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1 Introduction

Since the seminal paper of Nelson and Plosser (1982), the unit root hypothesis has received a
lot of attention from both theoretical and empirical perspectives (e.g., Campbell and Perron
(1991) and Stock (1994) for surveys). Using tests developed by Dickey and Fuller (1979),
Nelson and Plosser (1982) argued that current shocks have permanent effects on the level of
most macroeconomic series. This finding was supported by other approaches which found
that a typical shock has both important transitory and permanent components (see, e.g.,
Campbell and Mankiw, 1987a,b, Shapiro and Watson, 1988, Clark, 1987, Cochrane, 1988).

In contrast to this literature, Perron (1989) argued, as an alternative to the unit root
hypothesis, that macroeconomic fluctuations are most likely stationary if allowance is made
for the trend function to exhibit occasional changes. Allowing for a single change in intercept
and/or slope, he rejected the unit root hypothesis for 11 of the 14 series analyzed by Nelson
and Plosser. As discussed in Banerjee, Lumsdaine and Stock (1992) this finding may be
important for the following reasons. First, it offers an alternative picture of the persistence
in macroeconomics series. Second, this approach can provide a parsimonious model for a
slowly changing trend component that may be useful as a data description. Third, the
implications for inference in more complex models are very different.

Christiano (1992) criticized the results of Perron (1989) on the basis that the break points
should not be treated as exogenous since the imposition of a given break date involves an
issue of data mining. Accordingly, Zivot and Andrews (1992), Banerjee, Lumsdaine and
Stock (1992) and Perron (1997) considered unit root tests with unknown break points.

We continue to treat the potential break points as occurring at unknown times and
contribute to this literature in two ways. First, we use the M tests analyzed by Perron
and Ng (1996) and extend them to permit a one time change in the trend function. Second,
following Elliott, Rothenberg and Stock (1996) (hereafter ERS) and the prior work of Dufour
and King (1991), we use local to unity GLS detrending of the data. We consider two specific
models: one with a break in the slope of the trend function and one with a break in both
the intercept and slope. In this setup, there is no need to analyze the case where only a
change in the intercept is allowed since the tests then have the same asymptotic distribution
as the case where the deterministic components include a constant and a time trend which
was analyzed in ERS (since a change in intercept is a special case of what they refer to as a
“slowly evolving deterministic component”).

The reasons for considering the M-tests, originally proposed by Stock (1999) and further
analyzed by Perron and Ng (1996) is that these tests have much smaller size distortions than



other classes of unit root tests when the errors have strong negative serial correlation. Also,
using GLS detrending when constructing the M-tests allows substantial gains in power as
showed by Ng and Perron (2001), similar to the DF%S test proposed by ERS.

Given that a uniformly most powerful test is not attainable, we follow ERS and derive a
feasible point optimal test (PS%%). The asymptotic power function of this test is derived and
we use the associated power envelope to choose the non-centrality parameter (¢) to perform
the GLS detrending such that the asymptotic power of the test is 50% against the local
alternative @ = 1 4 ¢/T'. For our two models, we obtain ¢ = —22.5.

The rest of the paper is organized as follows. The model and some preliminary theoretical
results are presented in Section 2. In Section 3, we derive the asymptotic distribution of the
MELS and DFYTS tests in both cases where the break point is known or unknown. Section 4
considers the asymptotic Gaussian power envelope and the limit distribution of the feasible
point optimal test. The asymptotic critical values and the asymptotic power function of the
various tests are presented in Section 5. Section 6 considers the size and power of the tests
in finite samples using simulations. Section 7 presents an empirical application and Section

8 briefly concludes. An appendix contains technical derivations.

2 GLS detrending with structural change
The data generating process considered is of the form:

Y = dt—l—ut, tZO,...,T, (1)

w = ouy1 + vy, (2)

where {v;} is an unobserved stationary mean-zero process. We use the assumption that uy =
0 throughout, though the results generally hold for the weaker requirement that E(u3) < oo.
The noise function is vy = Y22 v,1m,_; With Y5°,i|7v;| < oo and where {n,} is a martingale
difference sequence. The process v; has a non-normalized spectral density at frequency zero
given by 02 = o2y(1)?, where 02 = limy_oo T 33, E(n}). Furthermore, T1/2 My =
oW (r), where = denotes weak convergence in distribution and W(r) is the Wiener process
defined on C'[0, 1] the space of continuous functions on the interval [0,1]. In (1), d; = 9z,
where z; is a set of deterministic components to be discussed below. For any series y;, with

deterministic components z;, we define the transformed data y* and z* by:

ul = Wo, (L —al)y,), 2 =(20,(1-al)zn), t=0,..T.



