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Abstract

Recently, there has been an upsurge of interest on the possibility of confusing long
memory and structural changes in level. Many studies have documented the fact that
when a stationary short memory process is contaminated by level shifts the estimate of
the fractional differencing parameter is biased away from zero and the autocovariance
function exhibits a slow rate of decay, akin to a long memory process. Yet, no theoret-
ical results are available pertaining to the distributions of the estimates. We fill this
gap by analyzing the properties of the log periodogram estimate when the jump com-
ponent is specified by a simple mixture model. Our theoretical results explain many
findings reported and uncover new features. Simulations are presented to highlight the
properties of the distributions and to assess the adequacy of our limit results as approx-
imations to the finite sample distributions. Also, we explain how the limit distribution
changes as the number of frequencies used varies, a feature that is different from the
case with a pure fractionally integrated model. We confront this practical implication
to daily SP500 absolute returns and their square roots over the period 1928-2002. Our
findings are remarkable, the path of the log periodogram estimates clearly follows a
pattern that would obtain if the true underlying process was one of short-memory con-
taminated by level shifts instead of a pure fractionally integrated process. A simple
testing procedure is also proposed, which reinforces this conclusion.
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1 Introduction

There has been a long interest in long memory models, especially with applications to fi-
nancial times series. For reviews of the literature, see Robinson (1994), Beran (1994) and
Baillie (1996). Of particular interest in econometrics is the fractionally integrated model
(Granger, 1981, Granger and Joyeux, 1980, and Hosking, 1981) whose difference of order d
is a short-memory process often modelled as an ARMA process for which the autocorrela-
tions decays exponentially. The parameter d can be non-integer valued and when 0 <d <1,
the autocorrelations decays very slowly, a characteristic of long memory processes. Various
methods have been proposed to estimate the long memory parameter d. One that is often
used in practice is a semiparametric estimation in the frequency domain which does not
require a specific distributional assumption on the process generating the difference of order
d of the series. A popular method is the log periodogram regression proposed by Geweke
and Porter-Hudak (1983), whose large sample distribution was analyzed by, among others,
Robinson (1995) and Hurvich, Deo and Brodsky (1998) as well as Phillips (1999) who covers
the unit root case d = 1. Applications to macroeconomics, international trade and finance
are numerous. For example, Ding et al. (1993) argue that stock returns volatility is well
described by a long memory process.

Recently, there has been an upsurge of interest on the possibility of confusing long memory
and structural changes in level. The idea extends that exposed in Perron (1989, 1990) who
showed that structural changes and unit roots (d = 1) are easily confused in the sense that,
with a stationary process contaminated by structural changes, the estimate of the sum of
the autoregressive coefficients is biased towards 1 and that tests of the null hypothesis of a
unit root are biased towards a non-rejection. This phenomenon has been shown to apply in
the long memory context as well. When a stationary short memory process is contaminated
by structural changes in level the estimate of d is biased away from 0 and the autocovariance
function exhibits a slow rate of decay. Relevant references on this issue include Diebold and
Inoue (2001), Engle and Smith (1999), Gourieroux and Jasiak (2001), Granger and Ding
(1996), Granger and Hyung (2004), Lobato and Savin (1998) and Teverosovky and Taqqu
(1997).

While some of the papers mentioned contain theoretical results related to the fact that
the variance and autocorrelations have similar properties under structural change and long
memory, most of the evidence was obtained through simulations. To date no theoretical
results are available pertaining to the distribution of the estimate of the long memory para-



meter d when the process is a short memory one contaminated by level shifts. Our aim is to
fill this gap by analyzing the properties of the commonly used log periodogram estimate.

The specification adopted is one for which the series of interest is the sum of a short
memory process and a jump or level shift component. For the latter, we specify the commonly
used simple mixture model such that the component is the cumulative sum of a process which
is 0 with some probability (1—p/T) and is some random variable with probability p/T. Level
shifts then occur with some probability p/T that we make dependent on the sample size to
obtain non-degenerate limiting results. The underlying idea is to have infrequent changes
that are more akin to structural changes rather than a large number of changes which
would make the level shift component basically an integrated process (d = 1). By scaling
the probability of a level shift by T, this aim is achieved in large sample (of course, this
specification has no effect in finite samples). This allows used to use a Functional Central
Limit Theorem recently obtained by Georgiev (2002) and Leipus and Viano (2003).

Our theoretical results about the limit distribution of the autocovariances, the peri-
odogram and the log periodogram estimate of d allows us to explain many of the findings
reported in the literature mentioned above. Moreover, it also allows us to uncover new fea-
tures and gain better insight about the properties of the various estimates. In particular, we
show that the reliance on using the familiar rule of thumb T /2 for the number of frequencies
used to estimate the regression, e.g. Diebold and Inoue (2001), allows only a very narrow
picture of the problem. We shall explain how the distribution of the log periodogram esti-
mate is highly dependent on the number of frequencies used, a feature that is different from
the case where the true underlying process is a pure fractionally integrated model. Hence,
this can be helpful to distinguish structural change from long memory.

For the level shift model, our results indicate that when m is near T3, the log pe-
riodogram estimate d will be in a neighborhood of 1 and its limiting distribution is only
affected by the level shift component. When m is between T3 and T2, d drops to a
new level when the stationary component starts to affect the limiting distribution. The
magnitude of the drop depends on the relative variance of the stationary and level shift
components as well as on the value of p, the frequency of the jumps. As m increases beyond
T2 there is a further gradual decrease in the estimate d as the short-memory component
becomes increasingly more important, relative to the level shift component, in determining
the limiting distribution. We confront this practical implication to stock market volatility
proxies (daily SP500 absolute returns and their square roots over the period 1928-2002).
We obtain remarkable findings. The sample path of the log periodogram estimates clearly



follows a pattern that would obtain if the true underlying process was one of short-memory
contaminated by level shifts. We finally propose a simple test of the null hypothesis a long
memory which has power against a level shift process. The test is based on the difference
in the log-periodogram estimates constructed using different numbers of frequencies. Its
limiting distribution is a standard Normal and we show via simulations that it has decent
power against level shifts alternatives even though its size is conservative in cases of practical
interest. The test applied to stock return volatility shows an overwhelming rejection of the
null hypothesis of a long memory process.

The structure of the paper is as follows. Section 2 describes the data generating process
used throughout and the Functional Central Limit Theorem for the level shift process. Sec-
tion 3 considers the limiting distribution of the autocovariance function and of the peri-
odogram with simulations to show that the asymptotic results provide good approximations.
Section 4 considers the limiting distribution of the log periodogram estimates and the theo-
retical results are used to explain simulation findings previously reported as well as to provide
new ones. Section 5 presents numerical features of the distributions, in particular, how they
are affected by the various parameters involved and how well the asymptotic results pro-
vide reasonable approximations to the finite sample distributions. Section 6, discusses what
are the practical implications of our results and presents the application to stock returns
volatility. Section 7 present our simple test, reports simulation evidence about its finite
sample properties and applications to the stock return volatility series. Section 8 offers brief
conclusions and a mathematical appendix some technical derivations.

