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Abstract

We consider the CUSUM of squares test in a linear regression model with general
mixing assumptions on the regressors and the errors. We derive its limit distribution
and show how it depends on the nature of the error process. We suggest a corrected
version that has a limit distribution free of nuisance parameters. We also discuss how
it provides an improvement over the standard approach to testing for a change in the
variance in a univariate times series. Simulation evidence is presented to support this.
We illustrate the usefulness of our method by analyzing changes in the variance of stock
returns and a variety of macroeconomic time series, as well as by testing for change in
the variance of the residuals in a typical four-variable VAR model. Our results show
the widespread prevalence of changes in the variance of such series and the fact that
the variability of shocks affecting the U.S. economy has decreased.
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1 Introduction

Two statistics which have played an important role in theory and applications related to
structural change are the CUSUM and CUSUM of squares (CUSQ) tests proposed by Brown,
Durbin and Evans (1975) . Consider a linear regression with k regressors x} = (x4, ..., Trt),

Y = T+ uy @
Brown, Durbin and Evans (1975) originally proposed to base the tests on recursive residuals

vy defined by
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where X;_; contains the observations on the regressors up to time ¢t — 1 and Bt_l is the OLS
estimate of 5 using data up to time t — 1. The CUSUM test is defined by
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where % is a consistent estimate of the variance of u, (usually the sum of squared OLS

residuals although, to increase power, one can use the sum of squared demeaned recursive
residuals, as suggested by Harvey, 1975). The limit distribution of the CUSUM test can be
expressed in terms of the maximum of a weighted Wiener process, i.e.,

W (r)

14 2r

CUSUM = sup

0<r<1

©)

where W (r) is a unit Wiener process defined on (0, 1), see Sen (1982). Also, it was shown
by Kramer, Ploberger and Alt (1988) that the limit distribution remains valid even if lagged
dependent variables are present as regressors. Furthermore, Ploberger and Kramer (1992)
showed that using OLS residuals instead of recursive residuals yields a valid test, though the
limit distribution under the null hypothesis is different (expressed in terms of a Brownian
bridge, W (r)—rW (1), instead of a Wiener process); see also Kramer, Ploberger and Schltiter
(1991). Their simulations showed the OLS-based CUSUM test to have higher power except
for shifts that occur early in the sample, the standard CUSUM tests having small power for
late shifts.

1The literature on testing for structural change is extensive and the reader is referred to Perron (2005)
for a comprehensive review.




An alternative, also suggested by Brown, Durbin and Evans (1975), is the CUSUM of
squares test (CUSQ). It takes the form:

_ wm Tk
cusQ= s, |8 - =] @
where .
t=k+1 t=k+1

The limit distribution of CUSQ is derived by Ploberger and Kramer (1986). They show that
it depends on the distribution of the errors, though a studentized version has the same limit
distribution as in the Normal case. McCabe and Harrison (1980) suggested the use of CUSQ
using least-squares instead of recursive residuals.

Ploberger and Kramer (1990) considered the local power functions of the CUSUM and
CUSQ tests. The former has non-trivial local asymptotic power unless the mean regressor is
orthogonal to all structural changes. On the other hand, the latter has only trivial local power
(i.e., power equal to size) for local changes that specify a one-time change in the coefficients
(see also Deshayes and Picard, 1986). Deng and Perron (2005) consider the power properties
of the CUSUM and CUSQ tests in a non-local framework and show that none dominates the
other and that the CUSQ can have power advantages in some cases. Ploberger (1989) also
shows that the CUSQ has non-trivial local power against heteroskedasticity.

Of interest is the case where the errors w; in (1) are allowed to be serially correlated. In
the case of the CUSUM test, one simply replaces 5% by a consistent estimate of (27 times) the
spectral density function at frequency zero of u; and the limit distribution (3) remains valid
(see Tang and MacNeill, 1993). No such generalization is, however, available for the CUSUM
of squares tests and the aim of this paper is to provide the relevant results. \We derive the
limit distribution of the CUSQ test under very general assumptions on the regressors and
the errors. We also show that the same result applies whether one uses recursive or OLS
residuals. A simple transformation is suggested which has the same limit distribution as in
the case where the errors are i.i.d. Normal.