We let {b be the estimate that minimizes:
T

S*(,a,8) = (yF — /=), (3)

t=0

and denote the minimized value by S(a, 6).

2.1 The specifications of the deterministic components

Model 1. Structural change in the slope: For this model, the set of deterministic

components, z; in (1), is given by:
f= {1, £1(t > Ty)(t — Tp)}, @)

where 1(.) is the indicator function and T is the time of the change. Without loss of
generality, we assume that Tp = T'¢ for some § € (0,1). In this case, &(6) = (/11,31,32)’ is
the vector of estimates that minimizes (3).

Model II. Structural change in intercept and slope: For Model II,
z={1, 1(t >Tp),t,1(t > Tp)(t—Ts)}. (5)

In this case, the vector of coefficient estimates is 1})(6) = (fuy, flo, ﬁl, 32)’ . In this model, we
have the same results as with Model 1 since the effect of ji, — 115 is negligible in large samples.
This is because the change in intercept is a special case of a slowly evolving deterministic
component in condition B of ERS.

Note that there is no need to consider explicitly the case with trending data having only
a change in intercept. The limiting results of ERS and Ng and Perron (2001) for the case of

trending data apply for the reason mentioned in the introduction.

3 The tests and their asymptotic distributions
3.1 The tests

The M-tests, originally proposed by Stock (1999), and further analyzed by Perron and Ng
(1996), exploit the feature that a series converges with different rates of normalization under

the null and the alternative hypotheses. They are defined by:

MZES(6) = (T 57— %) (2T ZZyt 1) (6)
MSBES (8) = QZ /82 (7)
MZES () = (T 97— 5 (482T’QZ§31)’”Z (8)



with 4, =y — {D/zt where {b minimizes (3). The term s? is the autoregressive estimate of the

spectral density at frequency zero of v;, defined as:

st = st/ (1= (D)’ )

with 82, = (T — k) "' 041 €%, b(1) = 32F_, b; and by, {éu} obtained from the regression:

k

AGe = boGi—1 + > bjAGi—j + ey (10)
j=1

The first statistic is a modified version of the Phillips and Perron (1988) Z, test originally
developed by Phillips (1987). The second statistic is a modified version of Bhargava’s (1986)
R, statistic which builds upon the work of Sargan and Bhargava (1983). The third statistic
is a modified version of the Phillips and Perron (1988) Z; test. As Perron and Ng (1996)
showed, the MSB and Z, tests are related by Z; ~ MSB - Z,. This relation suggests the
MZ, test defined by (8) since it satisfies the relation MZ, = MSB - M Z,. Another test of
interest is the so-called ADF test which is the t-statistic for testing by = 0 in the regression
(10), see Dickey and Fuller (1979) and Said and Dickey (1984). We denote this test by
ADFSL5(8). Our approach is an extension of Ng and Perron (2001) and Elliott, Rothenberg
and Stock (1996) to the case where the trend function contains a structural change. In this

case, the M5 tests will depend on the unknown break point &.

3.2 Asymptotic distributions of the tests

We start with a statement of the limiting distribution of the various tests in the case where

the break point is considered known.

Theorem 1 Let y; be generated by (1) with a = 1+¢/T, MZS", MSBYS and M ZELS be
defined by (6),(7) and (8) with data obtained from local GLS detrending (:) at & = 1+¢/T,
and ADFYS be the t-statistic for testing by = 0 in the regression (10). Also, s* is a
consistent estimate of o?. For Models I and II, we have:
0.5Ki(c,¢,6) _ IS
Ky(c,c,6)
MSBEYS(6) = (Ka(c,e,8)* = HMSF (¢¢,0),
0.5K1(c, ¢, (15) = HMZE (0 2 ).
(Ka(c,c,6))"”
0.5K1(C, c, (5) L ADFGLS
(Ka(c,e,6)2

MZg"(6) (¢, 6),

MZ{H5(8)

ADFC5(8) =

(07 E? 6)7



where

Ki(e,6,6) = V(1,62 -2v2(1,6) -1,
, L) @)
K2(07076) = /‘/CE( /V T(S

0

and VI (r,8) = Wo(r) — rbs, V2(r,8) = ba(r — 6)[We(r) — rbs — (1/2)(r — §)ba] with W,(r)
the Ornstein-Uhlenbeck process that is the solution to the stochastic differential equation
dW,(r) = cWe(r)dr + dW (r) with W,.(0) = 0. Also, b3, by are defined by b3 = (A1b; + A2bo)
and by = (Agby + Asby) where by = (1 — &)Wo(1) 4+ & [J rWo(r)dr, by = (1 — & + 6c)W,(1) +
& [LWo(r)(r—8)dr —W,(6), \y =d/O, Ay = —m/O,d =1—6—c+2e5 — 6> — 26+ 26 +
(@/3)1—6%), m=1—-86—c+c6— (c2/2)6 + (¢/2)8* + (¢2/3)(1 — &°), a = 1 — ¢ + &2/3,
O =ad —m? and \3 = a/O.