2 The data generating process with mean shifts

The data generating process adopted in this paper is quite simple, yet rich enough to provide
theoretical explanations for many of the simulation results about the effect of structural
changes on long memory parameter estimates. It is a mixture of a short memory process
and a component determined by shifts occurring according to a binomial process. More
specifically, DGP-1 is

Xt = Vit U (1)
X

Ug = 6J, 6t = T[tr]t
i=1

Here v; is is a short memory process defined in the following Assumption



e Assumption 1 (short-memory): Let v; = C(L)e; with e; __i.i.d. (0,g2) and E|e|9 < o

for some g > 4. The polynomial C(L) satisfies C(L) = 2, cil!,  2,ilci| <o and
C@) #0.
For the level shift component, n, 1.i.d. N(0, 031) and ¢ is a binomial variable that takes

value 1 with probability p/T, i.e. m¢ i.i.d. B(p/T,1). We also assume that the components
T, Ng, and ve are mutually independent.

Remark 1 Note that the parameter p is independent of the sample size T. Hence, as T
increases, the shifts in level become relatively rare. This is an important ingredient that
will allow us to derive interesting results. Intuitively, we need this specification to model
structural changes in mean, i.e. relatively infrequent events that affect the properties of the
series in a permanent fashion. If p/T converges to some value in (0,1), the model is best

construed as depicting a standard unit root process.

It is also important to remark that the model described above is such that a realization
can have no level shift, even in large samples. This can be problematic for the analysis
of some statistics discussed in this paper. To circumvent this problem, we also consider a
slight modification of the stated DGP which specifies that at least one level shift occurs in
a particular realization. More specifically, it is stated as

Xt = Vi + Uy (2)

where the distribution of {u;"} is that of {u} conditional on at least one level shift occurring.
This DGP, labelled DGP-2, will be useful to examine the distribution of various estimates
under the condition that level shifts do indeed occur, while still allowing the intensity of
shifts to vary.

A crucial ingredient that will be used throughout the paper is a Functional Central Limit
Theorem for the cumulative level shifts process u;. This has been considered by Georgiev
(2002) and Leipus and Viano (2003). The results relevant to our analysis are stated in the
following Lemma where “  ” denotes weak convergence under the Skorohod topology.

Lemma 1 (Georgiey. 2002; Leipus and Viano, 2003) Consider DGP-1 with 0 < p < oo |
and define ut(u) = Erzli] O¢, then ur(u)  J(U) where J(U) is compound Poisson process
defined by J(u) = J[\lz(g) n; with N(u) a Poisson process with jump intensity p which is
independent of N for all j. Consider now DGP-2, and let Er (Nt > 1) denote the event that
the number of shifts Nt occurring in a sample of size T is at least one, and let E(N(1) > 1)
denote the event that N(1) >0, then ur(U)|[Er(Nt =>1) JWIE(NQ)>1)=J(u)*.

4



Remark 2 The limiting distribution J(U) depends on the exact distribution of the random
variables N, which is the reason we imposed the Normality assumption above which will be
used throughout. It is important to note, however, that all limiting distributions reported
below and their qualitative implications remain valid without the Normality assumption. It
1s used to obtain quantitative results to assess important features of the distributions and

their adequacy as approximations to the finite sample distributions.

Since we shall make frequent comparisons with long memory processes, it is useful to
make precise the properties we shall refer to. In the literature, a long memory process is
defined in various ways that are closely related yet not quite the same. In the foregoing
analysis, we will use the following two properties of a long memory process. Let {xt}thl be
a stationary time series with spectral density function f,(w) at frequency w. The process X
is said to have long memory if

2

f(w) =gww 2 asw - 0

with g(w) a slowly varying function asw — 0 (i.e., for any real t, g(tw)/g(w) - lasw - 0).
When d > 0, this implies that the spectral density function increases for frequencies that
get close to zero. The rate of divergence to infinity depends on the parameter d. Under
some general conditions this low-frequency definition is equivalent to the following long-lag
autocorrelation definition (Beran, 1994). Let y,(t) be the autocorrelation function of x;. If

V(D) =cm)t@tast - »

with c(t) a slowly varying function as T — oo, the process is said to have long memory. For
0 < d < 1/2, this implies that the autocorrelations decreases to zero at a slow hyperbolic
rate which depends on the parameter d, in contrast to the fast geometric rate of decay that
applies to a short-memory process.

3 Some descriptive statistics

In this section, we examine the properties of some statistics in both the time and frequency
domains under the DGP-1.

3.1 The sample autocovariance function

~ P
With an unknown mean, the sample covariance at lag h is defined by R(h) = T th_lh(xt—

X)(Xgeh — X) With X = T2 thl X¢. We shall study the properties of R(h) as T — o under
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two scenarios for the relation between h and T: a) with h/T - 0as T - oo (fixed-h
asymptotic), and b) with h/T - kas T - o (large-h asymptotic). The result for case (a)
is stated in the following Proposition proved in the appendix.

R _
Proposm%n 1 Under DGP-1, if /T = 0 asT - @, R(h) Ry(h)+ (JI(u) — J)?du,
where J = J (W) du and with Ry(h) the autocovariance function of V.

The limiting distribution has two components. The first is the standard autocovariance
function of the short memory process. The second corresponds to the cumulative level shift
process and is a positive random variable that is independent of the lag h. Hence, for h
small the former will dominate but since it eventually decreases at an exponential rate, the
second component will dominate for h large. Hence, the limit will exhibit a very slow rate of
decrease which is a characteristic of a long memory process. Technically the limiting value
does not decrease to zero as h increases contrary to a stationary process. But recall that
given the condition h/T - 0as T — o, the limiting distribution is not tailored to provide
a good approximation for large values of h. This can be achieved by considering the limit
assuming h/T - kKas T — o, which is stated in the following Proposition.

E’rOpOSItlon %¢Under DGP—Z_,¢z'f h/T - KasT = o, then for 0 < k < 1, R([TK])
3wy -3 T+ —J du,

Note that the component related to the short memory process is no longer present. This
is fairly intuitive since the autocovariance of a short memory process decays exponentially.
Hence, for large h the autocovariance function is influenced solely by the Poisson process.
The functional described in Proposition 2 is strictly decreasing as K increases though very
slowly.

Combining Propositions 1 and 2, we have the following result for the autocorrelation
function for 0 <k < 1:

Rl*l{i

(TK) 0o oI (u)—J_¢iJ (u+K)—J_¢du
i L@ —JRdu+R,(©)

To get a better indication of the adequacy of the asymptotic approximations, Figure 1
presents the results of a simple simulation experiment. The short-memory component is
an AR(1) process of the form v¢ = pvi_1 + e with e,  1.i.d. N(0,1) and p = 0.5 and
0.9. The level shift component is specified by (1) with p = 5 and 051 = 1. The sample
size is T = 500, the number of replications is 10,000 and the first 150 autocorrelations are
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plotted. We present the median of the exact values of the autocorrelations and the fixed-h
and large-h approximations. The results show interesting features. First, as documented
elsewhere, the finite sample autocorrelations decreases very slowly, in a way similar to a
long-memory process. Consider now the adequacy of the two asymptotic approximations.
For small values of h, the fixed-h asymptotic provides a good approximation while the large-
h asymptotic is not satisfactory, and vice versa for large values of h. The values of h for
which one or the other approximation is good depends, however, highly on the extent of
the correlation in the short-memory component. When p = 0.5, the fixed-h asymptotic is
good until lag 4 and the large-h asymptotic is good for h larger than 5. When p = 0.9, the
fixed-h is good until roughly lag 20, while the large-h asymptotic is good for h larger than
40. Hence, both asymptotic approximations are complementary in describing the features of
the autocorrelation function.

