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Abstract

This paper proposes a new instrumental variables estimator for a dynamic panel model with fixed
effects with good bias and mean squared error properties even when identification of the model
becomes weak near the unit circle. We adopt a weak instrument asymptotic approximation to
study the behavior of various estimators near the unit circle. We show that an estimator based
on long differencing the model is much less biased than conventional implementations of the
GMM estimator for the dynamic panel model. We also show that under the weak instrument
approximation such conventional estimators are dominated in terms of mean squared error by an
estimator with far less moment conditions. The long difference estimator mimics the infeasible

optimal procedure through its reliance on a small set of moment conditions.
Keywords: dynamic panel, bias correction, second order, unit root, weak instrument
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1 Introduction

We are concerned with estimation of the dynamic panel model with fixed effects. Under large
n, fixed T" asymptotics it is well known from Nickell (1981) that the standard maximum likeli-
hood estimator suffers from an incidental parameter problem leading to inconsistency. In order
to avoid this problem the literature has focused on instrumental variables estimation (GMM)
applied to first differences. Examples include Anderson and Hsiao (1982), Holtz-Eakin, Newey,
and Rosen (1988), and Arellano and Bond (1991). Ahn and Schmidt (1995), Hahn (1997), and
Blundell and Bond (1998) considered further moment restrictions.

Unfortunately, the standard GMM estimator obtained after first differencing has been found
to suffer from substantial finite sample biases, especially when the autoregressive parameter is
close to the unit circle. See Alonso-Borrego and Arellano (1996). Motivated by this problem,
modifications of likelihood based estimators emerged in the literature. See Kiviet (1995), Lan-
caster (1997), Hahn and Kuersteiner (2002). The likelihood based estimators do reduce finite
sample bias compared to the standard maximum likelihood estimator, but the remaining bias is
still substantial for T relatively small.

We attempt to solve these problems by using the “long difference technique” of Griliches
and Hausman (1986). Griliches and Hausman noted that bias is reduced when long differences
are used in the errors in variable problem, and a similar result works here with the second order
bias. Long differences also increase the explanatory power of the instruments which further
reduces the finite sample bias and also decreases the MSE of the estimator. Monte Carlo results
demonstrate that the long difference estimator performs quite well, even for high positive values
of the lagged variable coefficient where previous estimators are badly biased.

In order to analyze the properties of the long difference estimator, we consider a local to
non-identification asymptotic approximation. We use the weak instrument approximation of
Staiger and Stock (1997) and Stock and Wright (2000). Here we let the autoregressive parame-
ter tend to unity as the number of cross-sectional observations n tends to infinity. Our limiting
distribution for the GMM estimator shows that only moment conditions involving initial condi-
tions are asymptotically relevant. We define a class of estimators based on linear combinations
of asymptotically relevant moment conditions and show that a bias minimal estimator within
this class can approximately be based on taking long differences of the dynamic panel model.
In general, it turns out that under near non-identification asymptotics the optimal procedures
of Alvarez and Arellano (1998), Arellano and Bond (1991) , Ahn and Schmidt (1995, 1997) are

suboptimal from a bias point of view, and optimal inference should be based on a smaller than



the full set of moment conditions. We show that a bias minimal estimator can be obtained by
using a particular linear combination of the original moment conditions. As far as bias mini-
mization under the alternative asymptotics is concerned this optimality result shows that only
a single moment condition should optimally be used. We also analyze the form of the optimal
estimator in terms of minimal mean squared error (MSE) under weak identificaiton asymptotics.
First order asymptotically efficient procedures are again found to be suboptimal. The optimal
number of moment conditions minimizing the MSE under alternative asymptotics can be up to
a factor of 10 smaller than the set of first order optimal instruments.

Optimal procedures under weak instrument asymptotics are difficult to implement because
they depend on unobservable nuisance parameters that can not be readily estimated. We show
that the long difference estimator we propose in this paper is a good heuristic approximation to
the optimal procedures. It captures the essence of our theoretical analysis which shows that the

selection of a few highly significant instruments is called for to minimize bias and MSE.

2 Long Difference: Intuitive Motivation

Consider the standard dynamic panel model with fixed effects:
Yit = o + BYit—1 + it i=1,....,n; t=1,...,T (1)

Throughout the paper we assume that the moment conditions put forward by Ahn and Schmidt
(1997) and summarized in 4 hold. In addition we impose distributional assumptions for specific
theoretical results. In this section we impose the following somewhat strong conditions, which

we partly relax in Section 3.

Condition 1 ¢ i (0,02) over i and t.

Condition 2 y;o| a; ~ N (ﬁ—lﬁ, %) and o; ~ N (0,0’i).
The usual GMM estimator! is based on the first difference form of the model

Yit — Yi—1 = B Wir—1 — Yit—2) + (it — €i—1),

where the instruments are based on the orthogonality E [y; s (it —€it—1)] =0, s =0,...,t — 2.

Unfortunately, the standard GMM estimator obtained after first differencing has been found to

! Condition 2 is a stationarity condition that is imposed for analytical convenience. Anderson and Hsiao (1982)
show that estimators exploiting this initial condition can be very sensitive to misspecification. For this reason we

do not exploit the initial condition to construct our estimator.



suffer from substantial finite sample biases, especially when [ is close to the unit circle. Such
behavior can be understood by using the higher order bias formula of 2SLS (GMM)?, which
depends on 4 factors: “Explained” variance of the first stage reduced form equation, covariance
between the stochastic disturbance of the structural equation and the reduced form equation,
the number of instruments, and sample size:

1 (number of instruments) x (“covariance”)

E {BQSLS - 5} ~ -

n “Explained” variance of the first stage reduced form equation

We now use this formula can explain the bias of GMM in the first difference set up.? Assume

that T = 4. The first difference set up considers the following equation among others:

Ya—ys =P (ys —y2) +ea—e3 (2)

For the RHS variables it uses the instrument equation:

ys—1y2=(B—1)y2 +a+e3

Now calculate the R? for the first stage equation using the Ahn-Schmidt (AS) moments un-
der “ideal conditions” where the researcher knows S in the sense that the nonlinear restric-
tions become linear restrictions: We would then use (y2,y1,y0) as instruments. Assuming
stationarity for symbols, but not using it as additional moment information, we can write
Yo = a/ (1 — B) +1q, where ng ~ (0,02/ (1 — B%)). It can be shown that the covariance between

the structure error and the first stage error* is —o?2,

and the “explained variance” in the first
stage is equal to 02 (1 — ) /(8 + 1). Therefore, the ratio that determines the bias of 2SLS is
equal to — (14 3) /(1 — ), which is equal to —19 for § = .9. For n = 100, this implies a
percentage bias of —105.56.

We now turn to the long difference (LD) technique of Griliches and Hausman (1986). The

LD technique is based on a single equation
Yir — Yir = B (Yir-1 — Yio) + (ir — €i1) (3)

It is easy to see that the initial observation y;0 would serve as a valid instrument. To increase

further the explanatory power of the instruments, we can use similar intuition as in Hausman

% As explained in Donald and Newey (2001) the formula is valid strictly speaking only when the number of
instruments tends to infinity. It provides however a good approximation to the finite sample behavior of GMM
estimators as far as the impact of additional instruments on bias is concerned. Kuersteiner (2000) shows that the

same expression holds in a time series context if appropriate adjustments are made for the covariance term.
3Tt is possible to estimate the higher order bias, and subtract it off from the GMM estimator. Monte Carlo

simulations reveal that this procedure does not work well when (3 is close to one. See Appendix A.
4This covariance is conditional on the set of instruments.



and Taylor (1983) or Ahn and Schmidt (1995), and see that the residuals y;r—1 — Byir—2, - .-,

yio — By;1 are valid instruments as well. We call this estimator the long difference estimator.
In order to understand why the LD technique may improve on the first difference, we use

the higher order bias formula again. Assume that 7" = 4 as before. The LD set up is based on

the equation

ya—y1 =P (ys —yo) + €4 — €1

It can be shown that the covariance between the first stage and second stage errors is —ﬁ2a§,
and the “explained variance” in the first stage is given by

B o (28% —4p* —28° + 482 +48 — 283 +6) 02 + B — gt +2 - 287
7 (=28 -3+ %) 02 —1+p ’

2

where 02 = 02 /o2. Therefore, the ratio that determines the bias is equal to

2.5703 x 1074
o2 +4.8306 x 102

—.37408 +

for = .9. Note that the maximum value that this ratio can take in absolute terms is —.37,
which is much smaller than —19 for the Ahn and Schmidt estimator. We therefore conclude
that the long difference increases R? but decreases the covariance thus alleviating the “weak
instruments” problem. Further, the number of instruments is smaller in the long difference
specification so we should expect even smaller bias.

The LD estimator as discussed above uses additional instruments, which requires knowledge
of 3. A feasible version of the LD estimator therefore requires a preliminary consistent estimator
of 8. An obvious choice is Arellano and Bover’s (1995) estimator ZGMM. We call such an
estimator BLD_AB: It is 2SLS on (3) using (yio,yiT_l —ZGMM YT =2,y e s YD —EGMM . yil) as
instruments. Such instruments were previously used in Hausman, Newey and Taylor (1987).
Using the preliminary consistent estimator ZL D—_AB to obtain residuals as instruments, we can

also come up with another long difference estimator. Call it BL p1- We can iterate it further, and

come up with /b\LDQ, BLD3, .... Another possibility is to interpret the LD as a GMM estimator
based on
Elyio - (yir — yan — B (yir—1 — %i0))] = 0
E(yir—1 — Byir—2) - (Wir — yir — B (ir—1 — ¥i0))] = 0
E[(yi2 — Byir) - (yir — vir — B (Yir—1 — wi0))] = 0
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We will call such estimator ZL DGMM-

In Table 1, we compare Monte Carlo® properties of various estimators with the LD. We
examine ??\AS, the estimator proposed by Ahn and Schmidt (1995), ZB B, the estimator proposed
by Blundell and Bond (1998), and BGMM, the estimator proposed by Arellano and Bover (1995),
among others. Precise definitions of the estimators are given in Section 3.5 We find that LD

does better than the other estimators for large 5 and not significantly worse for moderate S.

3 Near Unit Root Approximation

In order to analyze the properties of the long difference estimator, we consider a local to non-

T We use the weak instrument approximation as in

identification asymptotic approximation.
Staiger and Stock (1997) and Stock and Wright (2000). It is based on letting the correlation
between instruments and regressors decrease at a prescribed rate as the sample size increases.
In the case of the dynamic panel model it is the autoregressive parameter that determines the
quality of lagged observations used as instruments. Here we consider model (1) for T fixed and
n — oo when also 3,, tends to unity. We want to keep certain aspects of the model, in our case
the quality of the instruments, constant as the sample size increases. The purpose of alternative
asymptotic sequences is to obtain asymptotic approximations that better reflect finite sample
properties, in our case poor identification, than standard asymptotics with fixed parameters
would deliver.

The fact that §,, — 1 with n — oo is not meant to be a reflection of some realistic data
generating process but is an analytical device. The asymptotics that we propose are also quite
different from the near unit root literature in a pure time series context. Here, T is fixed and the
degree of temporal dependence modelled by j3,, is not directly relevant for our analysis. What
matters are the implications for identification as discussed before.

We analyze the bias of the associated weak instrument limit distribution. We analyze the
class of GMM estimators that exploit Ahn and Schmidt’s (1997) complete set of moment con-

ditions and show that a strict subset of the full set of moment restrictions should be used in

"We set 02 = 02 = 1 for our Monte Carlo simulation. The results are based on 5000 runs.
5The version of Ahn and Schmidt’s estimator (1995) adopted in this Monte Carlo simulation does not utlize

homoscedasticity.
"The long difference technique was motivated by the higher order theory, and the related higher order theory is

presented in Appendix A. Unfortunately, the second order bias calculations do not predict well the performance
of the estimator near the unit circle where the model suffers from a near non-identification problem. See Blundell

and Bond (1998), who related the problem to the analysis by Staiger and Stock (1997).



estimation in order to minimize bias. We show that the long difference estimator is a good
approximation to the bias minimal procedure.

Following Ahn and Schmidt (1995,1997) we exploit the moment conditions

E[uu)] = o2l + o211
E [ulyzO] = Uayol
with 1 = [1,...,1]" a vector of dimension T and wu; = [u;1, ..., u;7] . The moment conditions can

be written more compactly as

vech E [u;u]] 5
= =o; +o + Tay, (4)

E [uiyiol 0 0 1
where the redundant moment conditions have been eliminated by use of the vech operator which
extracts the upper diagonal elements from a symmetric matrix. Representation (4) makes it clear
that the vector d.e RT(T+1)/2+T ig contained in a 3 dimensional subspace which is another way
of stating that there are G = T(T + 1)/2 + T — 3 restrictions imposed on d. This statement is

equivalent to Ahn and Schmidt’s (1997) analysis of the number of moment conditions.