In practice, it is usually the case that an investigator wants to treat the break point
as unknown. In this case, an estimate of the break point is needed. A method suggested
by Zivot and Andrews (1992) is to consider estimating ¢ as the break point that yields the
minimal value of the statistics, i.e. using infs J“*(§) where J = M Z,, MSB, M Z;, and
ADF. Using the continuous mapping theorem and arguments as in Perron (1997), we have,
assuming no shift in the trend function under the null hypothesis:

inf J5(8) = inf H'"(c,é,0), (11)

5€[0,1] 6€0,1]

for J = MZ,, MSB, MZ;, and ADF with the functions H(-) defined in Theorem 1. Note
that no truncation for the range of possible break points needs to be imposed. As discussed in
Vogelsang and Perron (1998), the implied estimate of 6 is not consistent for the true value of
the break point when the data generating process contains a break. These authors also note
that the tests statistic are not invariant (even asymptotically) to values of the coefficients of
the change in the trend. Nevertheless, they argue that, in typical sample sizes, this is not a
problem unless the changes are extremely large. Thus, these tests can still be used with the
critical values derived assuming no shift under the null hypothesis.

An alternative method to select the break date, as used in Perron (1997), is to choose
it such that the absolute value of the t-statistic on the coefficient of the change in slope is
maximized. This procedure has been used by many authors, e.g. Christiano (1992), Banerjee,
Lumsdaine and Stock (1992), Perron (1997) and Vogelsang and Perron (1998). Consider, for
example Model I where the deterministic component is given by d; = p,+8,t+08,(t—Tg)1(t >
Tg). Let B,(6) be the GLS estimate of 3, and tﬁz(é) be its associated t-statistic. The break

point can be selected using the estimate 5= arg maxXse(s,1-«) |tﬁz(6)|, where ¢ is some small

5



number imposing a trimming on the possible values of the break dates. We shall use ¢ = 0.15
throughout. As discussed in Vogelsang and Perron (1998), if under the null hypothesis we
have 3, # 0 and the true break point given by 75/ = 6°, then § is a consistent estimate of
8" and the limiting distributions of the test statistics correspond to those in the case where
the break date is known, i.e. the limit distributions given in Theorem 1 evaluated at §". In
practice, one can simply evaluate these limit distributions at the estimated value 8.

When, under the null hypothesis, 3, = 0 in which case there is no change in the slope of
the trend function, it is easy to show (using the results of Lemma A.2 in the appendix) that
tﬁz(é) = by/ ()\;)/ %), where by and A3 are defined in Theorem 1. We then have

5:4Hg6¥qx t5, ()] = arg max b1/ (N)| = 6*. (12)
c(e 5

Hence, the limiting distributions of the statistics are given by
JES(8) = HI (¢,¢,6%), (13)

for J=MZ,, MSB, MZ;, and ADF with the functions H(-) defined in Theorem 1.

In practice, it is difficult to know if there is a change in slope since any test of such
hypothesis would depend on whether a unit root is present or not. Hence, a conservative
procedure is to use the critical values corresponding to the case where it is assumed that no

break is present, i.e. (13). This is the procedure we use in the following.

4 Feasible point optimal test and the power envelope

Elliott, Rothenberg and Stock (1996), following Dufour and King (1991), have considered
the issue of developing tests with optimality properties under Gaussian errors. The case
where the break point is assumed known follows closely their analysis. While a uniformly
most powerful test is not attainable, it is possible to define a point optimal test against
the alternative o = @. If v; is i.i.d., this is provided by the likelihood ratio statistic, which
simplifies, under normality, to L(6) = S(a,6) — S(1,6), where S(a, ) and S(1,6) are the
sums of squared errors from a GLS regression with a = & and a = 1, respectively. Varying
the value of @, gives a family of point optimal tests and the Gaussian power envelope for
testing o = 1. To allow for serial correlation in the errors v;, ERS proposed a feasible point
optimal test (PSL%) defined by:

Pf*(c,e,6) = {S(a,6) — aS(1,6)}/s*. (14)
The next theorem provides the limiting distribution of the PSS test.