3.2 The periodogram

We now consider the behavior of the periodogram under DGP-1. Simulation results pre-
sented in the literature (e.g., Diebold and Inoue, 2001) have documented the fact that semi-
parametric methods, such as the log periodogram regression, yield estimates of the memory
parameter d significantly above 0 when the DGP is a short memory process with level shifts.
In this section, we provide a preliminary theoretical analysis of the underlying components
of these estimates, namely the periodogram ordinates (we return to the log periodogram
regression in Section 4).

The periodogram is a projection of the series in the spectral domain. It provides a measure
(though imprecise) of the contribution to the total variability of the series from components
at different frequencies. For a series x; and a frequency w; = 2nj/T (J =1,...,[T/2]), it is
defined by - -

-X

1 C 2mjt. -
Ix1(Wj) = T X exp(l?)_
\/ t=1
where i = —1 and | - |2 stands for the complex conjugate product. The following decom-

position using the fact that x; = v¢ + uy will be useful:

Ix,T(Wj)
Iv,T (V_Vj) + Iu,T (Wj) + 2lvu,T (Wj) - -
— -2 - -2
= 1 :Xv ex (i—znjt): +—1 :Xu ex (i_2njt)2 +—2 Xj(vu cosw(t—s)
B AR S BT R 7y S '



Hence, for a particular frequency the contribution to the total variability can be due to three
sources: the short memory process, the level shift process and the interaction between the
two. Note that given our assumption that v; and u; are independent, the last term has mean
zero and has no contribution beyond random variation. We have the following Proposition
concerning the order of these three terms.

P 5
Proposition 3 1. I,t(w;) = (@nT) 1~ tT=1 veexp(iwjt) = Op(1);

2. limr _ o E[G2/T)ly 1 (w;)] = p0§/4n3, and the limiting variance is independent of |
and bounded; hence, 1,7 (Wj) = Op(Tj~2). Also, for a fived
Z4,Z,
T Myr(wy)  (1/2m) J(u)J(s) cos(2mj (s — u))dsdu;
0o 0
8. Lyt (W) = Op(TY2)71), limr Lo E[G/TY?)lyy1(Wj)] = 0, and the limiting variance
is po2/4ant;

4. Parts (2-3) still hold for DGP-2, with Uy replaced by uy, J(U) replaced by J(u)*, the
limiting expectation in part (2) replaced by p0727/4ﬂ3 (1 —exp(—p)) and the limiting
variance in part (3) replaced by p20727/4ﬂ4 (1 —exp(—p)).

Proposition 3 goes a long way towards explaining some of the simulation results in the
literature. Consider first the relative magnitude of each term for “small” frequencies in the
sense that j satisfies j = o(T/?) as T gets large. In this case, the second term, correspond-
ing to the contribution made by the cumulative level shift component, dominates. As ]
increases, the rate of decrease of this component is a random variable with mean —2 and
finite variance (as we shall see in Section 4, this implies that the log-periodogram estimate
of the fractional difference parameter should be close to 1 when evaluated using specific
numbers of frequencies). Deviations from this rate decrease with increases in either p or 051
(since the importance of the second term increase with increases in p or 0727). For “large”
frequencies that satisfy T/j? = o(1), the second and third components are then o,(1) and
the first component dominates, even though it is itself small.

It is important to note the fact that the impact of mean shifts on the periodogram occurs
only at frequencies very close to 0. For large frequencies, the first term dominates and 1, (w;)
in large samples has mean f,(w;), the spectral density of the short memory component at
frequency w;j. To assess how rapidly, the impact of mean shifts reduces as the frequency
increases, consider DGP-1 with v¢  i.i.d N(0,1) so that f,(w;) = 1/2m and u; generated
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from a process with p = 10 and 037 = 1. For T = 500, the ratio E(l,7(w;))/E(ly1(wW;))
then takes the following values: 20.2 (j = 1), 5.04 (j = 2),2.24 (j =3), 1.26 (j = 4), 0.81
(J =5) and 0.56 (J = 6). Hence, the mean shift component dominates the short memory
components only for the first four frequencies up to w, = 11/63.5.

To better highlight the relative importance of each component, Figure 2 presents the
median of the three components from a simulation with 10, 000 replications. WWe use DGP-1
with the parameters set to T = 500, 0,, = 1, and p = 5. The short memory process is an
AR(1) with i.i.d. N(0,1) errors and autoregressive parameter 0.7. The results clearly show
that the jump component has an important dominance for short frequencies but that beyond
a few frequencies the short-memory component dominates (throughout, the cross component
has no first-order effect). The jump component has indeed a very important effect on the
periodogram but this effect is only in a very narrow band close to frequency zero. In our
example, this effect is smaller than the contribution of the short-memory component beyond
frequency /80 and basically nil beyond frequency m/34.

Taking these results into consideration, we conclude that if we use a local method to
estimate the memory parameter of a mean shifting process, the estimate will depend on the
number of frequencies used. The estimate will tend to be less affected by mean shifts if we
increase the number of frequencies.

4 The log periodogram regression

The log periodogram regression estimator of the memory parameter d was proposed by
Geweke and Porter-Hudak (1983). It is a semi-parametric estimator which uses only fre-
guencies near zero to avoid possible misspecification caused by high frequency movements.
Recall that I, r(w;) is the sample periodogram at the jth Fourier frequency w; = 2mj/T
(g =1,...,[T/2]). The estimate is then obtained from the following regression estimated by
least-squares

log(lx.r(w;j)) = ¢ — 2d log(2 sin(w;/2)) + u;j

using observations pertaining to frequencies ranging from j = 1 to m. Here m acts as an
upper bound on the number of frequencies used. A popular rule of thumb is m = T¥2, As



a matter of notation, let

. 1 X .
a; = —log(2sin(w;/2)) + = log(2 sin(wy/2))
k=1
_ 1 X _
= —log |1 —exp(iwj)| +—  log |1 —exp(iwy)|
m k=1
P

and Sy = (L a’. The estimate of d is then
-~ 1 X

d=55-  ajlog(lx(w;))
T j=1

Note that the weights a; are demeaned values of the regressors and, hence, sum to zero.
Also, m1S; - lasT - .