GMM estimators are obtained from the moment conditions by eliminating the unknown

2

parameters o;

,02 and Oayo- The set of all GMM estimators leading to consistent estimates of 3
can therefore be described by a (T'(T'+1)/2+ T') x G matrix A which contains all the vectors

spanning the orthogonal complement of d.. This matrix A satisfies
dA=0.
For our purposes it will be convenient to choose A such that
d'A = [E [ugAus) , E [uirAugs] , E [0;Au] , E [Aujyiol ]
s=2,.Tst=1,..s—2;5=2,..,.T-1k=2..T

where Au; = [ui2 — Ui, ..., uir — uir—1) and w; = T1 Zg‘rzl uz. It becomes transparent that
any other representation of the moment conditions can be obtained by applying a corresponding
nonsingular linear operator C to the matrix A. It can be checked that there exists a nonsingular
matrix C such that &’ AC' = 0 is identical to the moment conditions (4a)-(4c) in Ahn and Schmidt
(1997).

We investigate the properties of (infeasible) GMM estimators based on

E [uitAuiS (6)] = 0, E [uiTAuij (ﬁ)] = 0, E [ﬂzAuzk (ﬁ)] = 0, E [yioA’LLit (B)] =0
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obtained by setting Aui (8) = Ay — BAy;—1. Here, we assume that the instruments u;; are
observable. We partition the moment conditions into two groups where the second group only
contains instruments involving y;o. In particular, let g;; (8) denote a column vector consisting
of uitAus (B) , uirAuij (8), WAk (B). Also let gio (8) = [yioAu; (5)]. It will turn out that
for most estimators used in practice only these instruments are asymptotically relevant under
near unit root asymptotics. Finally, let g, (8) = n ™32 (91 (B)", gi2 (ﬂ)/], with the optimal
weight matrix Q, = E [g; (8,,) ¢i (8,)']. The infeasible GMM estimator of a possibly transformed

set of moment conditions C’g,, (3) then solves

basis (€) = argming. (8) € (C'9.C) " O (5) )

~ ~ - /et
where C is a G xr matrix for 1 < r < G such that C'is of full column rank r and rank (C (C"QC) C’) >

~ ~\ +
1. We use (C” QC’) to denote the Moore-Penrose inverse. We thus allow the use of a singu-

lar weight matrix. Choosing 7 less than G allows to exclude certain moment conditions. Let
!/
fi1 = — 09a(B)/ 0B, fiz = — 09:2(8)/ 0B, and f, = n=3/2 dic { HE {2} . The infeasible
2SLS estimator can be written as
. N Nt =
basis (C) = B, = (féC (€€ c’fn> 12C (€9, Clga (B,). (6)

We are now analyzing the behavior of bagrs — 3,, under local to unity asymptotics. We make

the following assumptions.®

Condition 3 Let’ y;; = a; + B, yit—1 + it where 3, = exp(—c/n) for some co > ¢ > 0 where
1/2
Yio = Mo + i/ (B, — 1) and ng = eio/ (1 — f3,) 2.

$Kruiniger (2000) considers similar local-to-unity asymptotics.

9An alternative specification is the model y;+ = (1 —8,,) a; + B,,yit—1 + €it. We analyze this model in an
auxiliary appendix available on http://econ-www.mit.edu/faculty /jhausman/papers.htm.

We find that for this model, if the estimator b2srs is based solely on the condition
E [t Auir(B,)] = 0 (7)

then basps is consistent and thus weak instrument problems can be avoided in this case. If we consider estimators
that do use all the moment conditions except (7) then we are in a situation where again the moment conditions in
gi1(8) become asymptotically redundant. Now, however the limiting distribution of the non-redundant conditions
has a noncentrality parameter.

More explicitly, if basrs is the GMM estimator based on g;2(8) then it has the following nonstandard limiting
distribution under the weak identification asymptotics adopted here

(n+€,) C(Ca0)'ce,
(h+E€,) CCA)IC (p+E,)

where pu = —1T_1a§/2. It turns out that this limiting distribution is the same as the one ob-

d
basrs — By —
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Condition 4 Assume that €;+,m;y and o; are independent and identically distributed across i for
all t. Assume that e satisfies E [ei] =0 and E Deitﬂ < oo foralli andt =1,..,T. Similarly,
Eng =0, Efey] =0, E [’771‘0‘4} < oo and E[|as|] < oo for all i. Let T = (11,...,71) € RF
and € = (Eity, - Eity,), then ¢y, 4 (1) = E [e”le] is the joint characteristic function with
corresponding cumulant generating function In ¢y, 4. (). The joint k-th order cross-cumulant
function is

8k
87’1 . aTk In (btl,...,tk (7_)

cum (€4t 5 -y ity ) =

7=0
In the same way define the cumulant function cum (it , ..., €it,., Nig) s CUM(Eit, s ..., Eit,, Vi) and
CU (€44, 5 -ovs ity Mgy @) - Assume that E [e2] = o2, E[n%] = o2/ (1-52), E[a?] = o2,

E [eitgis) =0 fort # s, Eleuno) =0, Eleirci] =0 for all t and i, E [ayn;] = 0 for all i.

Condition 5 In addition to Condition 5 assume that e and «; are all mutually independent

forallt=1,...,T.

Remark 1 The moment conditions summarized in Condition 4 comprise the moment conditions
(A.1) to (A.4) of Ahn and Schmidt (1997). In addition we impose stationarity of yio in our

approzimating sequence indexed by [3,, but do not exploit it in estimation.

The critical assumption in Condition (3) is that 3,, = exp(—c/n) = 1—c/n+o(n~1). Note that
linearity of the model implies that one could specify 3,, = —¢/n whithout affecting the results.
The parameter (3, controls the degree of covariation between regressors and instruments. For
the case of GMM estimators based on first differences this covariance amounts to E [Ayy:—o] =
O(B,,—1) = —c¢/n. Our specification thus implies an asymptotic lack of correlation more stringent
than the one used by Staiger and Stock (1997). In Hahn and Kuersteiner (2002) it is argued that
the faster n~!-rate corresponds to a situation of near-nonidentification. Numerical and analytical

—1/2_rate asymptotics do

calculations' in the context of our dynamic panel model show that n

not capture the type of finite sample biases that we find important for the behavior of GMM

estimators and that the specification 3, = exp(—c/n) delivers more accurate predictions.
Under the generating mechanism described in the previous definition the following Lemma

can be established.

tained when S = exp(—c¢/y/n) as is shown in a separate Appendix also available at http://econ-

www.mit.edu/faculty /jhausman /papers.htm.
10 Available at http://econ-www.mit.edu/faculty /jhausman/papers.htm



Lemma 1 Assume that Conditions 3 and 4 hold. Use the notation ¢t s a,o = cum (g, €is, i, ) -

For T fixed and as n — oo

n n
n2Y " i B 0n 2> gi(By) B0
i=1 i=1

and
—3/2 - B, rd orer e/
n Z [fi,27gi,2(ﬁn)] - [gx?gy] .
i=1
- L P _ Y11 Y2
The joint distribution of [{x,fy] ~ N(0,%) with ¥ = where X117 = 01 + Ky,
Yo1 Moo
Y19 = 0M] +Kg, Yag = IMa + Ky, X129 = X, where Ky, Ko and K3 are defined in Appendiz C.
ko
2’
11 0 [ 2 1 0
4
M1 = 5 M2 =
0o 1 -1
-1 -1 2
We also have
1 0 0
n 0 Yoo

If in addition, Condition 5 holds then 311 = 01, X132 = M{, Xa2 = §My.

Proof. See Appendix B. =
It can be shown that the limiting normal distribution of Lemma 1 is singular. An alternative
representation of the limiting distribution can be given by eliminating redundant dimensions
/ / . /
from [€,&,]. Let &, = [£,0,&,1]" where &) is the last element of £, and &, = [£},&,1]" . Then
§, = HE,, where H is a (T' — 1) x T matrix defined in Appendix C. This leads to an alternative

representation of the limiting distribution.

Lemma 2 Assume that Conditions 3 and 4 hold. Then

023" (Sl 00(B0)] % [€h. € H)
=1



Lemmas 1 and 2 imply that the moment conditions inovolving the initial condition dominate
the limiting behavior of GMM estimators. As our analysis below shows, moment conditions
of the form E [y; s (€i+ —€it—1)] = 0 are asymptotically equivalent to conditions involving y; o
because the contribution of the innovations contained in y; s asymptotically disappears. The
reason for this result lies in the fact that asymptotically all instruments are weak but also in the
stationarity condition which means that asymptotically y; o is the dominating source of variation
n y; ¢

Using Lemma 1 the limiting distribution of bagrg (C’) — (,, is stated in the next corollary.
For this purpose we define the augmented vectors ff = [0, ey 0y f;]/ and f# = [O, veey 0, §y] and
partition C = {CN’(’), CN'{}I such that C'¢# = C"¢,. Let r; denote the rank of Cj.

Corollary 1 Let bagrs (C’) — B,, be given by (6). If Conditions 8 and 4 are satisfied and if
r1 > 1 then

basrs (C) =1 601 (Cimat) Gie,
25LS — 1=

. T . =& (C'hzm) (8)
£:Ch <01222C1) Ciée
Remark 2 The restriction r1 > 1 insures that basrs (C’) 18 based on moment conditions that
use y;o as an instrument. All estimators used in practice that we are aware of satisfy this

condition. !

Unlike the limiting distribution for the standard weak instrument problem, & <C~‘, 222), as
defined in (8), is based on normal vectors that have zero mean. This degeneracy is generated
by the presence of the fixed effect in the initial condition, scaled up appropriately to satisfy the
stationarity requirement for the process ;. Inspection of the proof shows that the usual concen-
tration parameter appearing in the limit distribution is dominated by a stochastic component
related to the fixed effect.

Lemma 1 and Corollary 1 are indicative of the fact, that under the weak instrument asymp-
totic approximation it makes sense to consider estimators that use only moment restrictions
based on initial conditions. Conventional estimators for the dynamic panel model such as the
estimators proposed by Arellano and Bover (1995) or Ahn and Schmidt (1997) on the other
hand are based on both types of moment conditions. To have a benchmark of procedures under
weak instrument asymptotics we define the following class of 2SLS estimators for the dynamic

panel model.

"1n an auxiliary appendix available from the authors we investigate the properties of basrs(C) when 71 = 0.
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- L\l
Definition 1 Let b%SLS be defined as b%SLS <Cl, Q) = argming g2 » (B) C4 (C{QCﬁ) Clg2n (B),
where gan (B) =n 323" gin (B), Q is a symmetric positive definite (T — 1) x (T — 1) matriz

of constants and Cy is a (T — 1) x 1 matriz of full column rank ri < T —1 such that C{Cy = I,,.

The limiting distribution of the class bl ¢ of estimators now follows immediately from

Lemma 1 and Corollary 1. This result is summarized in the next Corollary.
Corollary 2 Let b%SLS be defined as in Definition 1. Then b%SLS 14 & (C’l, Q) .

In Definition 1 the matrix C; is restricted to be of full column rank. As the next result

shows, this restriction is without loss of generality.

Theorem 1 Let C be any matriz of dimension G x r and rank r such that 1 < r < G. Partition
C = [C’é, C’{], where C’o is a g3 X r matrix of rank ro and C’l is a (T —1) xr matriz of rank r; > 1.
Then there exists a (T — 1) x r1 matriz C1 of full column rank such & (C’l, Zgg) 4 &(C1,%92)
and C1Cy = I,

This result is important for the analysis of the bias minimal estimator in the class of all
estimators based on the Ahn and Schmidt moment conditions as well as for the analysis of
the estimator that minimizes quadratic loss under near unit root asymptotic approximations.
It shows that for these optimality considerations, the class b%SLS fully describes the set of all
possible estimators that implicitly or explicitly use y;o as an instrument. As we show later,
under the near non-identification asymptotics commonly used estimators are not optimal in this
class.

Next we turn to the analysis of the asymptotic bias for the estimators b% g1 of the dynamic
panel model. Since the limit only depends on zero mean normal random vectors we can apply

the results of Smith (1993).