6



Theorem 2 Let y; be generated by (1) with a = 1+ ¢/T. Let PS™° be defined by (14) with
data obtained from local GLS detrending (3;) at & = 1+ ¢/T. Also, let s* be a consistent
estimate of 0. The limit distribution of the PSS test under Models I and II is given by:

1 1
PSES(e,6,8) = M(c,0,8) — M(c, & 6) — 2¢ / Wo(r)dW (r) + (& — 22c) / W, (r)2dr — ¢
0 0

PGLS

= H7 (c¢0). (15)
where M(c,¢,8) = Alc, ¢, 8)B(c, ) tA(c, & 6) with Ale, ¢, ) defined by

W(1) + (c — &) Jy Wo(r)dr — ¢ [y rdW (r) — (c — &)E [y rWe(r)dr
(1+62) ([W(1) = W) + (¢ =€) J§ We(r)dr) — & 3 rdW (r) — (c — &) f§ rWe(r)dr

and B(¢,8) is a symmetric matriz with entries

Z/3—c+1 (1—8)1—¢) +c(2+6%—306)/6
(1 —6%)/3 — (1 —6*)(1+6e) + (1 — 8)(1 + 6¢)?

The asymptotic expression (15) for the PSL% test allows us to define the asymptotic
power envelope for the two models. It is given by m(c, 8) = Pr[H% (¢, ¢, 8) < b7 (¢, 8)],
where b7 "% (¢, 8) is such that Pr[HP"(0,¢,8) < b7 (¢,6)] = v, with v the size of the
test. Note that, in general, a different power envelope exists for each values of ¢.

When 6 is unknown, things are rather different. The principle is, however, the same. To
maximize the likelihood function under the null and alternative hypotheses, the estimate of
6 must be chosen to minimize the sum of squares residuals S(1,6) and S(&, 6), respectively.
Hence, the corresponding asymptotic version of the feasible point optimal test is then

PfiS(c,e) = {56['151,11{5] S(a,6) — 56[161,11f—6] aS(1,6)}/s%.

Note that a trimming ¢ is necessary otherwise the critical values become unbounded. The
reason is similar to that encountered in the context of tests for structural change (see, e.g.,
Andrews, 1993). We use € = .15 throughout. In the case of this feasible point optimal
test, there is a problem of which method to choose to select the break date to construct
the estimate s2. Based on finite sample properties assessed via simulations we opted for
evaluating s? at the break point 3, say, which minimizes the sum of squared residuals under
the alternative, i.e. we select 5= arg mingej. 1 S(@, 6). Using Theorem 2, we have:

PTG,*LS(C, ¢) = sup M(c0,6)— sup M(c,é,é) (16)

6€le,1—£] 6€le,1—¢]

PGLS

—20/01 We(r)dW (r) + (¢* — 2éc) /01 W,(r)2dr —c= H." (c,c).

7



GLS
The asymptotic Gaussian power envelope is then defined as 7*(c) = Pr[H o (c,0) <
PGLS . A PGLS . PGLS PGLS

b«."  (c)], where, with v the size of the test, b." (c) is such that Pr[H." (0,¢) < b." (¢)] =
v. Furthermore, the power envelope allows us to find the “optimal” non-centrality parameter
¢ for our models. ERS recommended to choose the value ¢ such that the asymptotic power

GLS GLS
of the test is 50%, i.e. ¢ is such that Pr[HfT (¢,¢) < beT

we found that ¢ = —22.5 and we use this value in the rest of the paper.

(¢)] = 0.5. Using simulations,

5 Critical values and asymptotic power functions

In this section, we obtain the asymptotic critical values for tests assuming ¢ = —22.5 is
used to detrend the data. We simulate directly the asymptotic distributions using 1,000
steps to approximate the Wiener process on [0, 1] as the partial sums of i.i.d N(0, 1) random
variables. The limiting distributions are tabulated for the null hypothesis ¢ = 0. For the
finite sample distributions, we use 7' = 100 with data generated by a random walk with
zero initial condition and ¢.i.d. N (0, 1) errors. Here k is set to O which is equivalent to using
the true value of o?; the effects of selecting & are investigated in the next section. In all
cases, 10,000 replications are used. The results are in the first three columns of Table 1.a
and Table 1.b for, respectively, the case where the break point is selected by minimizing the
tests and when the break point is selected maximizing the absolute value of the t-statistic
on the coefficient of the change in slope. In general, the approximation to the finite sample
distribution is adequate but somewhat less good for Model II which contains a change in
intercept that is asymptotically negligible.