4.1 Preliminary simulations

As a way to motivate the analytical results presented below, we start with a simple simulation
of the finite sample distribution of the estimate d under DGP-1. The specifications used are
as follows. The short memory component is a simple white noise process with e  i.i.d.
N (0,1) and the jump component is generated with p = 5 and 0727 = 1. The sample size is
T = 500 and we consider four values for the number of frequencies used to estimate the
regression, m = 2T2 with a = 1/5, 1/3, 1/2 and 3/5. The results are presented in Figure 3.
They show quite interesting features. When m is small, the distribution is clearly centered
at 1 but is skewed with a long left tail. When m increases, the distribution shifts to the left
and becomes more like a Normal distribution. When m reaches the value m = 2735, the
mean is close to 0.2. Hence, the value of m has a clear effect on the finite sample distribution
of d. It affects both its shape and its location. Given that the true long-memory parameter
is 0, estimates with large m are far less biased.

Our theoretical results below will indeed provide explanations for this feature and others.
Of particular interest is the fact that the limiting distribution obtained will change depending
on the value m selected as a proportion of the sample size T.

4.2 Asymptotic distributions

Our aim is to obtain the asymptotic distribution of d upon some assumptions on the rate of
increase of m relative to T. We start by exploring the structure of the periodogram

Lot (W5) = At (W5) + At (wj)?
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with | - |2 denoting the complex conjugate product and where

172 X H
A1 (W) = (@2nT)~ yr exp(—itw;)
t=1
is the discrete Fourier transform of (some Ig)enerlcally defined variable) y;. Since uy is the
partial sum of random variables, i.e., ur = ;_; d;, we can make use of the following repre-
sentation (see Phillips, 1999):

1 expf—iw;)
. st (W) — —~A—L2y
1—exp (—iw;) | 7 ) 2nT
Hence, the discrete Fourier transform of u; at frequency w; is a function of the discrete
Fourier transform of § at frequency w;j and the discrete Fourier transform of 9, at frequency

Aot (Wj) =

zero, i.e., (2nT) /2 (2nT) 2y, We then have
1 - _ exp(—iw;) -
et (W;) = As1 (W;) + (1 —exp (—iw; DAy 1 (W ——QQU -
x,T( j) ‘1 _ exp (—in)]2 6, T ( j) ( p( J)) v, T ( j) T T

Given that the zero frequency term is common to all frequencies, our strategy will be to first
condition on it. Throughout, we also condition on the fact that at least one shift happens
so that As 1 (w;j) is non-degenerate. Now from Phillips (1999, eq. (15)), we have
S H 1 il
)\v,T (Wj) = ¢j + Oas ? + 0as

1_1
2 7

for some p that satisfies ¢ > 2r > 2, with the stated orders of magnitudes holding uniformly

over j =1,...,m. The variable ¢; is defined by:
Z 1
b; = 0.C(1)(2mM) % exp(2mijs)dW (s)
0
with W (s) a standard unit Wiener process. We also have:
3 - (SR |
= m 1
TAs 1 (Wj) =+ Oas T + Oas

= ©)

N

given the Normality assumption, with
yA 1
§=@m)y?  exp(2mijs)dd(s)*
0
and J(s)™ as defined in Lemma 1. We also have the approximation
2

1— exp (—iw;) = iw; + O(W2) = iw; + 0(%)
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where the order of magnitude is again uniform over j = 1,...,m. Using St = O(m) ,

) X i oy 2
G-1 = — %m—TMIMD+ﬂ¥NNMny&ﬂQW— 4)

251 _ 2n
=1 - _ T
X T omi 2 Ko
= 25 aj log-¢; + 42}?4)1 - *ZL—HUT + Oass + 0gs =
j=1
H gﬂ H ﬂ_Z
m _
+0Ogqs —3 Tt 0as -
T2 - T -
1 X - 2nji 2
2sr RIS A )
=S TR BTN ST |
+Oa.s e + Oa S Oa S _§ + Oas

4.3 The Case with m3/T - 0

If m = o(T%?), then the second term in bracket of equation (5) is of lower order than the
others and we have

- Z q 81 |
. 1 X - 2 H 1
d=-1)= g aj IOQ—ZJ- - *%UT_ + Ogas 3"'% + Oas 11
T j=1 I T2 7
and S V_ - -2 “m3/2‘IT K g2 il
m(d—1)=2— aJ |Og‘ZJ — Ut~ +Oas = + 0as 1 1
j=1 T T2 ™"
Hence, if m3/T - 0 and r > 3, we have
V_ -« m - =2
m(d - 1) = g 4j |Og _ZJ - A""éuT_ + Oa.s(l) (6)
T j=1 21

Note that ¢; are i.i.d. random variables with mean 0 and.variance pof7 and also independent of

ur. Then, conditional on ut = u, log Zj —(1/ 2mur 2 are uncorrelated random variables

with mean v(u), say, and variance a2(u). We can then write, since the sum of the a; is zero,
A - - 1

1 1 1 X - i

= — aj log-¢; — ~»¥—=ut- —v(u) +0,s(1

j=1

N
m@d—1) =

Conditioning on ur = u and applying a central limit theorem (using m~1Sy - 1),
\/_ I d
mM(d = Dluy=u " N(0,V1(U)) (7
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With A - ! 2

1 X Z 22

v =p lim — 2 log~ -—%L_ - -

1(u) pm am - aj log-(; 2T[u v(u)
. o V_ ~ o

Then, unconditionally on ur, the limiting distribution of m(d — 1) is mixed Normal, more

precisely the result is stated in the following Theorem.

Theorem 1 Under DGP-2 and v > 3, and assuming the number of frequencies used to

construct the log-periodogram estimate is such that m3/T - 0,

VERE-D ' NOVI@PW A= N Va(w)dID)*

—00 —0o0

where p(U)™ is the probability density function corresponding to the variable J(1)™.

This result has several interesting implications. First, in the presence of level shifts and
when relatively few frequencies are used to construct the log-periodogram regression, the
limit of the estimate is 1. Second, the limiting distribution is unaffected by the presence of
the short-memory component and the only nuisance parameter affecting the distribution is
p. Details on how the limiting distribution is affected by p will be discussed in Section 5.

4.4 The case with ¢;TY2 <m <c,T%*

A popular rule of thumb to select the number of frequencies to estimate the log-periodogram
regression is to set m = T2 (as originally proposed by Geweke and Porter-Hudak, 1983).
This is not covered by the results above which requires a slower rate of increase. Nevertheless
it is possible to use our framework to obtain an alternative asymptotic approximation that
applies to this case and to orders of magnitudes for m up to T34,

We start by noting that the expresiyon (5) is valid for any rate of increase for m. With
m = ¢, T2, however, the term (2mj/ T)cbj related to the short-memory component will
remain in the limit. Let _

) ,
Ay =logZ; + 59%»,— - a»ZL_nuT— . ®

Note that the components ¢; and ¢; are i.i.d. and mutually independent as well as indepen-
dent of ur, hence the A; are uncorrelated. Now denote the conditional expectation of Ay j,
conditional on ur = u, by Eg j. \';hen, we can write (5) as

~ m
@=1) = Mr)+5-HrW ®)
3m’ 8} 1 ﬂ umzﬂ H m ﬂ
+0,5 T * Oas — +Oas 7 1 0as 1-1
T2 T 2
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where
>

1
Mt (u) = 5. qET jju (10)
i=1

and

X
Hr(W) = 9= (A — Ery)
j=1
Conditional on u, M+ (u) is non-stochastic. Denote its limit by limr_ . M1 (u) = M(u).

