().

(r)
&= 0,0, ()N, fAO dr £, = fo [(3r
545f;o[(r—n(3r—2A°—1)/(1—A0)] W (r),
¥ Ty ooy
N0 (,\0)2 20(1-2°) W
Loy o Sy ey




b.

4 12 2 12

()" () eSS ()’

12 36 12 36

Q. = ()\0)3 _(/\0)4 ()\0)3 (}\O):
2T 12 2201 12 3(A%)"=32041
(AO)Z ()\o>3 (A0)2<12—/\0)2 ()\0)3 3 (/\071)23
12 36 12 3(A°) =341 g5 4(A%)—6(\°) +4r0—1

L0 ) ) )t )] (0-1)" |
Also define Z (m) as follows: Z(0) = 0, Z(m) = Zy(m) form < 0 and Z (m) =
Zy (m) for m > 0, with

Zi(m) = (B)"Iml’ /3 +mPoBit, +mo® €, — EMg], m <0
Zo(m) = (83)" |ml® /3 + mPoBigs + mo® 26,8, — €10g,], m >0
Then, VT (A — \) —¢ arg min,, Z (m);

For Model ILb, define a stochastic process S (m) on the set of integers as follows:
S(0)=0,S(m)=.51(m) form <0 and S (m) = Sy (m) for m > 0, with

0

0

k=m-+1 k=m+1
Sa(m) = S (u)+Ak)" +23 (1) + k) up,  m=1,2,..
k=1 k=1

If {u} is strictly stationary with a continuous distribution, S* is a two-sided random
walk with drift, and T(\ — \) —® arg min,, S (m).

In models ITL.a and IILb, |\ — \°| = 0,(T~3).

For a detailed discussion of these results, see PZ. However, some important features need

to be stressed to understand some comparisons to be made later. First, for Models I.a and

Lb, the limiting distributions of the break date do no depend on the structure of the errors

and remain the same irrespective of the nature of the serial correlation. This is in stark con-

trast to results obtained in a stationary context in which case the limiting distribution of the

estimated break date, in this fixed shift case, not only depends on the properties of the resid-

uals but in particular on their exact distribution (see, e.g., Bai, 1997). With shrinking shifts,

the exact distribution of the errors is no longer present but the nature of the serial correla-

tion still affects the limit distribution. For Model I with an “unbounded-trend” asymptotic

framework, there is no need to resort to shrinking shifts asymptotic approximations. As
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expected, the rate of convergence is higher with 7(0) errors. The limit distributions depend
on the exact nature of the errors only for Model II with 7(0) errors. Most importantly,
comparing the results for Models I and II (with either I(1) or I(0) errors), the level shift
plays an important role in the limiting distribution of the estimated break date. Suppose
that the data generating process specifies no level shift, i.e. p) = 0. In Model I, no level
shift is allowed in the regression while in Model II it is allowed via the regressor C;. The
results show that introducing such an irrelevant regressor changes the rate of convergence of
the estimated break date and its asymptotic distribution, which shows strong bimodality as

shown in PZ.

3 Bounded-trend Asymptotic Results.

To describe the bounded trend asymptotic framework, we follow the treatment of Andrews
and McDermott (1995). Let 7 denote the actual size of the sample available. The idea is to
embed the series of interest (yi,...,yr+) in a triangular array of random variables such that
the shape of the trend function is mimicked in the limit but its magnitude remains bounded.
With the triangular array denoted {yr1, ..., yrr} with yr; = dr; + us, the number of rows is
T and it is this value that is increased to infinity when doing the asymptotic. The embedding
is achieved by specifying a trend functions of the form dr; = dyp+ /7 so that dr-, = d; for all

t <T. In our cases, this leads to trend function of the following forms. For Models I,
l * Bt *
dy = iy + 51?71 + 5b?T )
for Models II: . B
dy = py + 51?71* + mCt + ﬁb?tT*;
and for Models III: ,
o B .
de = pq + 51?T + G + BbTT :
The following Theorem, proved in the appendix states the limit distributions of the estimate
TI = Tj\
Theorem 2 1. For Model I.a,
A dargr/r\lgf ( fol W (r)dr fol rW (r)dr f/\lo (r=A) W (r)dr )