Theorem 2 Let £ <Cl, Q) be the limiting distribution of b%SLS — 1 in Definition 1 under Con-
ditions 3 and 4. Let D = (D + D) /2, where D = WXo157]' and W = Cy (C{QC&)_I .
Define L such that X171 = LL'. Let T' be the matriz of eigenvectors with corresponding eigen-
values \; of L'W L. Assume A1 > ... > Ap_1. Let A = diag(\1,..,Ar—1) and Ay be the upper
right block of A containing all the non-zero eigenvalues. Partition I' = [I'1, T3] where 'y are the
eigenvectors corresponding to the nonzero eigenvalues of L'W L such that T1A Ty = L'W L and
4T+ Tol'y = 1. Then

E {5 (Cl,fl)} =M1 (5\_1’I‘/1L/DLF1,A1,7’) =\ i (1 1+k011fk (F/IDFLIT B 5\_1A1>
=0 1+k:

11



where r = rank (W), (a), is the Pochhammer symbol I" (a +b) /T (b), C’;fk (.,.) is a top order
invariant polynomial defined by Davis (1980) and X is the largest eigenvalue of L'WL. The
mean E {5 (Cl, Q)} exists for r > 1.

If in addition Condition 5 holds then
E [g (Cl,ﬁ)} — M1 (5\_1,I"1DF1,A1,1">
where D = WMy and L = 1.

Proof. See Appendix B. =

The Theorem shows that the bias of b srg both depends on the choice of C; and the weight
matrix Q. Note for example that E [¢(Cy, I7_1)] = tr D/r;.

The problem of minimizing the bias of b% grs by choosing optimal matrices C and Q does
not seem to lead to an analytical solution but could in principle be carried out numerically for
a given number of time periods 1. For our purpose we are not interested in such an exact
minimum. Instead we analyze optimal choices of C'; minimizing bias for a given weight matrix.
Two choices of Q are most relevant in practice, namely Q= Ir_q or Q= Y99. Under certain
additional distributional restrictions we are able to obtain an analytical solution for the bias
minimal estimator in the class of estimators defined in Definition 1. We use this analytical
optimum as a bench mark against which we judge existing estimators that have been proposed

in the literature.

Theorem 3 Let & (C’l,Q) be as defined in Definition 1. Assume that Conditions 8, 4 and 5

_ _ -1
are satisfied. Let D = (D + D') /2 where D = C4 (C’{QC&) CiM;. Let T'y be as defined in
Theorem 2. Then

min EE(Cy, Ir—)]| = min EE(CL, Y ]
Oy ot CiCl=Ir1| [€(Cr, Ir-1)]| _— 0101:Ir1| [€(Cr, Za2)]|
T1:1,‘.,T7]. 7"1:1,,.,T7]_

Moreover,
E [f (ChIT—l)] = tr D/Tl.

Let Cf = argming, |E [£(C1, IT-1)]| subject to C1C1 = Ip.,,71 = 1,..,T — 1. Then Cf = p; where
p; s the eigenvector corresponding to the smallest eigenvalue l; of Ms. Thus, ming, tr D/rqy =

—minl;/2. As T — oo the smallest eigenvalue of My, minl; — 0.
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Theorem 3 shows that the estimator that minimizes the bias is based only on a single moment
condition which is a linear combination of the moment conditions involving y;0 as instrument
where the weights are the elements of the eigenvector p, corresponding to the smallest eigenvalue
of Ms.

Optimal estimators based on C7 are unintuitive to implement. Moreover, optimality only
holds near the unit circle. For these reasons we do not recommend direct implementation of
these optimal procedures. We instead use them as benchmarks against which we measure the
performance of more easily implementable estimators.

We turn now to an analysis of bias and mean squared error of commonly used estimators
under near unit root asymptotics. All the estimators we consider can be described in terms of
linear transformations of the basic moment conditions discussed by Ahn and Schmidt (1995).
In this section we carry out the analysis assuming that the innovations u; are observable in-
struments. The case of feasible estimators where u;; is replaced with an estimate is analyzed in
Section 4.

To represent the Arellano and Bond estimator based on the moment conditions E [y; s (et — €i—1)] =
0,s=0,...,t—2 we define the matrices 6’643’" and Cf‘B’" in Appendix (C) such that the moment

conditions for the Arellano and Bond estimator can be expressed as

9i,AB = C(I;‘B’WB (Aui & ul) + CfB’myioAui
_ CAB,TLI 9i,1
9i2

where g aB = [Yi0Aui2, Yi0 Az, Yit Atiz, Yi 0 AUid-.., Yi2 AUid, ..o, Yio AT, ..., Yir—2Auyr] and
B is defined in Equation 20 in Appendix C. The Arellano and Bond estimator can therefore be

written as
~ -1
bAB_Bn — (f;LCAB’n (CAB,lenCAB,n)+ CAB,nlfn) fécAB,n (CAB,nIQnCAB,n)+ CAB,n/gn (Bn) ]

One of the first instrumental variables estimators proposed in the literature is the estimator of
Anderson and Hsiao (1981) based on the moment condition F [ZtT;; Yit—2 (€it — 5i7t_1)] =0.

It can be expressed in terms of a matrix C4#™ defined in the appendix as

CAH’n,gn (ﬁn)

bAH B /B” - CAB,n/fn

To represent the estimator of Arellano and Bover (1995) define the 7'— 1 x T'— 1 non-singular

matrix B* that transforms Aw into the Helmert transform of w;. An explicit definition of B*

13



is given in Equation (21) in Appendix C. The moment conditions of the Arellano and Bover

(1995) estimator baay defined in Appendix A, Equation (11) can be represented as

9i,GMM = C(I)LlelB (—B* @ IT) (A’U;Z & UZ) — CfB’n/B*yioAui

*
_ cABw | i1
*
9i2
where
* * * * * * * /
9i,GMM = [yi,[)uilayi,Oui%yiluimyi,Ouig--wyi2ui3a - Yiolir 1,5 -.--,yinQUiTq] )

and we have defined
gi1 = B (uj ®u;) and g5 = yiou;

/ /
i — / * —3/2 n */ */ * —3/2 n */ %/
with u} = [ufy,...,ulp_;] . Also define g} =n /2y [92-71,91-’2} and f¥ =n=3/23"" [ i1 i,2}

where
fi1=B(Ir®—B")(u; ® Ay;—1) and f;'y = B yioAyi 1
The Arellano and Bover estimator can therefore be written as

Z;GMM_/Bn _ (f:;,CAB’n (CAB,n/Q;leAB,n)“‘ CAB,nIf*) -1 f;LkICAB,n (CAB,n/Q;CAB,n)'F CAB,n/g;kL

n

where Q = Eg’g*.

We analyze the infeasible version of the GMM estimator based on the moment conditions
(4a) and (4b) of Ahn and Schmidt (1997). We do not use the moment conditions (4c) to insure
comparability with the Long Difference estimator where we do not exploit (4c). We call this

2

estimator the Ahn and Schmidt estimator!?. The moment conditions can be represented by

defining the selector matrix C4%" such that

9i,AS = CS‘S’WB (Au; ® u;) + Cfs’n/yioﬁui
CAS,n/ 9i,1
gi2

where a more explicit representation of g; 45 is given as

!
9i,AS = [¥i,0A%i2, Yi 0 A3, Yit AUz, ooy Yio AUGT s ooy YiT—2 AU, Wi Ao, ..oy Uir AUy 1]

12Tn this section we use observed innovations as instruments. In other words, for the near unit root asymptotics
we do not consider nonlinear estimation of the AS estimator in order to simplify the limit theory while for the
Monte Carlo simulations we do implement a nonlinear version of this estimator. The moment conditions used for

estimation are the same in both cases.
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The long difference estimator is based on the moments Ey;o (w7 — ui1) = 0 as well as Eugy (uip — uip) =

0 fort=2,...,T — 1. We define
B =17, ® Or—21 Ir—2 O7_21 ] 9)
such that

gt = BMP (A @ wi), gk = gi2 = yioAu;.

Then define
It—> Or_a7-1
oo = 21| = [0 CE
Ov7—2 174
such that
LD
, _ ~LDr | Yid
gi,zp =C .
9i2

Let 1[,/1D = BLD (Ayz & Ui)) fl,/2D = yiOAyia fiLDI = |: 1%1D/7 Z'I,JZD/] ’ f#D = TL73/2 Z?:l szD and

)

ghP = n—3/2 S [gi%f)’ , giL’é)’ ] .The Long Difference estimator can then be written as
A -1
brp—B, = (f#D/CLD,n (CLD,n/QTLLDCLD,n)Jr CLD,nlféZD) f#D/CLD,n (CLD,n/Q7LLDCLD,n)+ CLD,n/gfL,D'

where Q{;D =F [gﬁDgﬁD’] . The limiting distributions of the estimators l;AB, Z)AH, I;GMM, BAS

and l;L p are summarized in the following Lemma.

Lemma 3 Assume Conditions 3, 4 and 5 are satisfied. Then

a4 &01P (O EnCP) " O P HE,

I;AB -1 = SABa
€0 (CTPSCio) Cio,
7 d Cqu/ng
bAH -1— = EAHa
Cf‘H/&g;
BGMM . i} gle*/CiAB (CfB/B*EQQB*,CiqB)J’_ CiAB/B*ng _ 5
f;B*’CiAB (Cle’B*ZQQB*’Cf‘B)JF C{‘B/B*’Sm GMM>
i GO (CfSnC) T CpY e,
as —1— =€ ass

.00 (0155aC%) o,

by 1 4 SO (CFSnCfP) CpPrbg, _
E.CPP (CFPmnCP) T CEP%,

It follows that & 4 4 §AB L Eamm and Erp = E o where 2 means equal in distribution.
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One implication of Lemma 3 is that estimators which are asymptotically equivalent under
standard asymptotics where identification is strong continue to be equivalent under the weak
instrument asymptotics imployed here as long as they implicitly or explicitly use the same
moment conditions involving y;o. To be more concrete, consider the Arellano and Bond estimator
based on the moment conditions E [y;sAui: (5,,)] = 0 and an alternative estimator based on the
moment conditions E [yioAus (5,)] = 0 as well as E [ujsAui (8,)] = 0 for s =0,...,t — 2 and
t = 2,...,T. Both estimators are equivalent under standard asymptotic approximations. Under
the alternative near unit root asymptotics of this Section the first version of the estimator
converges in distribution to £ 45 while the second estimator converges in distribution to the
random variable 5;2521H§u/§;2521§m. Note that the column rank of C{** is T — 1. By Theorem
1 it then follows that 5;2521H§u/£;2521§m = ¢ 5. In other words the limiting distribution is
unchanged in this example because both sets of moment conditions ’span’ the same moment
conditions involving y;o. In Section 4 we see that this equivalence may break down once u;; is
replaced with an estimated instrument.

The limiting distributions of the estimators BAB, BGM M, b 4s and BLD can be expressed in
terms of the genreal result of Corollary 1. We have & 45 4 & (Cf‘B, 222) ; §as 4 § (C’f‘s, 222) ,
Eamm 4 ¢ (BYC{'P 90) and £ ig (CEP, $92) where now WEP = CfP (C’lLD'ZQgClLD)Jr cEP
is singular of rank 1. The next result gives explicit formulas for the bias of the asymptotic lim-
iting distribution of the Ahn and Schmidt, Arellano and Bond, Arellano and Bover and long

difference estimators.

Corollary 3 Let £ (C{%,595), £ (C{1B,292) , & (CFMM $95) and & (CEP,S95) be the limiting
distribution of the Ahn-Schmidt, Arellano-Bond, Arellano-Bover and Long Difference estimators
under Condition 3. Let D* = (D® + D) /2, where D* = WM and W® = Cf (C{'S92C¢) " Cf
for a = {"AS”,"AB”,"GMM”,”LD”}. Let \, be the largest eigenvalue of W°. Then for
a={"AS","AB”,"GMM”},

B¢ (Cf,3)] = M1 (X", D, W, T~ 1).

Let T' the matriz of eigenvectors of WEP with T' = [T'1,T's] where T'y is the eigenvector corre-
sponding to the nonzero eigenvalue of WIP such that T1A T, = WEP and I + Dol = 1.
Define z; = L€, and 2o = L7'T%¢,.. Then, for a = { “LD"},

E[£ (08, $99)] = M1 (X;l,r’lDarl,Al, 1) .

Numerical procedures to evaluate the top order invariant polynomials appearing in the ex-

pressions for the bias are discussed in Smith (1993). Implementation of these methods is quite
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complicated and in our numerical work we rely on Monte Carlo integration to evaluate the

moments of various procedures instead.

4 Near Unit Root Approximations for Feasible GMM

The long difference and Ahn and Schmidt (1997) estimators depend on first stage parameter
estimates for the estimation of instruments and weight matrices. When identification of the
model is weak these objects can no longer be estimated consistently and their presence potentially
affects the limiting distribution. In this section we derive results for a general class of feasible
estimators and then specialize these results to a few procedures of interest.