The asymptotic power functions of the tests are defined by 7%crs(c,T) = Pr[infscoq
H7Y (¢,2,6) < b7 (2)] or mhars(c,@) = Pr[H'"""(¢,6,6%) < b7 (e)] for J = MZ,,
MSB, MZ;, ADF and with H'(c,c) defined in Theorem 1 and 6* defined by (12). The
constants b’ (¢) and b7°"” (¢) are such that Prlinfsco) H'7(0,¢,8) < b7 ()] = v, and
Pr[H7"°(0,¢,6%) < b/°"%(€)] = v, the size of the tests. The asymptotic power functions are
shown in Figure 1 where the solid line is the power envelope. The M%"9 tests, and especially
the P&L9 test, have asymptotic power functions very close to the power envelope both when
the break point is selected by minimizing the tests and when it is selected maximizing the
absolute value of the t-statistic of the coefficient on the change in slope. This is also true of
the ADFSLS test since it is asymptotically equivalent to the M ZZS test. Hence, in terms

of asymptotic power, all tests considered are basically equivalent.



6 Size and power of the tests in finite samples
6.1 The size issue, the selection of k£ and information criteria

All tests require the estimation of the augmented autoregression (10). Ng and Perron (2001)
recommended using GLS detrended data with the same non-centrality parameter ¢ for con-
structing s% and the tests. We follow their suggestion and, in subsequent results, ¢ = —22.5 is
used to detrend the data when constructing the tests and when estimating the autoregression
(10) to construct s?.

In our simulations and empirical applications, we consider three data dependent meth-
ods to select the order of the autoregression. The first is the standard Bayesian Information
Criterion (BIC). We follow the recommendation of Ng and Perron (2001) by confining the
search for the best value of k in a range [0, kmax|. Also, all regressions are estimated
using the same number of effective observations, 7% = T — kmax. The BIC' is then de-
fined as kye = argmingeokmax] {log(sgk) - m@i} with 82, = T 'Y} e 11 €5 with
éi obtained from (10) estimated from ¢ = kmax+1 to 7. We also consider the Modi-
fied Akaike Information Criterion (M AIC), advocated by Ng and Perron (2001), defined
by Emaic = arg mingeo kmax] {IOg(Sgk) + W} where 77(k) = (s2,)70 >tk max+1 Y1
with by obtained from (10). As shown in Ng and Perron (2001), the M AIC works as well as
standard information criteria when the extent of correlation is mild but provides unit root
tests having better finite sample size with a negative M A component. We also consider the
sequential ¢t-test, denoted t-sig, for the significance of the last lag, considered in Ng and Per-
ron (1995), with a two-tailed 10% size. When using an information criterion, we set k max =
int[10% (T/100) (1/4)] and for the t-sig method, we set k max = int[4x(7/100) (1/4)]. Note
that once the order k is selected, at k* say, s? is constructed using all possible observations,
i.e. estimating (10) from ¢t = k* + 1 to T

6.2 Critical values with data-dependent methods to select &

While the asymptotic distribution is a good approximation to the finite sample distribution
for any of the test considered when k is fixed, significant differences can occur when using
a data-dependent method to select k, especially in the context of tests involving breaks at
unknown dates (e.g., Perron, 1997). We present in Tables 1 and 2, for both Models I and II,
the finite sample critical values of the tests when using either of the three data-dependent
methods to select k. Two sample sizes are considered, 7" = 100 and 7" = 200. These were
obtained from simulation with 1,000 replications from the data-generating process defined
by (1) with d; =0, « = 1 and v; ~ i.i.d. N(0,1).



The results show substantial differences, especially when using the method ¢-sig which
yields finite sample critical values much smaller than the asymptotic ones (hence, using the
latter would imply liberal size distortions). When using the M AIC, the result is opposite,
namely finite sample critical values that are higher than the asymptotic ones (hence, using
the latter would imply conservative tests). With the BIC, the difference are not so large but
still important. For these reasons, we recommend the use of these finite sample critical values
“adjusted for the effect of using a data-dependent method to select k”. The simulations and

empirical applications below make use of these instead of the asymptotic ones.

6.3 Size and power of the tests

We now consider the size and power of the tests in finite samples using the various data-
dependent methods to select the truncation lag described above. Our simulations are based
on 1,000 replications of the DGP defined by (1) with d; = 0. We consider pure M A(1)
processes, i.e. with vy = (14 0L)e; and pure AR(1) processes, i.e. (1 — pL)v; = e;, where
e; ~ i.i.d. N(0,1). For both the M A(1) and AR(1) cases, we consider § and p in the range
[—0.8,0.8]. We consider the sample sizes T = 100 and 7" = 200. The power is evaluated at
a =1+ ¢/T for ¢ = —22.5 which implies that the asymptotic power is 50%. All results
presented are for 5% nominal size tests.