-1

)2 1
1 % (a 2)‘) fo W (r)dr
)2 1
X % % % fo W (r) dr
1-2)2  (1-2)2(\+2 1-2)3 1
( - )R )6( ) ( . ) f}\o (7“ )\0) W (T) dr



. For Model Lb, VT(A — \°) =4 N(0,402/[\° (1 = %) (T*59)7)).
. For Model II.a,

A - dargglggc(foll/[/(r)dr fOITW(T)dT f)\IOW(T)dT f;o (T—)\O)W(T)dr)

6

2
0

X (»)° A ()’ fol W (r)dr
o S R CU B (O ) Jy TV (r) dr
SO I (=0 foW
6 __12_ 12—2/\0 . 3(”)3 *3/\0+; f/\lo ( /\0)
(") ()7 0N (=) () (1-8)

. For Model I1.b, define a stochastic process S* (m) on the set of integers as follows:
S*(0) = 0,5 (m) = S5 (m) form <0 and S* (m) = S5 (m) for m > 0, with

0

k=m+1

S;(m):mug—l—22uk, m=1,2...

k=1
If {u} is strictly stationary with a continuous distribution, S* is a two-sided random
walk with drift, and T(A — \) —% arg min,, S* (m)

. For Model IIl.a, \ => arg max {3 (fol W (r) dr>2 /N 43 (fj W (r) dr>2 /- X”]} .

. For Model II1.b, define a stochastic process Z* (m) on the set of integers as follows:
Z*(0)=0,2*(m) = Z; (m) form <0 and Z* (m) = Zy (m) for m > 0, with

0
Zy (m) = |m| (uy + BpT*\°) — 2 Z ug, m=-—1,-2,...
k=m+1

Zy (m) =m (puy + ByT*\°) +2Zuk, m=1,2...
k=1

If {u,} is strictly stationary with a continuous distribution, Z* is a two-sided random

walk with drift, and T(A — \) —% arg min,, Z* (m).



Consider first the cases with I(1) errors (L.a, Il.a and IIl.a). In all cases, the estimate
of the break fraction is not consistent. Moreover, the limit distributions do not involve any
parameters of the model, in particular the magnitude of the change in slope. Also, these
limit distributions are the same that obtains assuming no change in the trend function.
This is fairly intuitive since the trend function is bounded while the noise component, being
I(1), is stochastically unbounded. Hence, the noise component dominates any signal in the
trend. As shown in PZ, the “unbounded-trend” asymptotic distribution provides a good
approximation to the finite sample distribution in the case of Model I.a. For Model Il.a,
it fails to deliver a limit distribution that involves the magnitude of the intercept shift,
which influences greatly the finite sample distribution. However, for this case, PZ provides
a stochastic expansion which provides a very accurate approximation.

Consider now the cases with 7(0) errors. First, in the case of Model Lb., for which no
intercept shift is present nor permitted, the results are the same as in the “unbounded-
trend" asymptotics. The reason for that is that the mapping from the asymptotic result to
the approximation of the finite sample distribution is done by setting 7% = T'. It is then
easy to see that the same approximation applies in both asymptotic frameworks. Things
are, however, very different when the intercept is allowed to change, as in Models II and III.

Consider the limit distribution for Model II.b. Of special relevance is the fact that the
limit distribution in the “bounded-trend” asymptotic is independent of the value of the slope
change 37, unlike for the “unbounded-trend” asymptotic distribution. More interestingly, the
two limit distributions would be the same if both the slope and level shifts are zero (though
strictly, the “unbounded-trend" limit distribution is valid only if the change in slope is non-
zero). This insensitivity of the limit distribution to the value of the change in slope implies
automatically a bad finite sample approximation unless the slope change is very small (since
the finite sample distribution is highly sensitive to changes in 3}).

The limit distribution in Model IILb does depend on the value of the slope shift 3;.
However, it is easy to see that it is the same as for Model IL.b, but with a level shift
pd + BYT*\° instead of uf). The reason for this is that we can write Model III in the form
of Model II with the corresponding change in the level shift. What transpires from these
results is that once allowance is made for a level shift, the importance of the slope shift is
masked and no longer has a first-order effect on the limit distribution. This contrasts sharply
with the “unbounded-trend” asymptotic framework, whereby both the slope and level shifts

influence the shape of the limit distribution.