For the Arellano and Bover (1995) estimator we note that the optimal weight matrix QA5

is the block diagonal matrix with blocks E'z;;z), where z;; has the representation

o .- 0 1
0 0O --- 0 B
Zit = ,n Uuj + " | vio.
_ t—1
s Bn 0] | B ]

Note that E [uu;] = ailTl’T + O'?IT, E [%‘20] = ag/ (1 — /B%) +02/(B, — 1)2 and E [u;yi0] =
02/ (B, —1). It follows that n=2F [2;:2,] — 0% /c?1,1}. Then by a strong law of large numbers it
follows that n™2 31" | zitzit —p 02/c21;1; and Q4B —, Q4B = 62 /2 diag(1, 121}, ..., 1r_115 ;).

The feasible version of the Arellano and Bover (1995) estimator can be written as

bravy — Ba <f;’CAB7” (Q;?B)Jr CAan/f;> - FHCABn (Q;?B)J'- CABn g

d
i) éch*/Cle (QAB)+ C{XB/B*ng
& 5GP (@) G B,

= S{raMM-

Note that 02Q48 = C{B'B*Y B¥C{'F such that £ pgaas = g Using the limiting rep-

resentation for the Arellano and Bover estimator we consider feasible two stage estimators

where the vector u; is replaced by 4;

~ ~ !
[%1 — bGMMYi0s s YiT — bGMMyiT—l] . It follows that

Uit = Uit + (BGMM — Bn) Yit—1- We can then write

0 0 [ 1]

) ) g0 0 ' By

U; = u; + <bGMM - Bn> . ] u; + (bGMM - /Bn) yio-  (10)
T—2 80 0 5—1
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Using more compact notation this can be written as 4; = u; + (I;GMM - ﬂn> (Bnui + l_)nyig)

where B,, and b, are defined corresponding to (10). The feasible moment conditions then are
gn =B (IT(T—l) + (BGMM - ﬁn) (Ir-1 ® Bn)) (Au; @ ug)+ (BGMM - 5n) B (I1—1 ® by) gio-

In the same way the derivative fi,l = 0¢;1/0p is given by

fii=B (IT(T—l) + <3GMM - 5n> (Ir—1 ® Bn)) (Ayi—1® ui)+<3GMM - 5n> B (Ir—1 ® by) fio-

These representations are suggestive of the fact that under the near unit root asymptotics, two
stage estimators are not feasible in the usual sense because the first stage estimator baara is not
consistent and thus affects the limiting distribution of the two stage estimator. This problem
is in fact the same as the inconsistency found in 2SLS under weak instrument asymptotics as
shown by Staiger and Stock (1997). The next lemma establishes the distributional properties of

sample moments that are used to define the two stage estimator.

Lemma 4 Assume Conditions 8 and 4 are satisfied. Then

[ €eanBIr1®17) 0 _
B N . I 4 IT—l 0 5
n 3/2 Z?:l [fi/,b f{72,g§71g§,2 0 £ B (I ®1 ) Hz
GMM -1 T u
I 0 I i

The feasible 2SLS estimator not only relies on estimated residuals but also is based on an
estimate of the optimal weight matrix. For the estimate of the weight matrix we need to keep
in mind that g; is a function of 3,, because it depends on Aw; (3,,). To construct estimators of
the second moments of g; 5, needs to be replaced by an estimate. Thus the weight matrix is
defined as

n !/
Q,=n"" Z [Qé,l <6GMM> 950 <8GMM>} [éé,l <6GMM> i 2 <8GMM>}

=1

where it becomes transparant that under near unit root asymptotics the estimation error does

not vanish even asymptotically.

Lemma 5 Assume Conditions 3 and 4 are satisfied. Let

EemmBUr—1®@17) —€E& B (Ir-1 ® 17)

R£ (§GMM) =
—SemmIr-1 I

It then follows that
A d
Q= Re (Sanm) BRe Eanrnm) -
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The general form of the feasible two stage estimator is given by
N N o A\ 1 . o +
brases — By = (/10 (C'C) C'f)  JiC (C'0C) " Clin (8,)

. . / /
where fn = ’I’L73/2 Z?zl [ {717 fi/g] and gn (ﬁn) = 7173/2 Z:‘l:l |:gf,£,1 (ﬁn) 792,2 (5n) . The next
Corollary summarizes the limiting distribution of the feasible two stage estimator which is based

on the Arellano and Bover estimator in the first stage.

Theorem 4 Assume Conditions 8 and 4 are satisfied. Let B be as defined in Equation 20 in
Appendiz C. Let

) B, ®1 . B(HE, ®1
£ Eamm) = S ;5 ™) &y Camm) = S f(Ifé ™)

Then it follows that

i ‘gw (éGMM), C (C/RE (fGMM) ERE (fGMM)/ C)+ Cléy (‘EGMM)
€, Eannt) C (C'Re (Egarns) ERe (Egnrnt) C) T C'€, (Ecnin)

As before the long difference estimator requires a slightly modified treatment because the

brasrts — By = {pasLs-

moment conditions are more easily expressed directly as functions of the underlying innova-
tions. The long difference estimator is based on the moments F [y;o (uir — ui1)] = 0 as well as
E [uit (uip — uin)] = 0 for t = 2,...,7 — 1. As before, we replace unobserved innovations u; by

estimates 7;; based on bgasas such that g{le = BP (Au; ® 4;) and fm = BLP (Ay; ® 4;) where

A~ A~ /
BEP is defined in (9). Define f12 = n~3/2 0, [fEP', f1,] and gu (8,) = 2 S0 |64 (B,) .9l (8)

The feasible long difference estimator then is defined as

A N +
LDI~LDn (LD LD LD LDt 5LD
FLDIC (c QLPC ) LD gL

brip — Bp = — - T -
FLDICLD, (CLD,n/QTLLDCLD,n) CLDm fLD

where the weight matrix is estimated as

n

N N ~ / ~ ~
QLP =3 Z |:§il:1Dl (bGMM> 952 (bGMM)} [Qﬁ)/ (bGMM> s 952 (bGMMﬂ :
=1

The next result establishes the limiting distribution of the feasible long difference estimator.

Theorem 5 Assume Conditions 3 and 4 are satisfied. Let BYP be as defined in (9). As before

we use the notation

A BLD 1 . BLD (H 1
&7 (aanar) = | TV 5('5““8 DL € = | S Hé i)
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Then, it follows that

Z;FLD - /Bn
o &7 Carn) CFP (CPPREP (Eapar) SREP (Ecaans) €P) " CHP8,” (Eania)
&" (i) OFP (CEP'REP (Egasnr) SREP (Earins) CFP ) CLPEL” (Egagny)
= {rLD-

Furthermore, it follows that Eprp = &1p-

Iterated versions of the long difference estimator have limiting distributions that can be
defined recursively for the j-th step. If I;F LD,; is the feasible long difference estimator based on

the j-th iteration then its limiting distribution is given by

brrpj — By
~LD + ~LD
g Sz (gFLD,jfl)/CLD (CLD/RgLD (érrpj1) ZRgLD (gFLD,jfl)/ CLD) CHe " (prpjo1)
— ID + ~LD
§x (fFLD,j—1)/CLD (CLD’RgLD (érrpj-1) ERgLD (§FLD,j—1)I CLD) CLPIE ™ (Erpp 1)
= {ripy

From Theorem 5 it follows immediately, that {prp ; does not depend on {prp ;_; and in
fact {ppp; = &rp for all j. We use the results in Theorem 4 and 5 to evaluate bias and MSE
of feasible estimators. Due to the complex nature of the limiting distribution for the general
feasible 2SLS estimator these evaluations can not be done analytically. Numerical evaluation on

the other hand is possible.

5 Numerical Evaluation of Near Unit Root Approximations

We calibrate our numerical evaluations to 8 = .95 and n = 100 which leads to a value of
c = 100(—1og.95). We set 02 = 02 = 1 and assume that ¢; and «; are independent as in
Condition 5 in order to eliminate nuisance parameters related to higher order moments of the
innovations. We then generate 10,000 random draws from the distribution of ¢ and (. Using
these values we compute the asymptotic distribution of various estimators as established in
Corollary 1, Lemma 3 and Theorems 4 and 5.

Table 2 reports numerical values for the biases of the Arellano and Bond, Arellano and
Bover and Ahn and Schmidt estimators under near unit root asymptotics and compares them

with biases for the long difference estimator as well as the bias minimal estimator. We report

median biases for numerically evaluated biases in columns AB/AS/GMM and LD/AH while
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the last column reports theoretical lowerbounds for the mean bias based on Theorem 3. For
AB/AS/GMM median and mean are almost identical while for LD/AH the mean does not seem
to be reliably evaluated by simulation techniques although it exists theoretically. Despite the fact
that long difference does not achieve the same bias reduction as the fully optimal estimator, it has
significantly less bias than the more commonly used implementations of the GMM estimator.

Lemma 3 also shows that under the near unit root asymptotics adopted here, there is no
difference between the Ahn and Schmidt (AS) estimator, the Arellano and Bover (GMM) and
the Arellano and Bond (AB) procedure. We now compare predictions of the near unit root
approximation and the higher order approximation reported in Section A.1 to the actual finite
sample performance of different estimators. Since there is no difference between AS, AB and
GMM under local to unity asymptotics we focus on the GMM procedure for which we have
reported Monte Carlo results in Table 9. Considering the results in Table 9 we note that for
GMM the bias predicted by higher order asymptotic theory for 3 = .95, n = 100 and T' = 5
is -3.84 while the prediction of the near unit root approximation in Table 2 is -.66. The actual
small sample bias found in Monte Carlo experiments and reported in Table 9 is -.598. For the
LD estimator the higher order theory predicts a bias of -1.8, the near unit root theory predicts
a bias of -.25 and the actual small sample bias is -.185. These results suggest that the near
unit root theory does a much better job of approximating the bias near the unit circle than the
higher order theory which tends to overestimate bias by a large margin. In Table 3 we report the
median bias of the feasible estimators under near unit root approximations derived in Section 4.
For the feasible version of the Arellano and Bover estimator (FGMM) the results are the same
as for the infeasible version, while the feasible Ahn and Schmidt!? estimator shows an increase
in the median bias relative to the infeasible version. This is an indication that the additional
overidentifying restrictions, when combined with estimated instruments, further increase the
bias problems of this particular specification. The feasible long difference estimator on the other
hand is invariant to first stage estimation of the instruments and has the same distribution as
the infeasible version.

Turning now to the same comparison for the MSE we note that the higher order prediction
for the MSE of GMM in Table 9 is 10.24, for the near unit root approximation in Table 4 it is
.7411 and the actual MSE from Table 9 is .4761. As before for the median bias feasible GMM

has the same mean squared error as the infeasible version, a fact that is predicted by our theory.

3The poor properties of the limiting distribution for the feasible version of the Ahn and Schmidt estimator
may be due to the fact that for the near unit root asymptotics we use estimated residuals rather than a nonlinear

estimator.

21



We see again that even though the near unit root approximation is not entirely accurate it does
much better in terms of predicting the right magnitude of the MSE than is the case for the
higher order theory. It also should be noted that in the case of the near unit root approximation
a number of moment conditions become irrelevant asymptotically. The associated drop in the
degree of overidentification leads to an increase in the size of the variance. This is also the reason
why for the LD estimator the MSE does not exist under the near unit root approximation (this
follows by checking the conditions for the existence of moments in Smith 1993, p.272). Under
these asymptotics, the LD estimator asymptotically does only depend on one instrument, the
initial observation y;0, and thus does not posses enough overidentifying restrictions for the MSE
to exist. This remains true for the feasible version of the estimator which, under near unit root
asymptotics, has the same distributional properties as the infeasible version.

In order to better understand the trade off between bias reduction and quadratic error loss
under the near unit root asymptotics we now turn to a more detailed analysis of the mean squared
error implied by the asymptotic distribution under Condition 3. Since b% srs — 1 <, £(C1,%92)
we take E[£(Ch, $22)]* as a measure for the MSE of blg; . Unlike in the case of bias it is not
feasible to find analytical optima for the problem of minimizing E [¢ (C, $22)]? with respect to
Ch.