From (9), we can deduce the following result concerning the asymptotic distribution of d.

Theorem 2 Under DGP-2 and v > 4, and assuming the number of frequencies used to

construct the log-periodogram estimate is such that ciTY? < m < ¢, T34, then
VA Z

d.d1+ M (u)p(u)*du = h M (u)dJ (1)* (11)

—00 —0o0

where p(u)™ is the probability density function corresponding to the variable J(1)™.

As will transpire from the numerical results presented below, the limiting distribution
stated above provides a good approximation for rather large sample sizes only. It is, however,
possible to have an asymptotic refinement that keeps terms to order O,s(m~/?). Our
numerical results will show a much improved approximation.

We start again from (9). Now, since the A; are uncorrelated, we can apply a Central
Limit Theorem such that

Hr(u) -9 N(0, V,(u)) = H(u)
with
— H 1 X 2 2
Vo(u) = pT|L”go m & (Aj — Erjju) (12)
i=1
Finally, noting that m~%S; - 1, simple manipulations reveal that (9) reduces to
H 11
d—=1)=M(u) + %%H(u)+oa_s %%

provided ¢; T2 < m < ¢3T%% and r > 10. This suggests the following approximation to
obtain the unconditional distribution which is stated in the following Theorem.

Theorem 3 Under DGP-2 and r > 10, and assuming the number of frequencies used to

construct the log-periodogram estimate is such that c,TY?2 < m < ¢c3T%3, then
VA

~ o0 [ee)

=1 % N(M(), Vo(u)p(u) du =

—0o0

N(M@), TV)dI)* (13

—0o0
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where p(U)™ is the probability density function corresponding to the variable J(1)™ and with

adenoting “approximately distributed as”.

Remark 3 The conditions for the above Theorem to hold require the innovations to the
short-memory component to have finite moments of higher orders. This should not be sur-
prising in view of the fact that we consider a higher order asymptotic expansion of the
distribution. For similar reasons, the highest rate of increase possible for m is smaller than

for the first-order asymptotic result.

Remark 4 Since the result given by the expansion (13) is a generalization of the first-order
asymptotic result (11), our discussion below will mostly pertain to the latter without loss of

generality.

The representation (11) and (13) offer important insights about the properties of the
log-periodogram estimate d as a function of the following parameters that affect the limiting
distribution: 2rf,(0) = 02C(1)?, the spectral density function at frequency zero of the short-
memory component; a2, the variance of the jumps; and p the frequency of the jumps. Note
that the limiting distribution depends on the short-memory component only via f,(0).

Consider first the case with f,(0) decreasing (or crf7 increasing) so that the effect of the
short-memory component becomes negligible. We then have

oo- - #
- 2
Mt (u) = %XajE Iog:Zj — *%UT: lur=u -0

=1

as T — oo using (6). Also V,(u) - Vi(u), and the limiting distribution of Theorem 2 indeed
collapses to the limiting distribution of Theorem 1. Second, as 037 or p approaches zero, we
have

"oz T #
1 X :21'[]. 2
MT(U) = E ajE IOg_%%l(I)j_
j=1 T
H . h - -
1 X 2mji - 2
= — : —) + :
25 j=1aJ 2 log( 7 ) +E log ¢;
1 >3 h - jzi'
i=1
1 X hI B
= —1+—=— iE e
ZST j:laJ 09 (I)J
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as T — o, and d is, in the limit, centered around the true value 0. Hence, changes in the
values of the nuisance parameters affect the location of the distribution via changes in M (u)
which takes values between —1 and 0, implying that the location of d varies between 0 and
1, in the limit. As we shall see in Section 5, corresponding changes in the variance term
V,(u) are quite small and do not have a substantial effect on the shape of the distribution.

Finally, what is an especially important result that emerges is obtained by comparing
Theorems 1 and 2. It shows how the choice of the number of frequencies to include has a
serious effect on the distribution. Different rates of increase of m relative to T imply impor-
tant qualitative differences to both the shape and, especially, the location of the distribution.
Indeed, comparing the results, the presence of the component M (u) in the limiting distribu-
tion of Theorem 2, that apply to large rates of increase for m, imply a substantial difference
in the location of the distribution. Since M (u) varies between —1 and 0, its presence induces
a negative adjustment away from 1 for the location of the distribution of d. The adjustment
is more important as p or 031 are small (or as f,(0) is large).

Changes in the rate of increase of m beyond the rate m = ¢, T2 also have a further
impact on M(u) on the location of Jhe distribution. To see this, note that from (8), the
stationary componentisscaled by j/ T forj =1,..., m. Hence, as m increases the stationary
component becomes more important (relative to the jump component) since the scaling factor
is trending as m increases. This translates into a progressive negative shift in the distribution
of M(u) and a leftward shift in the distribution of d.

These theoretical results go a long way towards explaining the simulations reported in
Section 4.1 about the distribution of d for various values of m. This, we believe, is a novel
results that can potentially be useful to distinguish between long memory and stationary
processes with level shifts.

4.5 Evaluation of the limit distributions

In principle, it is possible to evaluate the limiting distribution analytically using numerical
integration. This requires a theoretical closed form expression for the conditional mean and
variance of the relevant quantities, e.g., Et j|, and V,(u). This appears to be a quite involved
task in our context. Furthermore, any theoretical results about these quantities would still
require numerical integration to obtain quantitative results. For these reasons, we resort to
simulation methods.

Consider evaluating the limiting distribution in Theorem 3 corresponding to the case
ciTY? <= m < ¢T3 (evaluating the limiting distribution in Theorems 1 and 2 is similar
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and indeed simpler). The basis of the algorithm is the fact that conditional on ur = u, we
have \/_
(@=1) = Mr() + 5 Hr () +0as()

with Mt (u) defined by (10), Hr (u)  N(O0, Vo(u)) with V,(u) = p IlmT_>OO(1/4m) —1 az(AT j
Er jju)? as defined by (12) and with At ; defined by (8). The following steps are taken to sim-
ulate the limiting distribution. Throughout T = 4,096 (= 22, see below) is the number of
steps used to evaluate the various functionals and N = 10, 000 is the number of replications.

1. First, simulate a draw for ur which will serve as the conditioning variable. This is done
by generatlnlgT draws for n, 1.i.d. N(O,o%) and independent ty  i.i.d. B(p/T,1).
Thenur = _; d; where d; = T,.

2. We next need to simulate Er j, the expectation of Ar; conditional on ur = u which

involves simulating ¢; and ¢;. Consider first ¢;. We use the fact that
YA 1
¢; = 0.C(D)(2mM)~Y2  exp(2mijr)dwW (r)
0

£ 5.C(1)[by + iby]

where by; and by; are independent N (0, 1/2) random variables. To simulate (;, we
use draws of d; generated as described in part (1) to construct n; = thl exp(iw; t)d:.
This is done using the Fast Fourier Transform algorithm, which explains why we set
T =22, We then evaluate At j as defined by (8). This is repeated 1,000 times to get
Er jju as the sample average of the different Ay ;. We then construct My (u) as defined
in (10) and V,(u) is approximated by

> X )
aj[(Arj — Evjju) — (Arj — Evjiu)l
i=1

1
Vor(u) = m

where (Arj — Erju) denotes the sample mean of (Ar; — Er jju), which is substracted
since, while the theoretical mean is 0, this is not guaranteed in finite samples.