The most intriguing feature of the “bounded-trend” asymptotic result is the following.
Consider, for simplicity, the case where the errors u; are i.i.d. and suppose the true process
involves a trend with a change in slope but with both segments joined at the time of break.
If one uses Model I, where no allowance is made for a concurrent level shift at the time of
break, the asymptotic approximation is 7%2(\ — \°) &~ N(0,402/[\° (1 — \°) (62)2]), the
same as for the “unbounded-trend” asymptotic framework. Consider now simply allowing
for the possibility of a level shift, i.e., using the regression pertaining to Model II. Then
the asymptotic approximation is T(A — \) & argmin,, 2IW* (m) with W* (m) a two-sided
random walk defined by W* (m) = —ZzzmH ug for m < 0 and by W*(m) = > 7" uy
for m > 0. Hence, introducing an irrelevant level shift regressor not only reduces the rate
of convergence (as in the “unbounded-trend” asymptotic framework) but also completely
eliminate the influence of the magnitude of the change in slope 3 (unlike what occurs in

the “unbounded-trend” asymptotic framework).

3.1 Bounded-trend with Shrinking Shifts Asymptotic Framework

We next consider the bounded-trend asymptotic framework with shrinking shifts specified

as follows:

e Assumption 3: Let 07 = (1, 5,) and 0o = (ug, 52) # 0, then d7 = dgvr, where vy is a

positive number such that vy — 0, and T2~y — oo for some a € (0,1/2).

In what follows, for reasons discussed above, we only consider the case with I(0) errors.
The limit distributions of the estimate of the break date 7} are stated in the following
Theorem, whose proof is omitted as the arguments closely parrallel those for the proof of

Theorem 1.
Theorem 3 Under Assumption 3, we have,
1. For Model Lb, v/Top(A — A°) =2 N (0,402 /[\° (1-21%) (T*ﬁg)Q]).

2. For Model ILb, define a stochastic process H (m) as follows: H (0) = 0, H (m) =
Hi (m) for m < 0 and H (m) = Hy (m) for m > 0, with

H,y (m) = |m| py = 2, Wi (=m) ,m <0

Hy (m) = mpy + 2, W5 (m) ,m > 0
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where W, i = 1,2, be two independent standard Wiener processes defined on [0, c0),
¥y =lm E(ky 2S00 w,)? and vy = lim E(T — ko) ™2 S50, we)? If {u,} is strictly
stationary with a continuous distribution, H is a two-sided random walk with drift,
and Tv2(\ — \) —? argmin,, H (m)

3. For Model II1.b, we have from Bai (1997),

5/T9 (Ao) g (No) 5TT
0H

(A — Xo) =% argmax J (s)
where
Wi (—s)—1|s| /2, if s<0

Vs /0 Wa (s) — |s] /2, if s >0
with 1, and v, defined as above. And, g (A\T™) = (1, )\OT*)’_

J(s) =

For Model I.a, the results do not change qualitatively, the limit distribution is the same,
only the rate of convergence is slower, as expected (the limit distribution was already in-
dependent of the finite sample distribution of the errors, so taking shrinking shifts is not
expected to change that back). In Models IT and III, using shriking shifts effectively implies
limit distributions that are no longer dependent on the finite sample distribution of the er-
rors. But now, the slope shift parameter 52 no longer influences even the limit distribution
for Model III. Since changes in this parameter have an important effect on the finite sample
distribution, it can be concluded that using a shrinking shift asymptotic framework is of no

help in this “bounded-trend” asymptotic framework.

4 Simulations

In this section, we use simulation to assess the adequacy of the approximations for the various
asymptotic distributions. Our results pertains to Model II.b, which involves 1(0) errors and
both fitted slope and intercept changes. Throughout, the number of replications is 5000 and
all graphs for the probability density functions are obtained from the empirical distributions

of the estimates using a kernel smoothing method as in PZ 1.