The plan of the paper is as follows. Section 2 introduces the assumptions imposed on
the data and the errors and presents preliminary results. Section 3 is the main theoretical
part pertaining to the limit distribution of the CUSQ test and a modification that is as-
ymptotically free of nuisance parameters. Section 4 discusses the special case of a change
in the unconditional variance of a time series in relation to the prior literature. We present
simulation evidence about the properties of our tests. These show that the size is adequate
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even in the presence of substantial conditional heteroskedasticity and that, when the level of
the series is serially correlated, higher power can be achieved using residuals from a simple
autoregression applied to the level of the series rather than using the raw or demeaned data
as is usually done in practice. Section 5 presents applications to changes in the variance of
stock returns and a variety of macroeconomic time series, as well as by testing for change
in the variance of the residuals in a typical four-variable VAR model. Our results show the
widespread prevalence of changes in the variance of such series and the fact that the vari-
ability of shocks affecting the U.S. economy have decreased. Section 6 offers brief concluding
remarks and an appendix some technical derivations.

2 The assumptions and some preliminary results

We consider data generated by (1) with the regressors x; and the errors u; satisfying the
following conditions used by Qu and Perron (2005):

e Assumption Al: limp ., 7! Z,EZ] zyxy = limp oo T 1 Zgzl] E(zx}) = R(z) with R(z) a
nonrandom positive definite matrix.

e Assumption A2: Define the L,-norm of a random matrix X as || X||, = (32, >, F | XY
for r > 1 and F; = o-field {xy,x41, ..., us, up_1, ... }. If 2, is weakly stationary, then (a)
{zyuy, F;} forms a strongly mixing («-mixing) sequence with size —4r/ (r — 2) for some r > 2,
(b) E (zur) = 0 and ||zyuely, . ; < M < oo for some & > 0, (c) Let S,(¢) = ;% | wyuy, for
each e € R™ of length 1, var ({e, S,(0))) > v (k) for some function v (k) — oo as ¢ — oo
(with (-), the usual inner product). If z,u, is not weakly stationary, we assume that (a)-(c)
holds, and in addition, that there exists a positive definite matrix Q = [w; ;] such that for
any i,s = 1,..,k, we have, uniformly in ¢, |¢7E ((S, (0)), (S, (0)),) — wis| < Caqg™, for
some Cs, 1) > 0.

e Assumption A3: Assumption A2 holds with x;u; replaced by u; or u? — o2, where 02 =
limy o0 Zthl E(uf).

Assumption 1 basically rules out unit root regressors; trending regressors of the form of
(t/T, ..., (t/T)") are permitted (other types of trends can be allowed, though at the expense of
some technical complications). Assumptions A2 and A3 determine the dependence structure
of the processes x;u; and u;. In particular, they imply that z,u; and «? are short memory
processes having bounded forth moments. The conditions are mild in the sense that they
allow for substantial conditional heteroskedasticity and autocorrelation. Examples of models
generated under A2 and A3 are, among others, finite order stationary Autoregressive Model



with bounded forth moment, and models with only exogenous regressors and stationary
short memory errors, such as stationary ARM A(p,q) processes. Note that models with
lagged dependent variables are permitted provided the errors are martingale differences.

Under these conditions, we have the following results, which will be used in deriving the
limit distribution of CUSQ.

Lemma 1 a) Under A1-A2, sup,,c,cp T '/? HZf:l Ty O,(1); b) Under A3, let &, =
u?/o® — 1 and define Sp = 3.1, &, then, (a) op = var(T~'/2Sy) converge, with the limit
denoted by @; (b) T2 ¢, = QV2W (1) where W (r) is a Wiener process, "/2 is such
that ©'2p12 = . and = denotes weak convergence under the Skorohod topology.

Parts (b) and (c) are proved in Qu and Perron (2005) and the proof of part () is presented
in the appendix.

Remark 1 Note that A1 implies that

| -

sup Zx T = 0,(1) )

rel0,1]

Let 3 i be the OLS estimate of 3 using the first [I't| observations, then

1
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follows immediately from A1 and Lemma 1(a). In particular, with the full sample estimate

denoted by B3, we have VT( — 3) = O,(1).
3 The main result

We are now in a position to present the main result of this paper. We write the CUSQ
statistic as

_ Tr] ~ i
SuprE[O,l] ’T Y2 |:Z£ 2 [T ] Zs 1 s]
- ! Zs 1 s

CUSQ =




where 4, denotes either the OLS or recursive residuals. It is straightforward to show that

T
TN =T ul 4 0,(1) = 0% + 0,(1). ™

We now state a Lemma, which in conjunction with (7) implies that using OLS or recursive
residuals in the construction of CUSQ leads to a test with the same limit distribution as if
the true residuals were used.