3. The next step is to obtain a simulated value of Hy (u) as a draw from a N (0, V2 1 (u)).
T\pen a simulated value of the limiting distribution of (d —1)is, say, Z(u) = My (u) +
( m/St)Hr(u).

4. We then go back to step 1 and repeat the procedures to get another value of Z(u)
based on another draw for ur. This is repeated N times to get an empirical cdf of the
limiting distribution.
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5 Numerical features of the distributions

In this section, we use simulations to address the following issues. First, what is the quantita-
tive impact of changes in the nuisance parameters (0%/2nf\,(0), p and m) on the components
V1(u), M(u) and V,(u) that are present in the limiting distributions. Secondly, we present
evidence about how adequate the asymptotic distributions are as approximations to the fi-
nite sample distributions. In all cases, the limiting distributions are evaluated as described
in the previous section.

5.1 The effect of changes in the nuisance parameters on V;(u), M(u) and V,(u)

Consider first the component V4 (u) which affects the limiting distribution when m = o(T ¥/3).
Here the relevant nuisance parameter is p and the effect of changes in its values are depicted
in Figure 4. What transpires from these results is that changes in p h\z}ve vAery little effect on
the distribution of V;(u) and, hence, on the limiting distribution of ~m(d — 1). Noticeable
differences occur only for very small values of p. The distribution remains basically the same
once p reaches a value of 5.

Consider now the components M(u) and V,(u) which play a role when m = ¢, T2
These are influenced by the parameters p, m and 051/(2nfv(0)) = ¢. The base case that we
consider is p =5, @ = 1, m = T2 and we assess the effect of changing one parameter by
holding the others fixed at those values. The results are presented in Figure 5 for M (u) and
Figure 6 for V,(u). Consider first M (u). The results clearly show that its distribution is, in
all cases bounded by the interval [—1,0]. Also, they are in accordance with the theoretical
explanations given in Section 4, the distribution of M (u) shifts to the left as m increases
and as p or @ decrease. What is more revealing from the numerical results is that relatively
small changes in these parameters have important effects, especially on the location of the
distribution of M (u). For example, changing m from T%° to T%¢, the mean of M (u) goes
from —0.269 to —0.489; and a doubling of ¢ from 0.5 to 1, implies a change from —0.477
to —0.265. On the other hand, the results in Figure 6 show that the distribution of V,(u)
changes very little unless the changes in p or m are very large.

5.2 The adequacy of the asymptotic approximation

To assess how the asymptotic distributions approximate the finite sample distributions, we
use simulations with 10,000 replications of d.
Consider first the case with m = T23, for which the limiting distribution in Theorem 1
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applies. The sample sizes considered are T = 200, 500, 1,000 and 5, 000. For the nuisance
parameters, we use ¢ = 037/(2nf\,(0)) =1or2andp=>5or 10. The results are presented in
Figure 7. They show that the approximation is, in general, adequate though in some cases a
large sample size is needed. The right tail is better approximated than the left tail which is
ticker. The approximation improves as p or @ increase. This is expected since the stationary
component, which does not affect the limiting distribution, is then less important relative to
the jump component.

Consider now the case with m = T/2 and the approximation provided by the first-
order asymptotic distribution stated in Theorem 2. The results are presented in Figure 8
for the base case p =5, ¢ =1, m = TY2 and T = 2° (512), 21° (1,024), 2'* (16,384)
and 2'° (32,768). The results show that as the sample size increases the finite sample
distribution indeed approaches the limiting distribution. However, even for the large sample
sizes considered, the approximation is not quite adequate. The location of the distribution
is well approximated but the variance and, especially, the left tail are not. The basic reason
is that even if the sample size is very large m = T2 remains a relatively small number, for
example when T = 21° (32,768), m is still only 181. The poor approximation still applies to
other cases not reported.

On the other hand, the expansion presented in Theorem 3 provides a very good approxi-
mation. The results are presented in Figure 9 for the cases m = T2, ¢ = ¢g2/(2nf,(0)) = 1
or 2and p =5 or 10 for T = 200 and 500. Overall, the expansion provides a reasonable
guide to the finite sample distribution and captures well its main features.

6 Application to stock return volatility

Our theoretical results have important practical implications that can be confronted with
the data. The most important feature is the behavior of the log periodogram estimate of d
as m, the number of frequencies used, varies. The short-memory plus level shifts model and
the pure fractionally integrated model have very different implications for this behavior.
For the level shift model, our results indicate that when m is near T3, d will be in a
neighborhood of 1 with a standard deviation of about .79/ m (provided p = 5). When m
is between T2/3 and T2, d drops to a new level when the stationary component starts to
affect the limiting distribution. The magnitude of the drop depends on the relative variance
of the stationary and level shift components as well as on the value of p, the frequency of
the jumps. As m increases beyond T /2 there is a further gradual decrease in the estimate d
as the short-memory component becomes increasingly more important, relative to the level
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shift component, in determining the limiting distribution.

The picture is very different if the underlying model is that of a pure long-memory process,
e.g., a fractionally integrated model. Here the limiting distribution of the log periodogram
estimate d is the same regardless of the rate of increase of m \/relatAive to the sample size
T. Indeed, from Hurvich, Deo and Brodsky (1998), we have m(d —d) -9 N(0,1?/24)
if m = o(T*®) and log?(T) = o(m). Also, simulations reported in that paper reveal that,
when the autocorrelation of the short memory component is positive the bias of dis positive
and increasing as m increases. Hence, we can use the path of the estimates d obtained for a
wide range of values of m to discriminate between the two models.

As mentioned in the introduction, an area where such a concern is important pertains
to the underlying behavior of stock return volatility. Several papers have reported that
transformations of returns, ry, of the form |r¢|? for some 6 > 0 have times series properties
that resemble those of a long-memory process (see, e.g., Ding, Engle and Granger, 1993,
Granger and Ding, 1995 and Lobato and Savin, 1998). Using daily data on SP500 returns
for the period 1928-1991, the following features were documented. First, based on the
behavior of the autocorrelation function, the strongest evidence of long-memory is found for
the transformation 8 = 1, i.e., absolute returns. Second, the log periodogram estimates of
d are highest for transformations with .10 < 6 < .50 (Granger and Ding, 1995, Table 1A).
The estimates of d, using m = T/2 varies from a low of .427 for 8 = 2 to a high of .508 for
0 =0.2.

More recently, attempts have been made to distinguish between the stationary noise
plus level shift and the long-memory models; see, in particular, Granger and Hyung (2004).
They document the fact that when breaks, determined via some pre tests, are accounted
for, the evidence for long memory is weaker. This evidence is, however, inconclusive since
structural change tests are severally biased in the presence of long memory and that the log
periodogram estimate is biased downward when sample-selected breaks are introduced. This
is an overfitting problem that Granger and Hyung (2004, p. 416) clearly recognized.