.... ~» the pdf at value z is estimated by f(:lc) =

(N - hy)~t Zi\;l K((x — X;)/hs) where K () is the kernel function and h, is the bandwidth. In our case,
N = 5000 and we use the standard normal distribution as the kernel function. Since the estimates of the
break date are discrete integers, the cross-validation method for choosing the optimal bandwidth does not
work well in this case. As a rule of thumb, we simply let h, = 0.36, where 6, is the estimated standard
deviation of a given sample of statistics {X;},_;

'That is, for a given set of statistics, say {X;},_,

N

77777
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Our first set of simulations is aimed to assess the extent to which the various approxi-
mations perform for a range of values for the slope and intercept changes. To that effect we
simulate data from Model II with i.i.d. N(0,0?) errors and the following combinations for

the parameters of interest:

1 = [-0.3,-0.1,0,0.1,0.3]
0 — [-0.1,-0.05,—0.03,0.03,0.05,0.1].

The other parameters are set as in PZ, i.e., y; = 1.72, 3, = 0.03 and 0® = 0.1. Since
the errors are i.i.d. Normal, the fixed and shrinking shifts asymptotic distributions are the
same. Hence, we make comparisons between the finite sample distribution, the “unbounded-
trend” asymptotic approximation (labelled PZ) from Model II.b, and the “bounded-trend”
asymptotic approximation (labelled BT), also from Model IL.b.

The results are presented in Figures 1 to 5. They confirm the limited simulations reported
in PZ to the effect that the “unbounded-trend” asymptotic distribution provides a very good
approximation. In particular, it captures well the bimodality of the distribution, which the
“bounded-trend” asymptotic distribution completely misses. The latter performs best when
the intercept shift is large, in which case the bimodal nature of the finite sample distribution
is the weakest, though the “unbounded-trend” limit distribution still performs better. When
the level is small, the “bounded-trend” limit distribution completely misses most aspects of

the finite sample distribution.

4.1 Simulations calibrated to empirical time series

While the previous simulation exercise is useful to assess the general properties of the approx-
imations, it remains to show how the approximations fare in the context of data generating
processes that are most likely to occur in practical applications. To that effect, we now
consider a simulation design calibrated to historical (log) real per capita GDP series for a
variety of countries. These are a subset of the series analyzed in PZ and they cover the period
from 1870 to 1986 for 7 different countries for which the noise function was found to be 7(0)
in Perron (1992): Australia, Canada, Denmark, France, Germany, the United Kingdom and
the United States 2. The comparison is made among 3 asymptotic approximations, namely,
the “unbounded-trend”, the “bounded-trend with fixed shifts” and the “bounded-trend with

2This data set is the same as used by Kormendi and Meguire (1990) and Perron (1992) and was obtained
through the Journal of Money, Credit and Banking editorial office. All series are real GDP except for the
United States for which real GNP is used. For the United States, the series is real GNP from the National
Income and Products Accounts for the period 1929-1986, spliced to Romer’s (1989) estimates for the period
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shrinking shifts”. Table I presents the relevant parameter estimates used to calibrate the

simulations obtained by estimating the following model:

vy = di+w
dt = U+ 61t + ,uth + BbBt

p
up = E PjUt—j + ¢
=1

The noise component is modelled as an AR(p) using BIC to select the order. From these
estimates, we construct an estimate of the long-run variance (or spectral density function
at frequency zero) of the errors using Andrews’ (1991) data dependent method with AR(1)
approximation. The errors are generated as i.i.d. N(0,1). The number of replications is
2000.

The results are presented in Figures 6-7. Although, there is a wide variety in the shapes of
the finite sample distributions, overall the “unbounded-trend” asymptotic framework clearly
performs best in providing a good approximation. For Australia, Canada, Denmark, France
and Germany, it is indeed, very accurate. For Canada and Denmark, the “bounded-trend
with shrinking-shift” approximation is also good; and for Germany, the “bounded-trend
with fixed shift” is better than the “unbounted-trend” approximation in the center of the
distribution while the reverse ranking holds in the tails, especially the right tail. For the
United States, none of the approximations work very well due to the wide spread of the finite
sample distribution caused by the fact that the shift in slope in very small, if at all present.
For the United Kingdom, the model calibration is such that the break is identified with
high precision in the sense that the finite sample distribution and all approximations are
nearly degenerate at 0 (in fact only up to 3 values out of the 2000 replications are nonzero).
Therefore, the kernel smoothed densities are not a good indication of the true nature of the

distribution since it is greatly influenced by a few outlying values.