Lemma 2 Under A1-A3, we have

[Tr] (Tr]

sup —= Z up — Z

rel0,1]

where 1; denotes either the OLS or recursive residuals.

The proof of this Lemma is presented in the appendix. A similar result was proved in
Ploberger and Kramer (1990) under more restrictive conditions when recursive residuals are
used. Hence, using Lemma 2 and (7), we have

1 [Tr] T T
CUSQ = — sup |T7Y? U — —— u? | |+ 0,(1
0% refo,1 Z T Z:: )
ad 7] &
= sup [T | [ /0?) — 1]~ S0 S f0?) 1| |+ 0,(1)
ref0,1] —1 —1
/2
= 5 sup |BB(r)|
0% relo,1]

in view of Lemma 1, where BB(r) = W(r) — rW(1) is a Brownian Bridge process and
p=limp o T B, (uf — o))

Remark 2 If u; is a martingale difference sequence, (¢/o*) = E(u?/o? —1)? = u,/o* —
1, where p, = E(u}) and we recover the result of Ploberger and Krimer (1986), which
shows that the limit distribution of CUSQ) depends on the distribution of the errors. If the
latter are Normally distributed, we obtain ¢ = 2. Since tabulated values available in the

literature pertain to the case with Normally distributed errors, these refer to the distribution

of V2 SUP,¢(o,1] |BB(r)|.



Itis easy to construct a statistic which has a limit distribution that is invariant to nuisance
parameters. Consider

(T-1) T
p=T" Z w(j, m) Z U )
j==(T-1) t=[j+1

where 7, = @2 — &2, with 6> = T-' Y/, 42 and where @? denotes either the OLS or recursive
residuals. Here w(j,m) is a weight function and m some bandwidth which can be selected
using one of the many alternative ways that have been proposed, see, e.g., Andrews (1991).
The estimate ¢ will be consistent under some conditions on the choice of w(j, m) and the
rate of increase of m as a function of 7. A statistic that will be invariant to non-Normal
errors and potential serial correlation is given by

. SUWPrefo] T2 [2[521] uz — [T_TT] ZST:1 ﬁ?}
CUSQ* = e 9)

This transformation is easy to construct and is valid under very mild assumptions. Hence,
it should be useful for practical applications. It’s limit distribution is sup,¢( ;) |BB(r)|, and
the critical values at the 1%, 5% and 10% size are 1.63, 1.36 and 1.22, respectively.

4 Testing for a change in the unconditional variance of a time series

The CUSUM of squares test was advocated as a test for a change in the unconditional
variance of a time series by Inclan and Tiao (1994) 2. Their result applies to the case of a
zero mean uncorrelated sequence of Normally distributed data and, accordingly, the original
form of the CUSQ given by (4) is proposed. They suggest that the test could be extended
to residuals from an autoregressive process, thereby allowing for correlated data, but do not
provide results to that effect. Earlier, Pagan and Schwert (1990) had indicated how the
CUSQ test could be used under mixing conditions when applied to demeaned data, and
Phillips and Loretan (1994) considered the case where the test is constructed using residuals
from a finite order autoregression estimated by OLS. Lee and Park (2001) considered a test
similar to the CUSQ* and derived its limit distribution for the case where the statistic is
constructed from a data series assumed to follow a zero mean linear process (a similar result
in a more general setup is presented in Lee et al., 2003). Koksozka and Leipus (2000) dealt
with a zero mean series with ARCH errors and used the CUSUM as a test for change in

2Note, however, that a similar suggestion allowing a more general framework had been made earlier by
Pagan and Schwert (1990) and that Ploberger (1989) had already shown that the CUSUM of Squares test
has non-trivial local power against heteroskedasticity.
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the parameters of the ARCH specification. Lee et al. (2004) considered a linear regression
model estimated by OLS with errors that are conditionally heteroskedastic (via an ARCH
process). They allow for non-Normality and consider a test similar to the CUSQ* but
with a parametric correction for ARCH errors instead of our more general non-parametric
correction. Sanso et al. (2004) proposed a test similar to the CUSQ* with the same non-
parametric correction but derive its limit distribution when it is constructed from zero mean
data that are allowed to satisfy some mixing conditions.

Hence, with respect to testing for change in variance, our analysis provides a non-trivial
extension of this strand of literature given that a) it can be applied to data or to residuals
from a regressions (recursive or OLS); and b) our assumptions on the regressors and the
errors are more general.