The results for the case where the break point is chosen by minimizing the tests are
presented in Table 2 for T = 100 and Table 3 for T" = 200. With i.i.d. errors, as expected,
the power of the tests when the sequential t-sig is used to select & is low. With the M AIC or
BIC, the power is indeed close to the asymptotic value of 50%. For the ADFYES test, the
power is high for all methods to choose k. Given these results, we shall not discuss further
the behavior of the tests with the sequential t-sig method.

Consider now the case where the errors have a negative M A component. For all tests,
the use of the BIC to select k implies tests with severe size distortions with exact sizes above
90% with T = 100 (80% with T" = 200) when the M A component is —0.8 and about 40%
with 7' = 100 (23% with 7' = 200) when it is —0.4. On the other hand, the M AIC allows
the M5 and the PSS tests to have much less size distortions. The exact size is about
33% with T = 100 (10% with T" = 200) when the coefficient is —0.8 and about 14% with
T =100 (9% with T' = 200) when it is —0.4. But even when using the M AIC, the ADF&LS
test still suffers from high size distortions (with § = —.8, the size is 18% when T' = 200).

When the errors have a positive moving average coefficient, the M %2 tests and the P&9
tests are liberal, while the ADFSLS test has the correct size (especially with T' = 200). With

a negative autoregressive coefficient, the M tests and the P& test are very conservative
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and, hence, show basically no power. The ADF has the correct size and power is good. When
the autoregressive coefficient is positive, the M@ tests and the PSL9 test are liberal. The
ADFSTS has better size but no power.

The results show that the ADF%S with k chosen using the M AIC has better overall
properties unless there is a negative M A component in the errors, in which case the M%ES
and the PSS tests are superior.

The results for the case where the break is selected by maximizing the absolute value of
the t-statistic on the coefficient of the change in slope are in Table 4 for T = 100 and Table
5 for T = 200. They show properties with basically similar qualitative features with size

distortions being slightly smaller.

7 Empirical applications.

Among the macroeconomic time series considered by Nelson and Plosser (1982), Perron
(1989) argued that two of them were likely affected by a significant change in slope for the
samples analyzed, namely the Real Wages and Stock Prices series. The series are presented in
Figures 2 and 3. We re-evaluate the claim made by Perron (1989) that these series are trend-
stationary if allowance is made for such a change in slope using our new tests. We applied
the M Z;, Pr and ADF tests using the BIC and M AIC criteria to select the autoregressive
order (imposing a minimal value of 1).

The results are presented in Table 6 for the case where the break date is selected mini-
mizing the test. Using the BIC' to select k, all tests point to a strong rejection at the 2.5%
significance level for the Stock Prices series with the break date selected between 1931 and
1941 depending on the specification used. With the M AIC to select k, there is a rejection at
the 1% level (except with the test Pr). For the Real Wages series, there is a rejection at least
at the 1% or 2.5% significance level using the criterion M AIC to select k and at the 5% level
using the BIC. The break date is selected at 1938 or 1940 depending on the specification
used. The estimated trend function is plotted in Figures 2 and 3 using T = 1937 for the
Stock Prices series and T = 1938 for the Real Wages series.

Table 7 presents the results of the tests when the break date is selected by maximizing
the absolute value of the t-statistic on the coefficient of the slope change. For Stock Prices,
the break date selected is 1931 and there is a rejection at the 2.5% or 5% significance level
using BIC but there is little evidence against the unit root using the M AIC. For the Real
Wages series, the break date selected if 1933. The tests show a rejection at least at the 5%

significance level (except for the ADF' test using BIC' to select the autoregressive order).
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8 Conclusions.

We considered tests for the null hypothesis of a unit root in the presence of a one time
change in the trend function and followed Elliott, Rothenberg and Stock (1996) and Dufour
and King (1991) by detrending the data using a local to unity GLS approach. The extensions
of the ADF and the Py as well as of the various M tests suggested by Perron and Ng (1996)
were studied. We also investigated the properties of the tests when the break point is selected
either by minimizing the tests or by maximizing the absolute value of the t-statistic on the
coefficient of the change in slope. All tests have a local asymptotic power function that lies
close to the Gaussian power envelope though our simulations reveal that, in finite sample,
the latter method yields tests with less power. Hence, for applications we recommend using
either the ADF%LS or the M9 or PGS tests with the break point selected by minimizing
the tests. The main difference among the tests is that the ADF&LS has worse size distortions
in the negative M A case but better power in the negative AR case; the M %25 and P& tests
have good size overall but very little power in the negative AR case. The choice between the
two depends on the investigator’s assessment of the likely importance of one or the other class
of processes in the data considered. Our experiments also suggest that the use of the M AIC

to select the autoregressive truncations lag leads to tests with better overall properties.
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Appendix
Throughout, we use the following lemma which is by now standard.