5 Conclusions

We have considered the adequacy of the various asymptotic approximations pertaining to

the estimate of the break date in a simple linear trend model with a single change in slope

1870-1928. For the United Kingdom, the series is real GDP from Feinstein (1972) for the period 1870-1947
spliced to the International Financial Statistics (IFS) series of the IMF for the period 1948-1986. For the
remaining countries, the series are indices of annual real GDP from Madison (1982) spliced to the postwar
IFS data. The population series used are from the same sources. A logarithmic transformation is applied.
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with a possible concurrent change in level. Our focus has been on comparing the limit dis-
tributions provided by the so-called “bounded-trend” and “unbounded-trend” frameworks.
As expected, when the noise function u; is (1), the “bounded-trend” asymptotic framework
is of little use. Of more interest are the results pertaining to the case with a stationary noise
function. If the intercept p does not change concurrently with the slope § and the fitted
intercept is not allowed to change, then all frameworks are basically equivalent. However,
if the fitted intercept is allowed to change, whether or not x changes, the “bounded-trend"
asymptotic framework completely misses important features of the finite sample distribution
of the estimate of the break date, especially the pronounced bimodality that was uncovered
by PZ and shown to be well captured using the alternative “unbounded-trend” asymptotic
framework. Simulation experiments confirm our theoretical findings, which expose the draw-
backs of using the “bounded-trend” asymptotic framework in the context of structural change

models.
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Appendix
From the properties of projections, we have for all 7', S'S R(S\) < SSR(A\"), which implies

the following inequality as shown in PZ,

’YO/<XT9 - Xzﬁl)/(f - Pfl)(XT{) - Xﬂ)’Yo + 2’70/(XT10 - XTI)/U - Pzﬁl)U + U/(PT{) - Pﬂ)U <0
(A.1)
Note also that
arg II%iIl [SSR(T)] = arg n%in [SSR(Ty) — SSR(TY)]
1 1
= argmin [70'(XT10 —Xp)' (I = Pr) (Xgo = X )0 + 20Y (Xgp — Xpy) (I — Ppy)) U
1
+U'(Pro — PTI)U]
This will be employed to derive the asymptotic distribution of the least-squares estimate of
the break fraction, A = 7} /T. Note that throughout we use the label O(T*) and O,(T*) in

its strict sense, i.e. meaning that the variables are not o(7*) and 0, (7). We shall repeatedly

use the following notation:

(XX) = 70/(XT10 — Xn, )/ (I - ‘PTI) (*XTlO - XTl)’YO
(XU) = "(Xpp = Xn) (I = Pr))U
(UU) = U'(Ppo— Pr)U

Proof of Theorem 1. We start by analyzing consistency and then the rate of convergence
when the estimate is consistent. The results can be obtained from the following Lemma,

which is similar to Lemma 1 in PZ.
Lemma A.1 1. For Model I.a,

(XX) = |1 =T 0, (T7Y) ,(XU) = [Ty = T?| O, (T?) ,(UU) = |T} — T?| O, (T)
2. For Model Lb,
(XX) = |1 =10, (T7Y) ,(XU) = |y = T?| O, (TY/?) ,(UU) = |T, = T?| O, (TY)
3. For Model II.a,
(XX) =Ty - T 0, (1) ,(XU) =Ty = 17| O, (T"?) ,(UU) = |Ty — TY| O, (T)
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4. For Model I,

1/2 1/2

(XX)= | -T2 0, (1), (XU) = |y - T7| " 0, (1), (UU) = | Ty = T?| " O, (T7?)

5. For Model IIl.a,
(XX) = [T, = T2 0, (1), (XU) = [Ty = T¢| 0, (T) ,(UU) = [Ts — 2| 0, (T)

6. For Model 111D,

1/2 1/2

(XX)= | —T?]0,(1),(XU) =Ty = T7| " 0, (1), (UU) = |Ty = T~ O, (T7/?)

The proof is similar to that of Lemma 1 in PZ and, hence, omitted. Using Lemma 1, it is

relatively easy to establish the following results about consistency and rates of convergence.