4.1 Finite sample properties

In this section, we present evidence to show that even when testing for changes in the vari-
ance of a time series, a regression based approach (constructing the CUSQ with either OLS
or recursive residuals) is preferable compared to constructing the test with raw or demeaned
data. Our simulation design is tailored to the problem of structural changes in the uncondi-
tional volatility of stock returns, and more generally of changes in the unconditional volatility
in a serially correlated process with errors that exhibit conditional heteroskedasticity, as is
commonly believed for stock returns. It has already been shown that the correction for
non-Normality is generally adequate when the test is applied to raw data (see, e.g., Sanso et
al., 2004). Hence, our focus will be on the effect of using our modification in the presence of
serial correlation and conditional heteroskedasticity, and we shall use a design with Normally
distributed data.

We consider a dynamic model with errors that follow an Autoregressive Conditionally
Heteroskedastic process of order 1, ARCH(1), given by

Y = c+oyite (10)
Er = Ut\/h_t (11)

hy = 6+ AL(t>05T)+~e |

where u; is i.i.d N(0,1). In all experiments, the simulations are done with 1000 replications
and the sample size is set to 7" = 500. The other parameters are set to 6 = 0.1, v =
(0.1,0.2,0.3,0.4,0.5) and A = (0,0.01,0.03,0.05,0.1,0.15,0.2,0.3), with A = 0 specifying a
process under the null hypothesis of no change in the unconditional variance. Note that the
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maximal value of v is set to 0.5 to ensure the existence of the fourth moment of the errors.
The values for the autoregressive parameter are o = (0.2,0.5,0.7,0.9). All tests considered
are invariant to the value of ¢. We consider the size and power of three statistics, namely
the CUSQ* test based on a) demeaned data, which corresponds to using OLS residuals in
a static regression with no lagged dependent variable (column “dem”), b) OLS residuals
from the dynamic regression (10) (column “ols™), c) recursive residuals from the dynamic
regression (10) (column “rec’”). Note that all versions have the same limit distribution under
the null hypothesis of no change (A = 0) and are consistent. In the simulations and the
empirical applications to be reported in the next section, the estimate ¢ defined by (8) is
constructed using a Bartlett kernel and the bandwidth is select using Andrews’s (1991) data
dependent method with an AR(1) approximation.

The results are presented in Table 1. They show the method using OLS or recursive
residuals from the dynamic regression to outperform that based on demeaned data (stable
size and higher power). When the serial correlation parameter « is small, the differences
across the 3 methods are small, though those based on the errors from the dynamic regression
have exact size closer to nominal size as the parameter governing the importance of the
conditional heteroskedasticity ~ increases. When the serial correlation in the level of the
series increases the differences in size and power become important. The method based on
demeaned data has an exact size below nominal size and the power is substantially very
low, indeed basically zero when the autoregressive parameter is large. The methods based
on the residuals from the dynamic regression have good size properties (though somewhat
conservative when + is large) . The versions using OLS and recursive residuals have very
similar size and power properties. This latter fact is not surprising in the context of testing for
change in the unconditional variance of the data. If the parameters of the conditional mean
are stable, either types of residuals are unaffected by the structural change in variance. This
contrasts with the problem of testing for change in the parameters governing the conditional
mean. Here, a structural change affects the OLS and recursive residuals differently and leads
to test with different properties. Hence, the recommendation when testing for changes in
the variance of a time series is to model the serial correlation in the level of the series in a
parametric fashion and construct the test using either the OLS or recursive residuals.

3In unreported simulations, the exact size of the test is still close to the nominal level with smaller sample
sizes. If anything, the test is slightly conservative.



5 Applications

In this section, we consider a variety of applications related to issues that are of importance
in applied financial economics and macroeconomics. These will show the usefulness of our
method, not only in detecting changes in the variance of a time series but also in the residuals
of regression models such as those occurring in a vector autoregressive system.

5.1 Changes in the volatility of stock returns

Our first application is to the variability of stock returns. We use daily data from the SP500
index from January 5, 1926 to January 14, 2004 . A graph of the data is presented in Figure
1. As extensively documented, stock returns exhibit conditional heteroskedasticity and the
distribution is non-Normal. Hence the proper form of the test is the CUSQ* defined by (9)
which corrects for both features. With daily data, the returns are also serially correlated
with a point estimate from a first-order autoregression at 0.21. In this case, we can then
base the test using demeaned data or the residuals from the first-order autoregression. The
value of the statistic for the former case is 4.70. When using recursive and OLS residuals,
the value of the test 4.57 and 4.70, respectively. Hence, all versions lead to a strong rejection
of the null hypothesis of constant unconditional variance.