Our results allows an alternative way of discriminating between the two models based on
the path of the log periodogram estimates d as m varies. We use the same data set as that
used in Granger and Hyung (2004). It consists of 19,868 daily observations for the SP500
returns. It was kindly provided by William Schwert. The source of the data for the period
January 4, 1928 through July 2, 1962 is Schwert (1990). From July 3, 1962 it is from the
CRSP daily returns file. We use log returns (ry = In(P¢) — In(P¢_;) with P, the SP500 stock
price index) and the transformation |r:|°. We consider 8 = 1 since absolute returns provide
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the strongest evidence of long memory, as well as 8 = 0.5 since the estimate of d is higher
when 8 < 1 (it also allows us to see if the result are sensitive).

The results are remarkable and very informative. Consider first a plot of the periodogram
presented in Figure 10. The shape is exactly what one would expect given the results of
Section 3.2 (see Figure 2). Only the first few frequencies are important, but they have an
overwhelming dominance compared to higher frequencies. Note that the graph stops at the
small frequency /50 and that the values beyond that frequency continue to be small.

Consider now the log periodogram estimates d which were computed for all values of m
ranging from 10 to T34, The results are presented in Figure 11 for 8 = 1 and Figure 12
for 6 = 0.5. The path of d as m varies is almost exactly as predicted by our theoretical
results which apply if the true underlying structure is a short-memory process with level
shifts. Consider first values of m near or below T2 (m = 27, indicated by the first vertical
solid line from the left). The estimates d are clearly highest in this region with a peak at
0.76 (6 = 1) and 0.82 (6 = 0.5). These values correspond to the 5% and 10% quantiles,
respectively, of the asymptotic distribution of Theorem 1 provided p = 5 (if p is smaller
the quantiles would be higher; also the finite sample quantiles are higher since the left tail
is not well approximated in this case, see Figure 7). Hence, these cannot be viewed as
significantly different from 1. Furthermore, the results show that before m reaches T/2
(m = 141, indicated by the second vertical solid line), the estimates drop suddenly. They
reach a value of 0.45 for 6 = 1 and 0.47 for 6 = 0.5. This is indeed close to estimates reported
in the literature since the rule of thumb m = T2 is often used (see, e.g., Granger and Ding,
1995). After m = T1/2, the estimates steadily decline. The decrease between T/? and T2/3
(m = 734, third vertical solid line) is from 0.45 to 0.37 for 6 = 1 and from 0.47 to 0.40 for
8 = 0.5. After T?/3 the estimates continue to decline though very slowly. When m = T8
(2, 745) we have, from results not reported in the graphs, a value around 0.32 for 6 = 1 and
around 0.26 for 6 = 0.5.

We believe that these are remarkable results and, when analyzed in the context of our
theoretical analysis, they favor a short-memory noise plus level shift model as opposed to a
long memory model for stock return volatility.

7 A simple test of long memory against mean shifts

In this section, we propose a simple test of the null hypothesis of a stationary Gaussian long
memory process designed to have power against a stationary process affected by mean shifts.
The test is based on the fact that in the latter case the estimate of d crucially depends on
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the number of frequencies included in the log-periodogram regression, in particular on the
fact that its limit is different when a different proportion of the sample size is used for the
number of frequencies. On the other hand, if the true process is a fractionally integrated
one, the limiting distribution of the log periodogram estimate is the same for a wide range
of the number of frequencies used.

Let oTa denote the log periodogram estimate of the memory parameter when m, = [T?]
frequencies are included in the regression. Under the null hypothesis of a stationary Gaussian
fractionally integrated process, we have for a < 0.8 (Horvich, Deo and Brodsky, 1998)

3 - w1

P—".
a g —d. _d
[T3] day—do N 0, o4

Now, let 0 <a <b <1 with a < 4/5, the test statistic proposed is simply
r

ta(a,b) =

-~

24[Ta] "~ -

This test has a simple limiting N (0, 1) distribution under the null hypothesis since
r - r - r

-~

24[Ta] >~ o 24[T?] . 24[T2] ~ ~
o damdy = = damd - o d—d
d .
" s d
o damde =N
24[T3] - _ 24T . [T
m h—do = T d—de o -0

On the other hand, its limit is .o under the alternative hypothesis of a stationary process
affected by level shifts since the limit of Ja and Jb are different and the limit of oTb is lower
than the limit of dAa. These properties are stated more precisely in the following Proposition.

Proposition 4 Suppose the series {X¢} is a stationary Gaussian process with spectral density

in a neighborhood of zero given by
f. (W) = [1—exp (—iw)| > £ (w)

with the function £* (W) satisfying ¥* (0) > 0, ¥ (0) =0, |F*" (W)| < B; < and |[F*" (w)| <

B, < for some finite B1,B,. If 0 <a<b<1 anda<4/5, then
r

ta(a,b) =

-~

da—dy, —-9N(0,1)

24[Ta] >
T[Z
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Remark 5 The set of assumptions used follow Horvich, Deo and Brodsky (1998). While the
Gaussian assumption seems restrictive it appears to be common in the long-memory litera-

ture. Note also that the stated conditions allow for Gaussian fractional ARIMA processes.

We performed simple simulation experiments to evaluate the finite sample properties of
the test. Under the null hypothesis, the DGP considered is a Gaussian ARFIMA(Z,d, 0)
process generated using the procedure “arima.fracdiff.sim” in S-plus. The autoregressive
parameter p varies from 0 to 0.8 since positive values are more relevant for volatility processes.
The fractional parameter d is also varied between 0.0 and 0.8. We include values withd > 1/2
to show that the limiting distribution is indeed not sensitive to the value of d. In such cases,
an ARFIMA (1,d — 1,0) process is generated by the same procedure “arima.fracdiff.sim”
and integrated once.

We construct the test with a = 1/3 and b = 4/5. The choice of a is motivated by our
asymptotic theory for stationary processes affected by level shifts which indicated that the
limit of d has the biggest discontinuity at m = T/3. The value of b is set to 4/5 because that
is the optimal rate in some typical situations as shown by Horvich, Deo and Brodsky (1998).
We report the rejection frequencies at the 5% nominal level, with all values generated by
10, 000 replications. The results are presented in Table 1 (panel a). Of interest is the fact
that the size of the test is not sensitive to the value of d even if d > 1/2. Second, the size
is sensitive to the short memory dynamics via the value of the parameter p. However, the
results show a conservative procedure when p > 0. Since positive correlation is expected in
many cases of interest including stock return volatility, a rejection should be viewed as even
stronger evidence against the null hypothesis.