Lemma A.1 Let {u;} be a near-integrated series generated by (2). Then, we have: a)
T~y = oWe(r); b)) T3PS u = o fy Wo(r)dr; ¢) T2 X0 w2 = o2 [ W2(r)dr; d)
TSL  wqv, = o*{ fy We(r)dW (r) + v} with v = (0% — 02)/20>.

We start with results concerning the limit of the estimates of the coefficients of the trend
function obtained from (3). For Model I, we have:

Suppose that 1, is generated by (1) with v = 1+ ¢/T and {7} is given by (4). Let 1 (6)
be the GLS estimates, from minimizing (3), of the coefficients of the trend function obtained
using @ = 1 + ¢&/T. Then, with terms as defined in Theorem 1:

fq —Hy = U1
T'/? (ﬁl - 61) = o (Ab; + \obs) = obs;

T2 (B, = B2) = o(Xabi + Asbo) = obs;

Proof: In matrix notation, we have:

) -1
D) - = {(Az —er ) (Ax - alel)} (A1)
{(Az —cr 12,1), (Au —cr 1u1)}
where
Az (21, z9 Ly aeeen y BT — ZT,1) s
Z-1 = (07Z17227""7ZT—1)7
Au = (ul,u2—u1, ..... ,uT—uT_l),
u_y = (0, u,ug, ..., up_1)

Now define the scaling matrix Y = diag(1,T"/2,T"/?), we can write expression (A.1) as:

Tr ($(8) = ) = Lr(8) " Wr(6), (A2)

where

r(8) = Tt [(Az el beny) (A2 — e ey | 15,

and

Ur (8) = T7' |(Az — o 12 y) (Au - (‘:Tlul)} .
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We first consider the limit of each element of the matrix I'7(6) denoted I';; (z,7 = 1,2,3).
We let Az;) and z_y(;) be the ith element of the vectors Az and z_,, respectively. We have:
!/
I = (AZ(l) — ET_lz,l(l)) (AZ(l) — ET_lz,l(l)) = 1;
Ty = T7'2 (Az(l) - ET_lz—l(l)),

(
(

AZ(Q) — ET_lz_l(g)) = 0;
F13 = T71/2 (AZ(D - ETil,Z,l(l)) AZ(g) - ET712,1(3)) = 0,
'y = 71! (AZ(Q) — ET_lz,l(g))/ (AZ(Z) - ET_lz,l(g)) =1-t+ 52/3 = a;
1 ——1 ! —-1

F23 = T (AZ(Q) —<cr 2_1(2)) (AZ(g) —<T 2_1(3))

= 1-6-T+e— (¢2/2)0 + (2°/2)8° + (2/3)(1 — 6°) = m;

!/
I'ss = 7! (Az(3) — ET_lzfl(g)) (AZ(g) — ET_1271(3))

= 1-6-C+266 -t —T6+28 +(T/3)(1—6°) =d.
We next consider the limit of each element of the vector ¥r(6), denoted ¥; (i = 1,2,3). We
have:

v, = (Az(l) — ET_lz,l(l)), (Au — ET_lu_l) = Uy
U, = T /2 (Az@) - ET’lz_l(g)), (Au - ET’lu,l)
S oW1 —7) + 7 /01 FW.(r)dr] = oby:
U, = T /2 (AZ(g) - ET’lz_l(g)), (Au - ET’lu,l)
S WD) — T4 67) + 2 /51 Wo(r)(r — 6)dr — W.(6)] = obs.

Hence, using the symmetry of I'r(6),

-1

1 0 0 V1
Tr ({0(5) - ¢) =10 a m oby
0 m d oby

The proof of the Theorem follows upon solving for the inverse. For Model II, we have:

Lemma A.2 Suppose that y; is generated by (1) with « = 1+ ¢/T and {z} is given by (5).
Let ¢(6) be the GLS estimates, from minimizing (3), of the coefficients of the trend function
obtained using & = 1+ ¢/T. Then, the result of Lemma A.2 still apply with the addition that

flo — pho = limy_,o0 Virg41 = V.