5.2 Changes in the volatility of macroeconomic time series

Stock and Watson (2002) present an exhaustive analysis documenting facts about potential
changes in the volatility of macroeconomic time series °. Of interest here is the fact that many
such series seem to have experienced a decline in volatility in the mid 80s. The procedure
used by Stock and Watson is to estimate an autoregression of order 4 and perform a standard
test for a change in mean occurring at an unknown time applied to the absolute value of
the least-squares residuals, which is a rather ad hoc method. We reconsider the analysis
presented in their Table 2 pertaining to 22 common macroeconomic variables. These are
quarterly series covering the period 1960-2001, whose list is contained in Table 2, along with
the relevant transformation to eliminate trend and/or unit root 6. Graphs of the series are

4The data were kindly provided by William Schwert. The source for the period January 4, 1928 through
July 2, 1962 is Schwert (1990). From July 3, 1962 it is from the CRSP daily returns file. We use log returns,
ry = In(P;) — In(P;_1), with P, the SP500 stock price index.

5See also, among others, Kim and Nelson (1999), McConnell and Perez-Quiros (2000), and Sensier and
van Dijk (2004).

6The data source is the DRI-McGraw Hill Basic Economics database. The series were kindly posted by
Mark Watson on his web page. The same applies to the data used to produce Table 3 below.



presented in Figures 2 and 3. With the variables transformed to achieve stationarity the
basic regression is a simple AR(4), which for some series is allowed to have a change in the
parameters at a single break date ’.

The results presented in Table 2 show some interesting features. First, the CUSQ*
test based on demeaned data, instead of residuals for the autoregression leads to no rejec-
tion. This is to be expected from the simulation results reported above given that the most
macroeconomic time series exhibit strong serial correlation in level. The CUSQ* test using
OLS or recursive residuals are, in general, in agreement, with the rejections being slightly
stronger when using OLS residuals. Our results are generally in agreement with those of
Stock and Watson with the following exceptions: consumption-nondurables, consumption-
services, government spending, production-services, and price inflation, for which our test
shows a rejection; and the 90-day T-bill rate, for which our test fails to reject the null of
stable variance. Hence, our results show even more evidence of instability in variance than
reported in Stock and Watson (2002), most likely due to the higher power of our procedure.

5.3 Changes in the variance of shocks to a VAR

Our last empirical analysis illustrates the usefulness of our method in a full regression frame-
work where the goal is to assess whether the unconditional variance of the errors shows
structural changes. We again follow the analysis of Stock and Watson (2002) and consider
the VAR system analyzed in their Section 4 (especially Table 5). The system consists of four
variables: the Federal funds rate, the change in inflation (based on the GDP Deflator), the
GDP growth rate and the growth rate of real commodity prices. Each of the four equations of
the VAR system contains a constant and four lags of the variables. The system is estimated
equation by equation and OLS and recursive residuals are constructed to perform the tests.

The results are presented in Table 3. The version based on OLS residuals leads to stronger
rejections than that based on recursive residuals. The residuals from 2 of the 4 equations
show evidence of change in the unconditional variance, these being the equations for the
change in inflation and the GDP growth. The graph of the OLS residuals are presented
in Figure 4 and visual inspection of these plots agrees with the outcome of the tests. Our
results provide additional evidence for the conclusion reached by Stock and Watson (2002)
to the effect that the reduction in the volatility of the US economy is due to a reduction in

"Following Stock and Watson (2002), we allow a change in the regression coefficients for the following
series and dates: Consumption-durables (1987:3), consumption-nondurables (1991:4), consumption-services
(1969:4), Imports (1972:4), Services (1968:3), Structures (1991:3), Nonagricultural employment (1981:2),
Price Inflation-GDP Deflator (1973:2), 90-tay T-bill rate (1981:1), 10-year T-bond rate (1981:1).
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the variance of the shocks affecting it.