Lemma A.2 For Models, La, IL.a and ITLa (with I(1) errors), A — \° = O,(1) and the
estimate of the break fraction is not consistent for the true break fraction. For Models 1.,
ILb. and IILb (with I(0) errors), A —, A°.

Lemma A.3 In the case of 1(0) errors, for Model 1.b, A=\ = O,(T~Y/2), and for Models
ILb and ITLD, A — \° = O,(T)

We are now in a position to derive the limit distributions. We start with the case where

the errors are I(1).

Proof for Models I.a, II.a and IIl.a: In all cases, as can be verified from Lemma A.1,
the term (UU) dominates the other two. Since this term does not involve any parameter
and, in particular, the magnitude of the changes, this immediately implies that the limit

distribution is that corresponding to the no break case. We have for all three cases:

. . U'(Ppo — Pr)U U'PrnU

A = arg Jnin 1T2 +0,(1) = arg Anerl%ﬁ:] —72 T 0p(1)
= arg max U'Xn, (X/TlXTl)_l X/TIU
- A8 A€[0,1] T2

For Model I.a, we have
T-1/2 Zthl Uy fol W (r)dr
TVRXLU = (T*)T-32) Lty = T+ [LrW (r) dr (A.2)
(T )T S (=T w, T* [0 (r = X°) W (r)dr
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and

1 s (1=2)2
1 §T TT

T7'Xp Xg, — | LT L2 L2002 ()2 (A.3)

(1—2)\)2T* (1—A)Z(/\+2) (T*)2 (1—3@3 (T*)2

Hence,

~

A = argmax(f W (r) dr T*fOITW(T)dT T*f;o (T—)\O)W(T)dr)

-1

x —N)? 1
1 ir L= Jy W (r)dr
<| 17 L2 G204 (72 T [ rW (r) dr
-\)? * _ * -\)? * -
QAps (N Q42 (742 QA (72 T* [0 (r = A°) W (r)dr

which reduces to the expression in Theorem 1. The limit distribution stated for Models II.a
and IIl.a can be obtained analogously. We now consider the limit distributions for the cases
with 1(0) errors.

Proof for Model I.b: Given the rate of convergence stated in Lemma A.3, we can
restrict the search to the set of break dates that satisfy |73 — 7P| = O,(v/T). Then,
the terms (XX) and (XU) are both O, (1), and (UU) = o,(1). Hence, we have A =
argmax) [(XX) +2(XU) + 0,(1)]. Without loss of generality, we set yu; = 5, = 0, since
the estimates are invariant to these values and, hence, v = (0,0,3}). Defining my =
Ty — TP| //T, we have,

T_1/2X/T1 (XT{J - XTl)VO

% _70
o (S e+ (@ - (1 - 1))
0 A\ 2 [T fo

= G| = (F) ( DY+ + (T - TY) ZtT:TIHt)
& (50 - T T
X))’

(T*) (1 )\0) (T*) ]mT+0p(1)

- A -2 ! (

2

Hence, using (A.3),

70/<XT10 - XTI)/XTI (X’il“lXTl) - X’il“l (XTlo - XTI)PYO
— T*l/%o'(XTlo — Xp,)' X7, (T*IX’TI XTl)_l T*1/2X’T1 (X0 — X7,)y°
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(- | i apr
_ (52)2 1,(;0)2 (T*)Q %T* %(T*)Z (1—/\)Z(>\+2) (T*)2
(1_5\0) (T*)2 (1;A)2T* (14)2(“2) (T*)Q (1?)3 (T*>2
(1=X) T~
x| 200 (72 |+ 0,(1)
1-20)?
U0 (2
1-X) (4-)\°
= gy |20 e 01
Furthermore,
V(Xgo — X1y)' (Xgp — X )7 = (89)° (T*)* (1 = A%) m7 + 0, (1)
and
(XX) = (B9)* (T%)* (1 = X°) Xm /4 + 0, (1),
Next,
i 70 T 70 1
Py = XU =BT | Y s Y St | = BT [ v
=T +1 t=Ti+1 .
using (A.2). Then,
(XU)
1 (1) 3(0-) b
* L1020  3(1=X° 3(2X0—1 .
= Bimgpo |T /}\0 dw (r) — [ —TLA 0 (1) } T fol rdW (r) +0,(1)
T* [0 (r = X°) dW (r)
= ﬁngO—T*C + 0p(1)

where ( is defined in PZ, eq. A-8. Collecting results, we have

22(1_)\0))\0

(T°65) ——

*
mp = arg max
mp

ma + BempaT*C + op(l)]

and the result follows.