Nevertheless, for a given value of T" and a particular point in the parameter space, such opti-
mization can be carried out numerically by Monte Carlo integration techniques and subsequent
numerical optimization. We carry out such a numerical exercise to establish that conventional
estimators which are optimal under standard first order asymptotic theory fail to be admissible
under weak identification circumstances. In our numerical examples we calibrate the asymptotic
distribution to the case where 5 = .95 and n = 100. This implies a value for ¢ = 100(— log .95).
In Table 4 we compare E [¢ (C%, 29,)]? to E [€ (9, Egg)]2 for different values of T. Here

Ci= argmin E[¢(C1, ).
C1 s.t. CC1=Iy,
r1=3,..,T—1
Note that the minimal dimension of C] is 3 to guarantee the existence of the second moment. The
results of Table 4 show that the MSE of the AS, AB and GMM estimators is clearly dominated
by the optimal procedure. It also shows that the optimal number of moment conditions increases
slowly with T" and is much lower than the number of moments used by Ahn and Schmidt. In
fact, the optimal procedure uses only about 1/10 of the available moments.
These results show that the optimality arguments under standard asymptotic approxima-

tions break down when the model is weakly identified. While it is optimal from an asymptotic
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variance and thus MSE point of view under standard asymptotics to use as many instruments as
possible, this argument is invalid under the near non-identification asymptotics we use here. The
GMM estimator that minimizes the asymptotic MSE under these circumstances uses a subset of
moment conditions that is much smaller than the set of all available moment conditions. Some
intuition can be gained from our analytical results regarding bias minimization. In Theorem 3
it is shown that the bias minimal procedure in fact only uses a single moment condition. When
focusing on the MSE this bias reduction needs to be balanced off against efficiency consider-
ations. Our numerical evaluation of the MSE minimization problem shows that the optimum
is an interior one with respect to the number of moment conditions used. This implies that
neither the Bias minimal estimator that uses only one instrument, nor the first order efficient
estimator that uses all available instruments is optimal in the MSE sense under the local to
unity asymptotics adopted here.

However, we can not compare the MSE of the Ahn and Schmidt and Arellano and Bond
estimators to the long difference estimator analytically because under the near unit root as-
ymptotic limiting distribution the long difference estimator has unbounded second moments. In
order to gain some insight into the dispersion of the long difference estimator we report inter
quartile ranges of various procedures in Table 5. The results are further evidence of the fact
that feasible GMM is the same as infeasible GMM while on the other hand the feasible Ahn and
Schmidt estimator is more dispersed than the infeasible version. The lack of moments problem
for the long difference estimator manifests itself in higher inter quartile ranges. The findings
with respect to the relationship between bias and dispersion of estimators are somewhat similar
to our findings in Hahn, Hausman and Kuersteiner (2004) where we found that 2SLS estimators
do best in terms of IQR but have significantly larger biases while estimators that do better with
bias such as LIML or Fuller’s estimator, tend to have larger IQR than 2SLS.

At the same time the Monte Carlo results are consistent with the analytical result that the
optimal estimator does not use all the moment conditions. Indeed, the optimal estimator uses
only a small fraction of the moment conditions. The long difference estimator does well in terms
of MSE because of its small amount of bias and its use of a limited set of moment conditions.

Implementation of a procedure that is optimal in terms of its MSE under non-standard
asymptotics is not recommended because such a procedure depends on the unknown parameter
B through §. Instead, our Monte Carlo results show that the long difference estimator is a

reasonable, very easily implementable approximation to such an optimal estimator.
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6 Conclusion

We have considered the dynamic panel data model where it has been recognized that the usual
IV (GMM) estimators have substantial bias for a large positive 3, which commonly occurs in
applied research. Our approach is an IV estimator that uses a reduced set of instruments, in
particular “long differences”. This estimator leads to a significant reduction in bias as predicted
by a “weak instrument” analysis. Further, the long difference estimator does well in MSE
comparisons with existing estimators.

We then conduct a “local to unity” analysis to analyze why the long difference estimator
does significantly better than traditional second order theory predicts. We find that near the
unit circle the optimal estimator in terms of bias uses only one moment restriction, similar to
the long difference estimator. We also find that the optimal estimator in terms of MSE uses
a much restricted set of moment restrictions, typically about 1/10 of the available restrictions.
Thus, our analysis demonstrates that the usual first order asymptotic advice of using all of the
moment restrictions does not provide proper guidance in the dynamic panel data model for large
(. Instead a restricted set of moment conditions lead to a better estimator. The long difference
estimator, which uses a restricted set of moment conditions, provides such an improved estimator

as our Monte-Carlo results demonstrate.
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Appendix

A Higher Order Theory

We consider a version of the GMM estimator developed by Arellano and Bover (1995), which
simplifies the characterization of the “weight matrix” in GMM estimation. We define the inno-
vation u;; = a; + ;4. Arellano and Bover (1995) eliminate the fixed effect «; in (1) by applying

Helmert’s transformation

*
Uy

(Wigs1 + -+ wir) |, t=1,....,T—1

T—1 | 1
T—t+1| "% T—¢

instead of first differencing.'* The transformation produces

vy = By + €5, t=1,...,T—1,

where zy = y;, ;. Let 2 = (Yi0,---,¥it—1)’. Our moment restriction is summarized by
Elziel] = 0, t = 1,...,7 — 1. It can be shown that, with the homoskedasticity assump-
tion on €4, the optimal “weight matrix” is proportional to a block-diagonal matrix, with typical

diagonal block equal to E [z;2}]. Therefore, the optimal GMM estimator is equal to

*x/ */

Zt 1 ry Pyt Zt 1z Ptxt b25’LSt
x/ E)

Zt 1 oy Pt Zt | oy Pt

where EQSLS’t denotes the 2SLS of y; on zj:

(11)

bavim =

*/ *
xy Pryy

*/ * 7
xy' Prxy

basrst =

and 77 = (25,05 U = Wi u)s Ze = (216 2a)s and Py = Z0(202,) 7 7).
Therefore, the GMM estimator BG MM may be understood as a linear combination of the 2SLS
estimators 325,;571, ... 7/17\25LS7T_1. It has long been known that the 2SLS may be subject to
substantial finite sample bias. See Nagar (1959), Rothenberg (1983), Bekker (1994), and Donald
and Newey (2001), Hahn and Hausman (2002) and Kuersteiner (2000) for related discussion.
It is therefore natural to conjecture that a linear combination of the 2SLS may be subject to
quite substantial finite sample bias. This is indeed the case. In the first column of Table 6, we
summarized finite sample bias of /b\(; MM as a fraction of 8 approximated by 5,000 Monte Carlo

runs.

" Arellano and Bover (1995) note that the efficiency of the resultant GMM estimator is not affected whether

or not Helmert’s transformation is used instead of first differencing.
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A.1 Bias Correction

Many econometric estimators, say 6 for # based on a sample of size n allow for an expansion of

the form:

5 1 1 1
—_9) =0 L~ 92 L ZpB3) -
vn (9 9) 6\ + \/ﬁe + ne +op ( > (12)

n

where 0(1), 6 and 6 are of order O, (1). Typically 6" has mean zero and converges in
distribution to a normal distribution. Ignoring the o, (n_l) term, and taking an expectation, we

obtain the “approximate mean” of \/n (@ — 9) equals ﬁE [0(2)}. We can therefore understand
%E [9(2)] as the “second order bias” of §. Based on the mapping between F [9(2)] and primitive
parameters, we can /n—consistently estimate F [0(2)} by E [9(2)}, say. The bias corrected
estimator 0 — %E [0(2)} has zero second order bias. It is not always a priori clear if the second
order bias %E [0(2)} approximately equals the actual bias FE [@ — 9] . It is also not a priori clear

if the bias corrected estimator 8 — %E [9(2)] indeed reduces much of the bias.
For dynamic panel model of interest, we addressed these questions by Monte Carlo approx-

imation. For such purpose, we first derive the second order bias of EGM M:

Theorem 6 Under Conditions 1-2, the second order bias of/b\GMM 1s equal to

B1+BQ+BS+O<1>’ (13)

n n

where
By =17t o1 race ((T57) 7' T55)
By = —2T1_2 Zf;l 23;11 Ffz/ (PfZ)fl Fi’:pszz (Pzz)il ng
By =YY L) L T (0F) ! Baa(t,s) (T77) ' T3

where T3 = E [2y2})] , T3 = E [zaa}] , 5% = B [e}a],zu7,) , B3i(t,s) = E |efzul 2™ (T2%) 7! 2352,

and Ty = S T (D7) 1 132,

Proof. Available at http://econ-www.mit.edu/faculty /jhausman/papers.htm. m

In Table 6, we compare the actual performance of ZG m s and the prediction of its bias based
on Theorem 6. Table 6 tabulates the actual bias of the estimator approximated by 5,000 Monte
Carlo runs, and compares it with the second order bias based on the formula (13). It is clear
that the second order theory does a reasonably good job except when [ is close to the unit circle

and n is small.
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Theorem 6 suggests a natural way of eliminating the bias. Suppose that El,gg,gg are

/n-consistent estimators of By, By, Bs. Then it is easy to see that

1
bpe = banw — — (31 + By + 33) (14)

is first order equivalent to BGMM, and has second order bias equal to zero. Define ffz =

IS, TF = Shimal, IR = n Tlicelud, ad
B 1(t,s) = n-1 Yo thZthx (f”) ZisZis, where €}, =y, — x;‘j)\GMM. Let El, Bs and B3 be
defined by replacing I'7*, I';*,I'7%** and Bs1(t,s) by Iz, ffz,éﬁzz and Bs(t,s) in By, By and
Bs.

Second order asymptotic theory predicts approximately that ZBC would be relatively free
of bias. We examined whether this prediction is reasonably accurate in finite sample by 5,000
Monte Carlo runs. Table 6 summarizes the properties of ZBC. We have seen in Table 6 that the
second order theory is reasonably accurate unless S is close to one. It is therefore sensible to
conjecture that EBC would have a reasonable finite sample bias property as long as § is not too
close to one. We verify this conjecture in Table 6.

We do not expect other methods of bias correction to be much superior to EBC. Hahn,
Kuersteiner, and Newey (2002) recently showed that higher order mean squared errors of bias
corrected maximum likelihood estimators are invariant to methods of bias correction. In partic-
ular, they considered a third order expansion of various bias corrected estimators, and showed
that bootstrap bias corrected MLE, jackknife bias corrected MLE, and analytically bias cor-
rected MLE all have the same higher order MSE. Their result crucially depends on the fact
that the MLE is first order efficient. Because /b\GMM is first order efficient, we expect their
result to carry over, and MSE of bootstrap bias corrected estimator, say, is not expected to be
substantially different from that of analytically bias corrected estimator /b\Bc.

However the second order asymptotics “fails” to be a good approximation around 5 =~ 1

“weak instrument” problem. See Staiger and Stock

This phenomenon can be explained by the
(1997). Blundell and Bond (1998) argued that the weak instrument problem can be alleviated by
assuming stationarity on the initial observation y;o. The stationarity assumption turns out to be
a predominant source of information around § =~ 1 as noted by Hahn (1999). The stationarity
condition may or may not be appropriate for particular applications, and substantial finite

sample biases due to inconsistency will result under violation of stationarity.

15 Under stationarity, we would have g0 ~ N ( 6’ T ﬁQ) We analyze departures from the stationary initial

condition by assuming that instead yio ~ N ( Because the asymptotic bias depends on the weight

i 5F71 32)
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A.2 Higher Order Bias and MSE of Long Difference Estimator

In this section, we examine the third order expansion of the long difference estimator and com-
pare it with two other estimators discussed in the literature. Note that unlike the approximate
bias calculations of the previous section the expansions considered here are valid for any fixed
number of instruments. Exact formulas tend to be very complicated and are not reported here.'®
Many econometric estimators, say 9 for 0 based on a sample of size n allow for an expansion of

—~ 2
the form (12). Ignoring the o, (n_l) term and taking expectations of <\/ﬁ (9 — 9)) , we obtain
the approximate MSE of \/n (@ — 9) equal to

E [(9“))2] + %E [(9@))2] + ;ﬁE 000 + %E ERIRIEE <;>

Ignoring the o (n‘l) term, we may understand

ny/n

[ e (000 b ] w

as the approximate MSE of 0.

We first examine the higher order bias and MSE for /b\Ag,” the estimator proposed by Ahn and
Schmidt (1995) and /b\BB, the estimator proposed by Blundell and Bond (1998). Both are GMM
estimators, and the third order expansion of the usual two step estimator is critically dependent
on the initial weight matrices. It can be shown that the third order expansion of the “four
step” GMM estimator is invariant to the initial weight matrix'®. Rilstone, Srivastava, and Ullah
(1996) obtained higher order bias and MSE formulas for method of moments estimators. Their
expressions are difficult to adapt to our situation and we have developed our own expansions.
We computed (15) analytically for T = 5, and summarized it along with the second order bias in
Table 8. Table 8 also contains the higher order properties of LD estimators. Given the two step

IV nature of the LD estimators, this required a separate expansion for I'V estimator along with a

matrix, we consider two versions of GMM estimators. The first one uses an identity matrix for initial weight
matrix, whose asymptotic bias is summarized in the upper half of Table 7. The second one uses Blundell and
Bond’s recommendation, whose asymptotic bias is summarized in the lower half of Table 7. The results show that

the bias of Blundell and Bond’s estimator can be substantial under misspecification.
"Details are available at http://econ-www.mit.edu/faculty /jhausman/papers.htm.
'"The version of Ahn and Schmidt’s estimator (1995) adopted in this comparison does not utlize homoscedas-

ticity.
8The details are available at http://econ-www.mit.edu/faculty/jhausman/papers.htm. On a related note,
Newey and Smith (2001) point out the second order expansion of “three” step GMM estimator is invariant to the

initial weight matrix.