6 Conclusions.

Our paper has considerably generalized the applicability of the CUSUM of squares test in the
context of the linear model. The assumptions imposed on the data and the errors are very
mild and allow general forms of correlation in both the regressors and the errors, as well as
general forms of conditional heteroskedasticity. The suggested transformation was shown to
perform well in finite samples, in particular the exact size of the test is close to nominal size
even in the presence of serial correlation and conditional heteroskedasticity. The versions of
the test based on OLS or recursive residuals were shown to be equally powerful.

Our applications showed widespread instability in the variability of macroeconomic time
series as well as stock returns data, and provided evidence that the variability of shocks
affecting the U.S. economy has decreased. Our applications to the univariate macroeconomic
time series reveal, however, an important direction for future research. Following Stock and
Watson (2002), we investigated for changes in the variance of some series by conditioning on
a one-time change in the parameters of the underlying autoregression. Stock and Watson
(2002) obtained such dates by conducting standard tests for a structural change occurring
at an unknown date without allowing for the possibility of a change in the variance of the
errors. It is possible that the outcome of this first step for changes in the parameters of the
autoregression, concerning both the test and the location of the break, be contaminated by
the presence of changes in the variance. This is in turn could affect the properties of the
tests for changes in variance. This points to the need to address the issue of changes in the
parameters of the regression and the variance of the errors in a joint fashion. Methods to
address this problem based on a quasi-likelihood approach are the object of ongoing research.
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7 Appendix

Proof of Lemma 1(a): This result follows from a simple modification of Lemma A4 of
Bai and Perron (1998). First, Qu and Perron (2005) show that processes satisfying A2 also
satisfy the mixingale conditions of this Lemma A4. Let &, = E (§|F—;) — E (&]F—j-1).
Then¢, =32 ¢ andso Sy & =52 3% &, Thus, for each T > 0,

k 00 k
Pr|{ sup d al <Pr sup d « 12
R >E EOETAPER 2 YR
For each 7, {gjt, Ft,j} forms a martingale difference sequence. Let a; > 0 for all j such that

> a; = 1. The right hand side of (12) is then bounded by

- > >un) <5 3wt (83 Ell+ 3 £zl

Z Pr( sup dg

P m<k<T j=——o0 i=m+1

The latter bound is the Hajek and Renyi inequality generalized to martingale differences in
Birnbaum and Marshall (1961). From the definition of a mixingale and the assumptions on
) ||§ji}|2 is bounded by 4Ky, for some finite constant K, with 7, as defined in Bai
and Perron (1998, p. 50) . Hence,

o8] o0 T
Z Pr( sup dj > aja) < a ?4K? ( Z aj2w2j> (mdiﬂ— Z df)

J— m<k<T j=—00 i=m-+1

k

> &

t=1

One then constructs a sequence of a; such that Z;’ifoo a; Q;bfj‘ is bounded (one such con-
struction is in Bai and Perron, 1998, p. 72), so that

thut >a> < g (md2 + Z d2>
i=m+1

The result follows setting dj, = 1/v/T.
Proof of Lemma 2: We first consider the case with OLS residuals, defined by u; =
u; — x4(3 — B) and, accordingly,

m<k<T

Pr( sup dg

[T+] [T7] [T7] A ) [T7] A
Sowd =N =23 wa(B-8) - (BB wai(B—B).
t=1 t=1 t=1 t=1

Hence, to prove Lemma A2, it is sufficient to show that

sup Zutxt B-8) (13)

rel0,1]



and

ri%ri] f (B-B) %xtﬂct (B—B)—,0 (14)
Now for (14), we have
R ' 1 I R
s \FZ b-p)aai(p-p) = —= (VI(-9) ) s 3wt | (VI =) ) =0
in view of (5) and (6). Now for the term (13), we have
| )
20 < |3 VT[]

using (6) and Lemma Al(a).
Consider now the case with recursive residuals, u; = u; — x;(/é’t,l — ). We have,
[Tr] (Tr] (Tr] [Tr] . .
Zut Zut =2 Zutmt (51& 1 ) - Z (51571 - 5) Lyly (51‘,71 - 5)
t=1 t=1

Hence, to prove Lemma 2, it is sufficient to show that

[Tr]

sup u (B B)| —, 0 15
remfzutl )| = (15)
and
(T7] R
T Zﬁ“ BY @y (Byy — B) = 0. (16)
re
Consider first (16),
T R  om 9 ,
su B) By — < sup — ‘_—Hx
Teopl\/—Z@: 1 = B)may (B — B) < reopl] Z Bior =B el
< _Ti‘t‘i Tantu supTHﬂTr]—ﬁH
— pO
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in view of A.2 and (6). Consider now the term (15). Let ¢, = x,u;, We have,