The proof of Lemma A.3 is basically the same as that of Lemma A.2 and, hence, omitted.
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Proof of Theorem 1: The proof uses the results of Lemmas A.2 and A.3. We show the
proof only for Model I and for the M ZGL% (6) test, the proof for the other Model and tests
follows analogously. We first have

TR = T g (i AT+ BT - 78)))
= 7! {UT - {(ﬂl — pq) + (Bl - 61) T+ (BZ - 62) (T~ Té)HQ'

After some algebra, we obtain: T u2 = o*W.(1)% 2T uy (fi, — py) = 0;

2T tur (B, — B,) T = 20°bsWe(1);
2T tur (By = By) (T = T6) = 200, We(1)(1 - 6);
207 (ju — ) (By =BT = 0
T (5 - 5) T = o
207 (juy — 1) (By = Bo) (T = T8) = 0;
2171 (B, = By) T (B — ) (T = T6) = 20°bgba(1 — 6);
T (B, — B) (T -T6) = oW1 5)
Using these results, we have:
T8 = o? {VE (1,6 — 2V (1,6)} (A.3)

where VC(El)(l, 6) = We(1) — b3, and
VD(1,68) = by(1— 8)[We(1) — by — (1/2)(1 — 8)ba].

Consider now the term 2723 L | 72, defined by

T

T
272 237? = 27 * Z{Z/t — [y + B1t + 321@ > T6)(t — T6)]}
=

~

= 272 ;{ut — [ = py) + (81 — Bt
+(By — By)L(t > T6)(t — T6)]}?

After some algebra, we obtain:



. T 1
—2 (ﬁl - ﬁl) > tu, = 402/0 rbsWe(r)dr;
t=1
T
-2 (BQ — 52) Z 1t > T&)(t—Towu = 40* /51 baWe(r)(r — 6)dr;
t=1
2T iy — i) = 0
T
AT (g — p1y) (61 - 61) Zt = 0
2 = 207 /01 bar?dr;
T
AT (f1y — piy) (ﬁQ - 52) YUt > To)(t-T6)=0
t=1
A T 1
4T (B~ 6,) (B> — 5o) Ztl( > T6)(t — T6) = 4o /5 babar(r — 8)dr

27 (B, — Bs) fp( > T6)(t—T6)2:>202/;bi(r—6)2dr.

Using these results we have:

2T ZZyt = 20° {/ Vl) (r,6)? / V(Q) (r,0) dr} (A4)

Using (A.3), (A.4) and the fact that s® is a consistent estimate of 02, the proof is complete.
Proof of Theorem 2. We first give the proof for Model I. Defining
Mr(c,c,6) = (u™2*)(2%2*) "1 (z¥u®),
we have S(@, ) = u® 'u® — Mr(c,¢,8) and S(1) = u'’u' — Mrp(c,0,6). Using the fact that
u¥ = v+ T e — &)upy

for t =2,...,T and uf = v, we have

T
s°Pi'%(c,e,8) = Mr(c,0,8) — Mp(c,é,6) — 2eT7" Y w_qvy (A.5)

=2

T
+(&* —2ec)T > upq — T 'ul'u! + 0,(1)
=2

Note that T-' S, u; v, = o fy Wo(r)dW(r) and T2 ,uy 1 = o [} Wo(r)2dr. Con-
sider now the limit of Mrp(c,¢,8). Using the scaling matrix Dy = diag(1,T~Y2,T71/2), we
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have Mr(c,¢,6) = (u*'2*Dr)(Drz*2*Dy) " (Drz*u®). The first term is given by

v +T e —@eug — el P v + (¢ — &) T ]
Dru®'2* = | T V25T (v, + (¢ — &) T Yup 1) (=T 't + 1) 4 0,(1)
T2 (v + (¢ — )T uy ) (=T et + 1 + 6¢)
and its limit is
v /o
o W(1) + (c — &) Jy We(r)dr — € [ rdW (1) — (¢ — )¢ [y rWe(r)dr
(1+6¢) ([W(1) = W(8)] + (c =€) Jy We(r)dr) — & 3 rdW (r) = (c = &) J3 rWe(r)dr

The term Drz%2%Dy is given by
14+, (/T TP 1+ (e (—et/T+1)] TV {ZLTBH(—E/T)(—EUT r1+ 65)}

T [+ 3, (—at/T+1)] T3 (8T +1)(=t/T + 1 + 62)

T S (=8 T +1 4 62)°
and its limit is
1 0 0

Z/3—c+1 (1-06)(1—¢) +c2(2+6 —36)/6
(1 —6%)/3 — (1 — 6°)(1 4 6¢) + (1 — 6)(1 + 6¢)?

Simple algebra shows that Mr(c,¢,6) = v + 02M(c,¢,6) and the result of the Theorem
follows using (A.5). The proof for Model II is entirely analogous and, hence, omitted. The
result stated in (16) follows using the fact that S(@, §) = u® 'u® — My(c, ¢, §) which depends
on 6 only through My (c, ¢, 6) which enters with a negative sign, hence taking the supremum

instead of the infimum.
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