28



third order expansion'® of EGM - Unfortunately, analytic calculation of (15) for LD estimators
was infeasible. We used a stochastic approximation to each term in (15) instead.?’

We can see that theoretical higher order MSEs of ZL p2 and BL p3 are comparable to that of
/Z;AS- We can also see that theoretical bias properties of EL p2 and BL p3 are moderately superior
to that of EAS. In Table 9, we compare the theoretical higher order properties of selected
estimators with their actual properties. Interestingly, we find that actual properties of long
difference estimators are much better than those predicted by higher order theory, especially
around the unit circle. This suggests that Monte Carlo comparison should be preferred to any
higher order expansion for ranking various estimators. In Table 1, we examine Monte Carlo
properties of those estimators. We find that LD does better than the other estimators for large

5 and not significantly worse for moderate .

B Proofs

Proof of Lemma 1. Note that 1, = yio — a;/ (8,, — 1) such that

t—1

Ayie = By (B = Do + €t + (B = 1) > By et
s=1

and

E[JuiAyis—1]] < /E [uZ] E[(Ayis—1)2:|

r=1

5—2 2
_ \/T\ 5 (a (8.~ 1yms 4 ciot 4 (B — 1) Zﬁﬁ‘leis“)

1- 52

2 _1)\2
- ¢az+ai\ﬁ%‘s‘””€<ﬁ" Loty s = o)

By independence of u;Ay;s_1 across i, it therefore follows that n=3/2 Yo wit Ayis—1 = op (1).
By the same reasoning, we obtain n%/2 3" u;pAyi;—1 = 0, (1), and n 323" WAYg_1 =
op (1). We therefore obtain n=3/23"" | f;1 = 0, (1). We can similarly obtain n=3/23"" g1 =
op (1).

19A1 derivations referred to in this paragraph are available at http://econ-

www.mit.edu/faculty/jhausman/papers.htm.

20We perform Monte Carlo integration by generating i.i.d. sequences of (0;1),0§2),9§.3)) 7 =1,...,J, and

2 2
approximating F [(0(1)) } by %Z;’:l (9§1)) for example. Our choice of J was 5,000.
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Next we consider n=3/2 Yoy fip andn™ 3/2 > i gi2. Note that

E[Ayuyiol = E {yiO <5£fl (Brn = D)o + et + (B, — 1) Z:;ll 62715it—1—r>}
— 1 25 2 —¢/n _ —a?
= ﬁt 1_62_0520/714—0(1)— 5 + o(1),

and

E [(Ayayio)®| = E |yb (B By — 1) g+ e+ (B, — 1) t:1 ey i
r=1

— gD (8,102 o2 + 3520- 1)U<671)2
1-5 (1-8,) (1-p82)°
)2 52 572 9(r—1) oh o2
(o4 DN )<< m)”(l—ﬁ%))
cum (g;t ,Ciit, Q;, ;) n2 + O(n)
_ olo? +Cum£§it75it;ai70ﬁ)n2+O(n)

such that Var (n*3/2 > Ayityio) = O(1). Use the notation cit o = cum (g5, i, i, ;) ,
Ct.s,0,6 = cum (&4, €45, 4, M) €tc. For n —3/2 > gi2 (Bg) we have from the moment conditions

that E [gi2 (8g)] = 0 and

20202 Ctitaa + 2C1—1,0,0 T Ct—1,-1
Var (Auit(ﬂo)yio) (1 —~ B )2 N2YeNet (,1 _,cz;)a)z s ,OLQ + O(n)
200 +Cttaa+20tt Laa T C—1t-1,0,a n2

= +O(n).

2
The joint limiting distribution of n=3/23"" | { o~ F [f ] gzg(ﬁo)} can now be obtained

from a triangular array CLT. By previous arguments

E[fi2,92(80)] = [ U ]

with g = —02/20+ O(n~!) where ¢ is the T — 1 dimensional vector with elements 1. Then

E {(fi/g -F [f'il,Q] 79i,2(ﬂ0)/), (fil,Z —FE [fi,,Z] 791‘,2(50)1)] =2,

where
5 Y1 212m
Yo1m 222m
By previous calculations we have found the diagonal elements of 311 ,, and a2 ,, to be (J 4T Cita a) ¢ 2n?

and ( aaaa + cita,a + 2C—1,0,0 + thlytfl’aja) ¢ 2n2. The off-diagonal elements of ¥, are
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found to be

E [AyuAyisyy] = E [.%‘20 (57‘3—1 (B —1)nyo +cis + (B, — 1 2871 Br_lgis—l—r>
<ﬂt 1(6 _1)n10+€zt+ Zt 1/8 Eit—1— 7‘)]
t—1 ns— 1(6 1)2 Ugai + Cts,a,a 0'4
) ( TETAER ) R
2 9
= Tan 4 T2 4 O(1)

which is of lower order of magnitude while n=! (E [Ayityio])2 = O(1). Thus n™ %11, —

2 2
diag(% c2 y ey O U 2) + K. The off-diagonal elements of X5 ,, are obtained from
Jga'a Ct,s,o0,a—Ct,s—1,a,0—Ct—1,s,0,aFCt—1,5—1,0,,x . .
Awi A 2] = _(15)2_'_ (1-5,) +0(n) t=s+lort=s-1
E [ Ut Uzsyio] = . iy i .
t,t,a, t,r&(li; a)2 t—1,t—1,a,¢ OtherWISe

such that n_22227n = 0Ms + Ky. For ¥12,, we consider

+ .
O’Ea'a thacg Ct,s—1,0,c 2+O( ) lft:S
2 — — .
F [AthAulsyZO] — 050a+ct s, (cxz(x Ct,s—1,0,cx 2 + O( ) lf t=s—1
—Ct’s’“’a_cgt’s’l'“’a n2 otherwise

where $15, — 0M; + Ks. It then follows that for ¢ € RTZ+1/+21=6 guch that (/¢ = 1,
n3230 0% _1/2 { - EfZQ,ng(,B0>] — N (0,1) by the Lindeberg-Feller CLT for trian-
gular arrays. It then follows from a straightforward application of the Cramer-Wold theo-
rem and the continuous mapping theorem that n=3/237 {f{,279i,2(50)/}, LA [g;,{;]l where
[f;,f;]/ ~ N(0,%). Note that n=3/23°"  /'E[f;2] = O(n~/?) and thus does not affect the
limit distribution.
Finally note that FE [91}1 9;,1} = O (1). Tt therefore follows that
1 0 O

—FE[gigi] = +o(1).
wBlug] = | o)

Proof of Lemma 2. From the previous results it follows that

3/22 Jiz2 — fz2 =n 3/22 821,...,61‘T_1]/y2-0—|—0p(1)

=1

as well as

n32Y " gia(Bo) =2 [Acia, ..., Acir] yio + 0p (1)
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which implies that

. _ 7—1 Or—1:1
3/22 12— E[fl2],92(80)] =n 3/22 i1 ey €im—1, Aci] Yiot0p(1)

where

n
_ Ity Op_1: d
Y = i, s gir—1, Acit] yio = (€, HE,]

and H is defined in (19). =
Proof of Theorem 1. From the properties of the Moore-Penrose inverse, see Magnus and

Neudecker (1988, p.33), it follows that
1% (612226,1> Cl —1/2 1/201 ( 1/201> (0121/2) Cl 1/2 2—21/2

where 2542@1 is a (I'— 1) x r matrix of rank r; < T — 1. By Theorem 1.16 of Magnus and
Neudecker (1988) there exist matrices V' and U of dimensions (T"— 1) x r; and and r x r; and
a diagonal matrix S of dimension r1 x r; such that V'V = U'U = I,, and 2%26’1 = Vst2y.
The unique representation of (Eéézél)Jr then is (E;é2c~’1>+ = US~1/2V’. This implies that

. /o Nt -
C1 (0122201> C1= 22_21/2‘/‘/,22_21/2'

Next set C = 1/2V (V'S 221V) Y2 Shere C; is a matrix of dimension (7' —1) x 71 of full

column rank such that

1/2

G (i)l = 3V (Vg ) (viegy) V’V(V’zg;v)”?) bl

= E2_21/2‘/ (V’E;;V) i (V,22_21V) o (V’22_21V) s VIEQ_;/Q
= 2521/2VV/E;21/2
1/2 1/2

and C(Cy = (V'S V) " V'S,V (V25 V)" = I, from which it follows that

£(Cr1,822) =& (017222> :

Proof of Theorem 2. Use the transformation z = L’lggc with 31; = LL'. Define
W = Ci (C1C1) ™ €. Then ¢ (€1, Q) = #/I'WHE,/ ' L'WLz. Let F = Sy 2! and use the
fact that E[HE,|E,] = F¢, = FLz. Using a conditioning argument it then follows that

ple(en0)] = 2 [ s
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Note that z’L'DLz = 2'L'D'Lz = 2’Dz where D = 1L'(D+ D’) L is symmetric. Define
z1 = I'jz and 23 = I',z where I'; are the eigenvectors corresponding to the nonzero eigenvalues

of LWL such that 'y AT} = LWL and I'1T) + ToI', = I. It now follows that

[z'L'DLz} _E [zif'lL’DLFIzl + Z:ILL/FiDLFQZQ] _ g [zif’lL’DLflzl]

2/ LW Lz 21121 21\ 121

where the first equality follows from I',W = 0 and the second equality follows from independence
between z; and z;. The result then follows from Smith (1993, Eq. 2.4, p. 273).

When Condition 5 is note that we can take L = \[Irl and that ' = 2212 11 = Mj where
the second equality is based on 2111 = 6 !I,,. The last statement then follows by the same
arguments as before. m

Proof of Theorem 3. We first analyze F [¢ (C1,X22)]. Note that in this case W =
C1 (C}29C1) 1 € = 671C (C) MC1) ™! € such that
zil“’ll_?l“lzl]

E[§(C1,222)] = E [ 21 A2

and dtr D = 6/2tr W (M{ + My) = —r1/2 since M] + My = — My where 77 is the rank of Cj.
Then it follows from Smith (1993, p. 273 and Appendix A)

2T DT 21 i (D 1 k 1,k
E {11] - oy (F’Dl“l, S Al) (16)
21121 2) (7 1+k . '

where for any two real symmetric matrices Y7, Yo

k! b (%)kﬂ i
and
k!
Cr (Y2) —di (Y2)
(3)k
_1k—11 o
de (Y2) = k ZitT<Y2 j>dj(Y2)
=0

do (Ya) = 1.

Since all elements 5\_1)% in 5\_1/\1 satisfy 0 < 5\_1)\1‘ <1 it follows that I, — 5\_1A1 is positive
semidefinite implying that CY (Lnl — 5\_1A1) > 0, which holds with equality only if all eigen-

values \; are the same. Also note that, if Y5, Y3 are diagonal matrices and Y7 any conformable
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matrix, then tr Y3Y1Yy = tr Y1 Y3Yy. Therefore,

T\ DTy (I, — A AT = T (WM] + MyW) T, (Im - X‘lAl)i
= %tr (A1F’1M{F1 + FllerlAl) (Irl — 5\_1A1)i
1 _ 4
= 6T (M + My Tudy <IT1 ~2 1A1)

1 o .
= —5 tI“FllMgrlAl <I7«1 - A 1A1>l .