(7] 14

[Tr] t—1
o, Jr getien=9) = s 36 (5] S
t=1 s=1 s=1

re(0,1] ref0,1]

1 (Tr] t—1 14
= tr | sup — Z (Z%%) Zfs :e

re(0,1] —1 o—1

= tr | sup Hr &
7’601] TZ st

where
1 t—1 -1 1 t—1
Hr, == x4 — s

Now, in view of Al and Lemma 1(b),

s 1
Hyry = ( / R(u)du) A (s)
0

Hence, given the mixing assumptions on £, we have by Hansen (1992, Theorem 3.3), that

[TT]
|53 A

r€(0,1]

which yields the desired result.
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Table 1: Size and power of the CUSQ test in the dynamic model.

a=0.2
A\ 0.1 0.2 0.3 0.4 0.5
dem | ols | rec | dem | ols | rec [ dem | ols | rec | dem | ols | rec | dem | ols | rec
0 .05 .05 | .05 .02 .03 | .03 .02 .03 | .03 .03 .03 | .03 .03 .03 | .03
.01 .06 .07 | .06 .05 .06 | .05 .05 .06 | .05 .04 .05 | .04 .03 .03 | .03
.03 .29 31| .31 .16 .18 | .18 .16 .18 | .18 .10 A2 | .11 .08 .09 | .09
.05 .65 .70 | .68 .35 .39 | .37 .35 39 | .37 .25 .26 | .26 .16 A7 | .16
.10 .99 99 | .99 .81 .84 | .83 .81 .84 | .83 .64 .66 | .65 44 46 | .45
.15 1.0 1.0 | 1.0 .94 95 | .94 .94 95 | .94 91 .85 | .84 .67 .70 | .68
.20 1.0 1.0 | 1.0 .97 99 | .98 97 99 | .98 .90 91 | 91 a7 79 | .78
.30 1.0 1.0 | 1.0 .99 99 | .99 .99 99 | .99 .94 95 | .94 .85 .87 | .87

a=0.5
A\ 0.1 0.2 0.3 0.4 0.5
dem | ols | rec | dem | ols [ rec | dem | ols | rec | dem | ols | rec | dem | ols | rec
0 .02 (.04 | .04 02 |.04|.05]| 01 |.04|.04]| 00 |.03|.03| .00 |.03]{.03
.01 .02 .06 | .06 .02 .07 | .07 .01 .05 | .05 .01 .04 | .04 .02 .03 | .03
.03 12 (33| .32 .09 (.27 .25 .07 | .10 | .12 | .04 | .11 | .11 | .04 | .10 | .10
.05 .32 .67 | .66 .22 .52 | b1 .16 .39 | .39 14 27 | .25 .07 .16 | .15
.10 g7 [ 99| 99| 66 | .94 | 94| 54 | 84 | 83| .36 | .66 | .66 | .25 | .44 [ .43
.15 .95 1.0 | 1.0 .87 99 | .99 a7 .96 | .96 .61 .82 | .82 .49 .66 | .65
.20 10 |10 | 10| 94 |10 | 10| 87 | .99 | 98| .74 | 89 | .89 | .60 | .76 | .74
.30 1.0 1.0 | 1.0 .97 1.0 1| 1.0 .93 .99 | .99 .87 .95 | .95 .74 .86 | .86

a=0.7
A\y 0.1 0.2 0.3 0.4 0.5
dem | ols | rec | dem | ols [ rec | dem | ols | rec | dem | ols | rec | dem | ols | rec
0 .00 (05| .05| .00 | .04 .04 .00 | .03 |.03| .00 |.03|.03| .00 |.02]|.02

.01 .00 .06 | .07 .00 .05 | .05 .00 .04 | .05 .00 .04 | .04 .00 .03 | .03
.03 .00 31| .31 .00 25 | .24 .00 A7 | 17 .00 A3 | .12 .00 .09 | .09
.05 .00 .70 | .68 .00 .55 | .53 .00 40 | .39 .01 .25 | .25 .01 15 | .15
.10 .06 99 | .99 .05 .95 | .95 .05 .83 | .82 .04 .68 | .66 .03 AT | .46
.15 17 1.0 | 1.0 .13 1.0 | .99 13 .96 | .95 12 .85 | .84 .16 .65 | .65
.20 .30 1.0 | 1.0 .24 1.0 | 1.0 .25 .98 | .98 21 91 | .90 .27 79 | .78
.30 .51 1.0 | 1.0 43 1.0 | 1.0 .32 .99 | .99 .35 96 | .95 44 .84 | .84

a=0.9
A\y 0.1 0.2 0.3 0.4 0.5
dem | ols | rec | dem | ols [ rec | dem | ols | rec | dem | ols | rec | dem | ols | rec
0 .00 [ .05| .04| .00 | .04 .04 .00 |.03|.03| .00 |.03|.03| .00 |.02]|.02