We now consider the power of the test under DGP-2. The short memory component is
the same as above, an AR(1) process driven by standard normal innovations, with p varying
between 0 and 0.8. For the mean shift component, o2 is set to 1/(1 — p*) and we allow p
to vary between 1 and 20 to capture different frequency of jumps. Again, the nominal size
of the test is 5% and 10,000 replications are used. The results are presented in panel (b)
of Table 1. As suggested by the theory, the test has non-trivial power against the mean-
shifting alternative, with the power increasing in an important way with the sample size and
the frequency of jumps p. Secondly, the short memory component has non-negligible effects
on power, although increases in p tends to decrease power in part due to the conservative
nature of the test in such cases. We expect that a method which reduces the bias due to
the short memory could improve the size and power simultaneously. Such an extension is,
however, outside the scope of our paper.
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We applied this test to the stock return volatility data. The results are presented in
Figure 13 for both absolute and square root returns for values of a ranging form 1/3 to 1/2,
i.e. with m, ranging from T3 to T2, and b fixed at 4/5. With absolute returns, the null
hypothesis of a fractionally integrated process is rejected at the 1% significance level for any
value of a and with square root returns, it is rejected at the 0.1% significance level. Hence,
in view of the conservative nature of the test, this represents overwhelming evidence against
a fractional integrated process.

8 Conclusions

Our paper provided a theoretical analysis of various statistics when the underlying model
is a short-memory process contaminated by level shifts. We considered the autocovariance
function, the periodogram ordinates as well as the log periodogram estimate of the long
memory parameter in a fractionally integrated model. The limiting distributions obtained
were shown to provide good approximations in finite samples. They also allow us to explain
many of the findings obtained by simulations that attempt to document how the basic
model can be confused with a long-memory process. Indeed, the autocorrelations have a
pattern that is similar under both models. Also, the log-periodogram estimate of the long
memory parameter is clearly positive, again suggesting evidence in favor of long memory.
However, our analysis revealed that the periodogram ordinates are affected by the level shift
component only for the first few frequencies. The impact is, however, very big at these few
short frequencies and the distribution of the log periodogram estimate of the long-memory
parameter is, accordingly, shifted above from zero. A careful analysis revealed that this
effect is highly dependent on the number of frequencies used since the impact of the first few
frequencies changes in an important way as this number changes.

Our theoretical results provide clear practical implications that can be confronted with
the data by looking at the path of the log periodogram estimates as the number of frequencies
used varies. Using data on stock market volatility proxies (absolute returns and their square
roots), we obtained remarkable findings. The sample path of the log periodogram estimates
clearly follows a pattern that would obtain if the true underlying process was one of short-
memory contaminated by level shifts. Our results suggest that research should be oriented
in the direction of such a class of models to understand the time series properties of stock
returns volatility. More generally, another important avenue of research is to devise statistical
testing procedures that would allow a more precise distinction between long memory and
level shifts. This is the subject of ongoing research.
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Appendix
Appendix: Proofs of Propositions 1-3.
We first state some Lemma that will be used in subsequent proofs.

R R
Lemma A.1 (Georgiev, 2002): Let X(S)dY (S) denote X(s—=)dY (S), with X(s—) the
left limit of X at S, and the stochastic integral being of the Ito type. Also, let £(U) be a
continuous function on [0, 1]. Then,

P R
L7t Tuf@T) [ I(u)f(u)du;
P R
2. T THueF/T) 5 J%(u)f(u)du;
—1/2 I:)[Tr] Ry : i .
3. T =1 Ut o JW)AW (u) if & is 1.1.d.(0, 1) and independent of Ut.

4. The above convergence results hold as well if Ug is replaced with Ui and accordingly
J(u) is replaced with J*(u).

The following lemma concerns the moments of the compound Poisson process J(s). The
proofs are straightforward and, hence, omitted.

Lemma A.2 «) E[J(s)*] = 3pso;+3p®s?o;; b) E[J(u)*] = 3puo;+3p®u®a;; E[J%(s)(I (u)—
J(8))’] = s(u —s)p?o; foru=>s; and E[J? (u)(J (s) —J(u))?3 = u(s —u)p 04 for s > u.

Proof of Propositions 1 and 2: We have

R . < B B
R(h) = T (Xt = X)(Xt+h — X)
t=1
< X
=711 XeXt+h — (T - Xt)2 +0,(1)
Consider the first term,
P
T XeXernh = T 7 (Vi + Ug) (Vi + Ugsn)
t=1 t=1
< < P
= T ' Van+T b VUanh+T 0 Ulen +T0 UVean
t=1 t=1 t=1 t=1

-1 P T—h -1 IDT—h
Now_for h/T - 0asT - oo, we ave T 4 MtVeen SPRy(h), T =1 Vilgeh —P 0,
T~ 1Pt 1 UV —P 0, and T2 ’31 " UeUgen R OlJZ(u)du using Lemma A.1. Similarly,
T Lo =T1% _ve+T1 u OlJ(u)du. Collecting terms, the result of
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P
Proposition 1 (a) follows. When h/T — kas T - o_ we have T~ I:]EVtVHh —P 0 since
h - o and the process is short memory. Also, T2 M uwerg o J(U)I(U+K)du

and the limit of the other terms remains the same.

Proof of Proposition 3: Part (1) is a standard result for stationary short memory
processes. For Part (2), we have

- —2
j2 X omjts 2 XX 21 (t — 3)
T Ut exp(l?)_ = omrr UsUy¢ cos(f)
t=1 ssl t=1
j2 Z 1Z 1
— J(u)J(s) cos(2mj(s — u))dsdu
2 o
and
2 zZ,7Z, s
E [— J(u)J(s) cos(2mj(s — u))dsdu
M0 20 Z .,z
i 14 u > j2 1=1 ®
= E [— J(u)J(s) cos(2mj(s —u))dsdu + EZ[— J(u)J(s) cos(2mj(s — u))dsdu
21 0 2 o o
j2 yA 1ZOu j2 z 1 1
= — E[J?(s)] cos(2mj (s — u))dsdu + =— E[J?(u)] cos(2mj (s — u))dsdu
2 _y _p 2 _oy
12 VA 1Z u 12 vA 1Z 1
_J 2 - J 2 .
= — psa;, cos(2mj (s — u))dsdu + =— pua;, cos(2mj (s — u))dsdu
2 o o 2 ¢
_ b,
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where we have used the fact that E[J(u)J(s)] = E[J(min(s,u))?]. The result that the
variance is independent of j follows similarly from tedious algebra. Consider now part (3),
we have

j XX jLia
T Viuscoswj(t—s) = J(u) cos(2mj(u — v))dudW (v)
m t=1 s=1 Mo o

and the limit term is easily seen to have mean zero (it also has mean zero in finite samples
since v¢ and u, are assumed to be independent).
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For the variance, we have:

j Z.,Z, 2
E |ZE J(u) cos(2mj(u — v))dudW (v)
0
EnES -
= E J(u)cos(2mj(u—v))du dv
j? 2, 27, >
= = E J(u)J(s) cos(2mj(u — v)) cos(2mj(s — v))dsdu dv
i2 2, 2.7, >
= ]JT—Z E J(u)J(s) cos(2mj(u — v)) cos(2mj(s — v))dsdu dv
j2 Z, 2,7, >
+F Ei J(u)J(s) cos(2mj(u — v)) cos(2mj(s — v))dsdu dv
2 Z 1OZ 1 u0 !

= psa? cos(2mj (u — v)) cos(2mj (s — v))dsdudv
j2 OZ 1OZ 1OZ 1
+F IOUCF,Z7 cos(2mj(u — v)) cos(2mj (s — v))dsdudv
0 0 u
_ Poy
4m4
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