Next, note that for two positive semi-definite matrices Y7 and Y5 it follows that trY;Ys, =
tr Yl/ 2Y1Y1/ 2 > 0 because Y21/ 2Y1Y21/ 2 is well defined and positive semi-definite by positive semi-

__ i
definiteness of Y;. Next note that A; <I7«1 - A lAl) is positive semi-definite by previous argu-
ments. Also, I} MsI'y is positive definite. Therefore, every tr (F’lDfl ( o= A A1> > Ch—; ( "
has the same sign, and so does every C’llfk <I"1DI‘1, I, — 5\71A1>. Therefore, we have

3! EO: (D (1)1+k01 k

D0y, I, — A~ A)
1+k ( 17 T 1
k=0 (7)1+kk' - '

For k = 0, we have
oo (F’DFl, AT A1> — tr T} DLy > —61ry /2. (172)

For the last inequality let )\D be the eigenvalues of D. By Magnus and Neudecker (1988, Theorem
13, p.211), tr Iy DTy > >°1L, )\D Note that D is of reduced rank r1 such that tr D = Y71, )\D
—071r1/2. Also, (1), (%)1 / (%), = E‘ This shows that |E [£ (C1,Y22)]| > A~ /2 for all C; such
that C{Cy = I, and all m € {1,2,..,T7 — 1}. Then

-1 .
A min
min C1, 2 min _ > J 18
C1 sit. 0301=1T1| £ (O )l 2 Cist. ClCi=I, 206 — 2 (18)
re{l1,2,.,T—1} rie{l1,2,..,T—1}

where min/; is the smallest eigenvalue of Ms. Since A is the largest eigenvalue of W and W
has the same nonzero eigenvalues as 6 ' (CngCl)fl by Zhang (1999, Theorem 2.8, p.51), it
follows that X is the largest eigenvalue of 6~ (C}{MC1)™'. The last inequality in (18) follows
from Magnus and Neudecker (1988, Theorem 10, p. 209) as well as the fact that X is §~*
times the largest eigenvalue of (C’{MgC’l)_l. Now let 1y = 1 and Cy = p;, where p; is the
eigenvector corresponding to minl;. Note that for this case W = 5_1pl-p;- /minl; such that
I'y = p; and A = 6! (min lj)_l. Then I,, — A 'A;=1-1=0and I')DI'; = 1/(24) such that
|E [€(Ch,292)]| = A ‘tr F’lDF1| = (1/ min lj)_l /2 = minl;/2. Inequality (18) therefore holds
with equality.
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Next consider E [£ (C1, I7_1)]. Note that now W = C1(C;C1)~1C} = C1C] since C|Cy =
I, such that W = T'3AT} with Ay = I, and 'y = C;. Then, A = 1 and I,, — AM\; =
0 such that (16) reduces to E[£(C1,Ir—1)] = %011,0 (I}DI'1,0) = trIyDI'y/ry. But then
D = 2_1 (ClC{Ml + M{ClC{) such that tI‘FiDFl/Tl =tr CiDCl/T‘l = —2_1 tr C{MQOI/TI =
tr D/r1. We analyze
min ‘—271 tr C{MgCﬂ”l’ .

Cl s.t. C{Cl=lr1
r1€{1,2,.,T—-1}

It can be checked easily that Mj is positive definite symmetric. We can therefore minimize
tr (C1M2C1). Tt is now useful to choose an orthogonal matrix R with j-th row pj such that
R'R = RR' = I and My = RLR’ where L is the diagonal matrix of eigenvalues of My =
Z;‘.Fz_ll ljpjp;-. Then it follows that tr (C]M2Cy) = E]T:_f Lip;C1C]p;. Next note that all the
eigenvalues of C1C] are either zero or one such that 0 < p;ClC{pj < 1. The minimum of
tr (C1 M2C1) is then found by choosing r; = 1 and C; such that C’{pj = 0 except for the
eigenvector p; corresponding to minl;. To show that tr (1_7/7“1) is also minimized for r; = 1
and C1 = p;, where tr (D /7"1) = minl;/2, consider augmenting C; by a column vector x such
that 2’z = 1 and p,a = 0. Then C{C) = Iz, ro = 2 and tr C{M2Cy = I; + 23;;1 l; (p}x)z. By
Parseval’s equality ZJT;: <p;a:>2 = 1. Since [; > l; we can bound tr (C]M2C) > 2l; but then
tr (C1M2C1/2) > l;. This argument can be repeated to more than one orthogonal addition x.
It now follows that E [¢ (Cy,Ip—_1)] = tr (D/r1) is minimized for r; = 1 and C' = p;, where p; is
the eigenvector corresponding to the smallest eigenvalue.

Next note that from 2’z = 1 such that minl; < ' Myx < maxl; it follows that
minl; < 1'My1/(1'1) =2(T —1)~*

for 1 =[1,...,1)" which shows that the smallest eigenvalue is bounded by a monotonically de-
creasing function of the number of moment conditions. m

Proof of Lemma 3. The result for bag follows directly from Lemma (1) and the fact
that the finite dimensional matrix C45" converges to a limit CAP = [C¢\B, C{*B] where C§'\P
is defined in the obvious way. The result for bap follows directly from Corollary (1). For
bgay we note that 9io = B*gi2 and [y = B*f;2 such that the asymptotic properties of

/
n=323" [ 9 g;"’Q} follow directly from previous results where

nP L (£ 0h) 5 [€.87.6,B7].
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For g7y = B(—B* ® Ir) (Au; ® u;) note that

IN

B\ giall |B (It @ —B%)|| E [|u; ® Au|

A

1B (It ® —B*)| (tr E (uatt, ® AuwiAu)) " < oo

as well as

Elfill < 1BUIr® =B Elu ® Ayi ||

1/2<OO

< ||B(Ir® =B (trE (ulu; ® Ayi7,1Ay£’_1))

such that n=1 3" [ z’fl?g%k,l} = 0,(1) and n=3/23°0 | [ ;:179;1] = 0p(1). These results imply
as before that
J gle*/ClAB (CiAB/B*ZQQB*,CfB)—F Cf‘B/B*ng

5;3*’0143 (CiAB’B*EQQB*’Cf‘B)JF Cf‘B'B*fl,
For Z;LD we have
202 o2 t#s
Bugus (wir — uin)® = ) “ 52 )
2(0a+06)05 t=s
such that n=3/2 Yoy giLJD —p 0. For Eug (yir—1 — yio) note that
T-1
yir—1—yio = (Bh "= V)mo+ > By teir—s
s=1

leading to

B (yir—1 — yio) = B " to?
and

) T-1
Buguwis (yir—1 —vio)® = (B = 1)" E (nhuiruis) + Z BB E (eir— gy £i— sy Uit Uis)
s1,52=1
2 (.2 2 T-1
_ 20z (0 +o0 _ _
= (B -1 5(1520) + ) B TIBN T E (Gir s B sy Uitis)
B ’6” s1,82=1
T-1
= Z BB TR (eip— s e —syuiruis) + O(n™ ).
s1,52=1

This implies that n=3/2 Yoy Wit (Yir—1 — Yio) = 0p(1).
Finally note that

AB/
CASI _ Cl
1 =

Or—27-1
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sucht that

C{P'599C{B 0
0 0

AS1 AS
Cl 222 Cl =

with

(CABIE0CPBY T 0

0 0

This implies € 44 L & 4. To show that £ 45 4 € note that CAP has rank T' — 1. Then, by
Theorem 1 there exists a (T'— 1) x (T'— 1) matrix Cyp of full rank such that C’yzCap = I
and & (Cf‘B, Egg) 4 £ (Cap,Y22). But then & (Cap,¥a2) = £ (CapK,Xa2) for any nonsingluar
matrix K. In the same way, CIAB’ B is of rank T — 1. By the same argument as before there
exists a full rank matrix Cgpspr such that s 4 & (Cf‘B, 222) 4 ¢ (Camm, X22) - Then choose
K= CZ}BCGMM to show that &£ (C’lAB, 222) 4 & (Cannr, X22) - For the second equality note that
CLD! _ Or—27-1

17
such that

Or—21-2 Or—21

1

LDr LD\t
(Cl 32O ) = 0
1,T-2 17, Xo2ly g

This implies that

& lr

LD (~LD LD\t _ LD LD\t _
§.077 (CT7" 822017 ) " = [01,7—2, & 1] (CT7'E92C17) " = 01,T—2,m

and
CLD e — Or—27-1
17, H¢,
such that
€0 = EOPP (CFP'snCfP) " CFP'HE,  &lraly (HE, 1y Smlyoy "
LCLD (CEP S0 CEPY T LD, Vp_ySolroa (€1 )
|

Proof of Corollary 3:. Fora = {"AS”,” AB”} the matrix W is of full rank 7'— 1. Thus,
for L = \/SIT_l, z = Lilfl, ~ N(O, IT_1) and

EE(CP San)] = E JIWeHE [&IQ]] _ [Z’L’W“(S_lZgle
1> - —

ZLWelz ZLWelz
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and the result follows from Smith (1993, Eq 2.4, p.273). For a = {" LD”} note that
EWeHE, _ 2 YWeHE,
&WaE, ZA12

by the same arguments as in the proof of Theorem (2). The remainder of the proof is the same

as in that Theorem. m

Proof of Lemma 4. We note that

0 --- 0

_ 1 0 - 0

B, — = Ms
1 -~ 1 0

and b, — 17 where B, and b, are defined in (10). Also define §; = Z;;}) ,Bﬁluit_j and
gn =B (Bn ® IT—l) (Au; ® u;) such that from the definition of B in (20) it follows that g, =
[git_lAuis,T_l (ngf Git + ym) Auik,giTAuij} fors=2,. Tit=1,.5-2j=2 .T—1
k=2,...,T. It can be checked easily that E (§;;_1Au;s) = O(n~ ) for s =2,....T; t =1,...s — 2,
EjirAui; = O(n~") for j = 2,.., T—Tand E [T (ST Gie + o) Auir| = ~T~1o2+0(n 1),
This shows that Eg;; = -1 o2 [0, 0,17, ,,0,..., O],. Note that from arguments in the proof

of Lemma 3 the estimator bgasas is a continunous function of n=3/2 3™ [fl, gl,]" such that

/ .
convergence of n~3/2 Yo [fz‘,717fz‘,7279£,192,2} and bgpras is joint and the continuous mapping

~ /
theorem can be invoked to establish the limit of n=3/23"7" | [ fii L(}Z’-J] . It then follows from

)

previous results that
2y g = (beww — ﬁn) B (Ir—1 ®@b,) n ™32 gio + 0y (1)
% B (Ir-1 © 17) HE,
and by the same arguments as before it follows that
n3EY  fin = <3GMM - 5n> B (Ir-1 ®by) n 32 fin o (1)
L o B -1 © 11)€,.
Based on these results one concludes that

/
—3/2 £l /N Y
n~% Z?:l [fi,lvfi,Qvgi,lgi,Q}

(BG’MM - 5n) B (Ir-1®by) 0 ]
Ir_ 0 i
= p32Y =1 X - fiz +o0,(1).
0 (bGMM - 5n> B (Ir—1 ® by) 9i,2
0 Ir—y
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and the the statement of the Lemma follows from previous arguments. m

Proof of Lemma 5. One needs to consider g;l <BGMM) and gl’-72 (EGMM) . First for
Ayi = Wit — YiT—1, - Yiz — yﬂ]l
i o (BGMM) = Yio (Ayi - BGMMAyi,q) = YioAu; — (BGMM - Bn) YioAyi,—1

= gi2— <3GMM - 5n> fio.

Second,
gir (barint) = B (I + (banns = B,) (Ir-1@ Ba) ) (wi @ (Ay: — borrn i1 ) )
+ (3 GMM — 5n) (I7—1 ® bn) gio (Z;GMM>
- B <IT (bGMM 8. ) (Ir1 ® Bn)) ((Aui ® ;) — (BGMM _ 5n) (Ayi_1 ® ui)>

+ (bGMM - 5n) B (Ir—1 ® by) (91;2 - (l;GMM - ﬂn) fi,2>
We have seen before that E (Au;Au ® uu}) = O(1), E (Ay@,lAy?’;ﬁl ®u1u;) = O(1) and
E (AuiAyQA ® uzu;) = O(1). Furthermore,
E (AuAu; @ uiyio) = E(AuAuf) @ E (wiyio) + E (Auiyio) @ E (w;Aug) + E (u; ® Aw;) E (yioAuj)

2
g, n
= O'?MQ@ 762 17+ 0(1),

and in the same way

2
oin
E (Au,;Ay;_l ® u@'yio) = Ung & %1T + O(Dv

and
2

oon
E (Ayi—1Ay; 1 ® uiyio) = o2l ® 7‘; 17+ O(1).
These results imply that

n

Q= Fun™ ) iz [ 2 Yia }R +op(1)
i=1 | 9i

9i2
where
. (BGMM - 5n) B(Ir 1 ®b,) — (BGMM . 5n)23 (Ir—1 ®by)
- (l;GMM - 5n) It Ity
and

CammB Ur—1 @ 17) =20 B (Ir—1 ® 17)

d
Ry, = Re (Sqnm) =
—SammlIr—1 Ity
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Proof of Theorem 5. As before unobserved innovations are replaced with @; such that

;LD _ pLD (IT(T—1) + (BGMM - 5n) B (Ir_y ® Bn)) (Au; ® Ui)+(3GMM - /@n) BYP (Ir_1 @ b,) gio