.01 .00 .06 | .07 .00 .05 | .05 .00 .05 | .05 .00 .04 | .04 .00 .02 | .03
.03 .00 31| .31 .00 .25 | .25 .00 A7 | 17 .00 A3 | .13 .00 .09 | .09
.05 .00 .69 | .68 .00 .54 | .52 .00 40 | .38 .00 .25 | .25 .00 15 | .15
.10 .00 99 | .99 .00 95 | .95 .00 .83 | .82 .00 .67 | .66 .00 46 | .46
.15 .00 1.0 | 1.0 .00 1.0 | 1.0 .00 .96 | .95 .00 .84 | .84 .00 .65 | .65
.20 .00 1.0 | 1.0 .00 1.0 | 1.0 .00 .98 | .98 .00 91 | 91 .00 a8 | .77
.30 .00 1.0 | 1.0 .00 1.0 | 1.0 .00 .99 | .99 .00 95 | .95 .00 .84 | .83

Note: The column “dem” refers to the statistic constructed with demeaned data; the column “ols” with
OLS residuals from the AR(1) regression, and the column “rec” with recursive residuals from the AR(1)
regression.



Table 2: Empirical Results for Univariate Macroeconomic Time Series.

Series CUSQ*(rec) | CUSQ*(dem) | CUSQ*(ols)
GDP 1.36° 1.08 1.58°
consumption 1.12 0.92 1.62°
consumption-durables 1.57° 0.97 1.72¢
consumption-nondurables 1.40° 0.93 1.21
consumption-services 0.94 0.69 1.61°
investment 1.02 0.86 1.20
Fixed-investment-Total 1.56° 0.76 1.92¢
nonresidential 0.85 0.74 1.16
residential 1.38° 0.93 1.59°
A(inventory investment)/GDP 1.21 0.90 1.37°
exports 1.76% 1.09 1.90¢
imports 1.41° 0.96 1.38°
government spending 0.88 1.01 1.64¢

Production

goods (total) 1.14 1.12 1.28¢
nondurable goods 1.52° 1.15 1.70¢
durable goods 1.40° 0.87 1.45P
services 0.84 0.88 1.62°
structures 1.70¢ 0.82 1.90¢
nonagricultural employment 1.31¢ 0.97 1.59°
price inflation (GDP deflator) 1.80¢ 0.77 2.10%
90-day T-bill rate 0.86 0.68 0.95
10-year T-bond rate 1.42° 0.90 1.32¢

Note: the subscripts a,b, and c indicate a statistic significant at the 1%, 5% and 10% significance level,
respectively. The column “dem” refers to the statistic constructed with demeaned data; the column “ols”
with OLS residuals from the AR(4) regression, and the column “rec” with recursive residuals from the
AR(4) regression. The first 19 series are annual growth rates (i.e, 1001n(z¢/z¢—4)), except for the change in
inventory investment, which is the annual difference of the quarterly change in inventories as a fraction of
GDP. Inflation is the four-quarter change in the annual inflation rate (i.e., 100[ln(P;/P;—1)—In(Pi—4/Pi—5)]),
with P; the GDP deflator and the two interest rates series are in four-quarter changes (i.e., x — x¢—4).



Table 3: Empirical Results for the four variables VAR system.

CUSQ*(rec) | CUSQ*(ols)
Federal funds rate 0.78 1.00
Change in Inflation (GDP deflator) 1.53° 2.33%
GDP growth 1.54° 2.340
Growth rate of real commodity prices 0.99 0.82

Note: the subscripts a,b, and c indicate a statistic significant at the 1%, 5% and 10% significance level,
respectively. The column “ols” refers to the statistic constructed with the OLS residuals from the respective
equation of the VAR, and the column “rec” with recursive residuals from the same equation. Each equation
is estimated allowing for a break in the parameters of the conditional mean at 1983:4
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Figure 1: SP500 daily stock returns: 1926-2004