Proof for Model ILb: In this case, from Lemma A.3, T(A — \) = O, (1) and we can
restrict the analysis to break dates in a set such that |73 — 77| = O,(1). Following PZ, we
define the following quantities. For T > T}

& {— T &l t—10 1’
(-1 = 3 [+ Br] n@-m - 3 [ sl
t=T1+1 t=T1+1
and, for Ty > T7,
< ot =17 Tl -7
w1 = 3 e ] o= 3 e
t=TP+1 t=T0+1

Let n=T, — T, and k =t — T?, then

0

k k12
Forn < 0,g1(n)= 3 [ugwgﬂ*}, = 3 {Mg+ 5;3#*}
k=n+1

k ko)
oo > 0= 3 5] = sl
k=1 k=1
Now consider driving 7' to infinity while keeping 7™ fixed,
Forn < 0, g (n)=—nuj+o,(1), hy(n)=—n(uy)*+o0,(1)
Forn > 0, gy (n) =nup +o,(1), ha(n)=n(ug)®+o,(1)
since n =Ty — TY = O, (1). Now, for Ty > T7,

’YO/ (XTlo - XT1)/ (I - PTI) (XT{) - XTl)'yO

T 0 2
t—1T;
= lu%ﬁ? TIT*]
t=TP+1
T /

1 l 0 ot = T7 *] (X Xn —T7
- > |+ B e (), | — E M+

\/Tt:Tlo+1 r r \/71‘/ =TP+1 T

where z (T1), = (1, (t/T)T*,0,0) for 7Y +1 < t < T;. Note that Zt TOH[,ug +62t7TTPT*]2 =
hy and

Ty
0
T 3> [ugw | ) (A.4)
1 1 & t—T0
= ﬁgz(l o7 0 o)+ﬁ > [u2+52 TIT*](O e g 0)

t=TP+1
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< {i 921 + == 2] 2 ‘TIOT*} (1 47 0 0)=0, (a7
VT VT r T g
since (17 — T7)/T — 0. Also, (T X7, X1,)™" = O, (1), hence v*'(Xs0 — X1, ) Pr, (X0 —
X1)7° = 0, (|go|*T~') = 0, (1). Therefore, we have (XX) = hy + 0, (1) for Ty > T?, and
(XX) = hy+o0,(1) for TY > Ty. For the term (XU), we first have, for Ty > T7,

’YO,<XT10 - XTl), (I - PT1> U

T

t—TD .
- > e
t=TP+1
1 o [ ot—T° C 1| X Xe T
- == + T*| z (T, 1 > XU
7.2 e i) (FR) e
-1
Ty 0
t—T0, .
= > | ko,
t=TV+1

where the last equality follows from (A.4). Hence,

oy ) ue + 0, (1) i Ty > 17

(XU) = 0 if Ty = T9
0
— el w0, (1) T < T
and the result follows combining the limits of (XX) and (XU), since the term (UU) is

dominated.

Proof for Model IIL.b: The result follows from Bai (1997) with simple modifications.



Table I: Parameter Estimates; Model II.b, Real per Capita GDP Series

AUS CAN DEN FRA GER UK Us
iy 1.0328  0.3469 2.1548 21110 0.9342 -2.2746 0.7019
B,y 0.0021 0.0163 0.0162 0.0107 0.0138 0.0101 0.0155
i, -0.1385 -0.2844 -0.2145 -0.4596 -0.2797 -0.2498 0.1800
B, 0.0199 0.0133 0.0142 0.0307 0.0300 0.0082 0.0001

{bz 0.0189 0.0504 0.0105 0.0269 0.0629 0.0073 0.0399
®3) ®3) (1) 2) () (2) (2)

7y 1929 1930 1939 1943 1945 1919 1940

~2
Note: 9 is the estimate of the spectral density function of u; at frequency zero and the

number in parenthesis is the lag order of the autoregression selected by the BIC.
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