9i1 —
where BEP is defined in (9) and n=3/2 7 g5P % €000 BEP (Ir—y © 17) HE,,. Similarly,

fHP = BEP (IT(T_l) + (BGMM — 5n) (Ir—1 ® Bn)> (Ay;,—1® ui)+(5GMM — 5n> BYP (Ip_1 @ by) fio

1y

such that
EanmBP (Ir—1 @ 17) 0
_ A . " q It 0 13
n=%? Z?:l [ z%lDla z{,Z’giL,lD,gz,‘,Q] - LD N
0 Semm B (Ir-1 ® 17) HE,
i 0 It i

By the same arguments as before it also follows that for

. n . . / . .
0P =n7? Z |:g7f]_Dl (bGMM> i (bGMMﬂ [QiL,f)/ <bGMM> i <bGMM)}
=1

one obtains

QLD — RﬁDn_3zn: fiz { 1o Yio } REP 4 0,(1)
i=1 | 9i2
where
o [ G =8,) B2 (111 98,) = (b = 8,) B (11 91,)
" - (Z;GMM - 5n) It Ity

the weight matrix converges to the random limit
~ d
QﬁD - R.gLD (Eamm) ER;@D (fGMM)/

where

LD d LD Eanm B (Ir-y @ 11)  —E&pn BYP (Ir—1 ® 17)
R,” — Rg Eamm) =
—SammlIr—1 Ity

Next note that BLP (Ip_1 @ 17) =14 @19, 1 S11lp 1 = (T —1)6, 15 Sialp g = =6

and 1/._,X2217_1 = 2. Use the short hand notation {5y, = €. It then follows that

G,]_T_Q]_/T72 b]_T_2

CHP'REP (66) SREP (€)' CHP =
b1, d
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where a = €4 (T — 1) 64265642646, b = —€%4 (T — 1) 6—£50—€56—26%5 and d = €% (T — 1) 6+

20 + 20. It then follows that

elp_oll o flp_o

(C*P'REP (60) SREP (€)' C™P) T = ,
1l g g

for some coefficients e, f, g as well as

elr_o1! 17 51!
LD (CLD/Ré:D (€c) ERéD s CLD)+C’LD’ _ T—2lp_o  flr_olp
flp 415 5 glp 115

Finally, noting that BXP (¢, ® 17) = (f;lT,l) 17_5 one obtains
é—x (EG)/ CLD (CLD/RgD (EG) ER?D (é—G)/ CLD)+ CrLD/ém (é-G)
= ety (1%721T—2)2 (5;1T—1)2 +2f¢q (Vr_olr-2) (f;;lT—1)2 +9g (fng—1)2
as well as
& (Eq) CHP (CMP'REP (0) SRE (€6) CHP) T CMPE, (&)
= (e€t (tralros)® + 2f66 (1r_alr-2) +9) (€lr1) (€.H 1r-1)

This now implies that

(&1r—1) (& H 17_1)
(€17)”

FLD —

=&Lp-

C Definitions

C.1 Definitions for Limiting Distributions

Definitions for Lemma (1)

C1,1,0, T C1,T-1,0,«
cr-1,l,a,ac """ CT—1,T—1,0,x
220,00 — C2,1,0,a — C1,2,0,a T Cl,1,0,0x ce C2. T, — C2,T—1,0,a — C1,T,a,a T C1,T—1,0,cx
Ky =
CT2,0,0 — CTl,a,a — CT—12,a,0 T CT—1,T-1l, 0,0 """ CTT,a,a0 — CT,T—1,0,0 — CT,T,a,0c T CT—1,7—1,00,x
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C1,2,a,a — C1,1,0,c T C1,T,a,a0 — C1,T—1,0,

Ks =
Cr-12,0,a0 — r-11,0,a *°° CT—-1T,a,a0 — CT—-1,T—1,0,x
Define
-1 1 0 0
H= (19)
0 -1 10

C.2 Selector Matrix B

Let B be given as

/

B = [SIA,T—Qv '“7SIA,17SIA,O7SIA,—1] (20)
where
[07—1—j,(r—1—jyr—1)> I7—1-4, 0715, O0p_1_j jor—1)]  for j >0
SAJ‘ = Ir_1® Tﬁl]_/T for =0

[07—2,(7—1)(7—1)> I7—2, 0721 for j = —1

with I; the ¢ x ¢ identity matrix and 0;; a j X ¢ matrix of zeros. The convention is used that

when the index ¢ or j of 0; ; is zero then the corresponding submatrix is absent.

C.3 Definitions for the Arellano and Bond Estimator

Define the matrices

SeP" =B, .. B0,

01,
S5 011
SABJZ_ 0 0,0 ) 0
1.k~ | Yk+1,(k—1)k/2> . » Vk+1,g3—k(k—1)/2—k
AB,n
i [So,kq} ]

where g3 =T (T'+1) /2 — 2 and

AB.n

CAB,n _ C’0
CAB,n

1
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with

1 0
01 8, 0
Co" =] 0pa SEP™ o SPRT | GO = 1 6, B2
Then lim,, 064 Bn _ C#'B and lim,, Cf‘ B _ C{*P are given by
1 0
01, 0
A A
CO i = 0q271 514713/ T Sf,]BiLQ ) Cl b = 1% 0
i |
where
01k
(1,01 1]
St = 01, -1)k/2> (11,00 5-2] 5 Opi1 go—k(h—1)/2—k
1, ..., 1]

C.4 Definitions for the Anderson and Hsiao Estimator

Define the matrices

Sttt = (B3, ... B3]

AH, AB,
51k "= [01,(k:—1)k:/27Sojkjiaol,qg—k(k—l)/Q—k

where g3 =T (T + 1) /2 — 2 and

AHmn
OAH,n — C’0

CAH,n
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with

AHmn
C10

CM =1y .

OQ271

ABn/
511

AB,nt
S17179

AHmn
]—T—la Cl =

C.5 Definitions for the Arellano and Bover Estimator

[ /r-1 T—1T-2
T T T-1
T—2
0 T—1
B* =
0

C.6 Definitions for the Ahn and Schmidt Estimator

Define CA45™ ag

ASn
CAS,n _ CO
ASn
Cl
where
CAS,TL/ _

0

[07—2,(7—2)(7—1) /2471, IT—2]

AB,nt
CO

N
’ﬂ’ﬂ‘
w

72;
—17—

S
I\

T-1T-3
T

(S]]

w\%!m_‘
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T-1

o
SNIN)

T—1T—2

T

1
-1
1
—2

T—-2
n

174

(21)
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Table 1: Monte Carlo Comparison of Estimators

Estimator /Z;BB /b\LDGMM /BAS /Z;LD—AB ELDI /Z;LDQ ELD?)
B=0.1,T =5n=100

Mean 0.105  0.101  0.098 | 0.103  0.100 0.102 0.100

RMSE 0.072  0.092  0.070 | 0.101  0.106 0.104 0.103

Median 0.104  0.101  0.098 | 0.102 0.101 0.102 0.099

1st percentile | -0.064  -0.113  -0.057 | -0.127 -0.144 -0.145 -0.136
25th percentile | 0.057 0.040 0.050 0.033 0.031 0.034 0.032
75th percentile | 0.152 0.160 0.143 0.169 0.169 0.169 0.165
99th percentile | 0.276 0.318 0.268 0.344 0.352 0.352  0.349

B8=05T=5n=100

Mean 0.508 0.526 0.504 0.507 0.512 0.519  0.520
RMSE 0.092 0.150 0.113 0.102 0.123 0.146  0.170
Median 0.507 0.503 0.491 0.504 0.503 0.503  0.497

1st percentile 0.296 0.273 0.295 0.282 0.255 0.250 0.245
25th percentile | 0.448 0.429 0.430 0.437 0.429 0421 0.418
75th percentile | 0.569 0.588 0.559 0.573 0.588 0.598  0.592
99th percentile | 0.725 1.033 0.922 0.759 0.826 0.953 1.073

B=08,T =5n=100

Mean 0.753 0.816 0.766 0.797 0.819 0.835 0.854
RMSE 0.158 0.182 0.184 0.214 0.254 0274 0.294
Median 0.767 0.786 0.736 0.751 0.775 0.783  0.783

1st percentile 0.331 0.493 0.405 0.513 0.369 0.423  0.436
25th percentile | 0.662 0.682 0.641 0.672 0.685 0.685 0.682
75th percentile | 0.861 0.936 0.871 0.856 0.892 0911 0.938
99th percentile | 1.054 1.280 1.208 1.602 1.763 1.849 1.855

B=0.9,T=5n=100

Mean 0.664 0.826 0.709 0.816 0.853 0.880 0.902
RMSE 0.388 0.221 0.317 0.249 0.240 0.234 0.264
Median 0.693 0.798 0.697 0.762 0.814 0.838 0.844

1st percentile | -0.221 0.380 0.077 0.467 0.384 0.427  0.495
25th percentile | 0.499 0.689 0.558 0.691 0.734 0.747  0.750
75th percentile | 0.882 0.954 0.854 0.861 0.911 0961 0.981
99th percentile | 1.273 1.349 1.295 1.752 1.764 1.722  1.879




Table 2: Median Bias of Near Unit Root Approximations

T | AS/AB/GMM LD/AH Optimal
5 -0.6619 -0.2445  -0.1910
6 -0.5694 -0.1822  -0.1340
7 -0.5006 -0.1677  -0.0990
8 -0.4510 -0.1523  -0.0761
9 -0.4121 -0.1279  -0.0603
10 -0.3722 -0.1083  -0.0489

Table 3: Median Bias of Near Unit Root Approximations

FGMM FAS FLD FLD(4)

-0.6619 -0.8250 -0.2445 -0.2445
-0.5694 -0.7903 -0.1822 -0.1822
-0.5006 -0.7704 -0.1677 -0.1677
-0.4510 -0.7173 -0.1523 -0.1523
-0.4121 -0.6905 -0.1279 -0.1279
10 | -0.3722 -0.6586 -0.1083 -0.1083

© o N o w|H

Table 4: MSE of Near Unit Root Approximations

Optimal Moments AS/GMM FGMM FAS Moments (AS)

© o ~ o |1

10

0.6506 3 0.7411  0.7411 1.2152 17
0.4687 4 0.5584  0.5584 1.1012 24
0.3159 4 0.4640 0.4640 1.0026 32
0.2107 4 0.3702  0.3702 0.9311 41
0.1513 4 0.3149  0.3149 0.8823 o1
0.1079 4 0.2636  0.2636 0.8466 62

o1



Table 5: IQR of Near Unit Root Approximations

T | AS/AB/GMM LD/AH FGMM FAS FLD
5 0.6798 1.3415 0.6798 1.0007 1.3415
6 0.6110 1.1827  0.6110 0.9973 1.1827
7 0.5403 1.1381 0.5403 1.0285 1.1381
8 0.4761 1.0182 0.4761 1.0291 1.0182
9 0.4424 0.9694 0.4424 1.0280 0.9694
10 0.4071 0.9436  0.4071 1.0339 0.9436

Table 6: Finite Sample Properties of BG My and ZBC

T n 8 %bias(BGMM) %bias(BBc) RMSE(ZGMM) RMSE(BBC)
Second Order
Actual Actual Actual Actual
Theory
5 100 0.1 | -14.96 1771 0.25 0.08 0.08
10 100 0.1 | -14.06 11578 -0.77 0.05 0.05
5 500 0.1 -3.68 -3.54 -0.38 0.04 0.04
10 500 0.1] -3.15 -3.16 -0.16 0.02 0.02
5 100 0.5 |-10.05 -12.09 114 0.13 0.13
10 100 05| -6.76 -8.00 -0.93 0.06 0.06
5 500 05| -2.25 2249 -0.15 0.06 0.06
10 500 05| -1.53 -1.60 -0.11 0.03 0.03
5 100 0.8 | -27.65 -37.81 -11.33 0.32 0.34
10 100 0.8 | -13.45 -18.98 -4.55 0.14 0.11
5 500 0.8 -6.98 756 -0.72 0.13 0.13
10 500 0.8 | -3.48 -3.80 -0.37 0.05 0.04
5 100 0.9 | -50.22 ~118.64 -42.10 0.55 0.78
10 100 0.9 | -24.27 -52.66 -15.82 0.25 0.23
5 500 0.9 | -20.50 22373 -6.23 0.28 0.30
10 500 0.9 | -8.74 21053 -2.02 0.10 0.08
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Table 7: Inconsistency of BB B under Misspecification

Weight Matrix I

Br
15} 0.3 0.6 0.8 0.9
0.3 | 0.000 0.071 0.074 0.035
0.6 | 0.267 0.000 0.116 0.054
0.8 | 0.253 0.205 0.000 0.088
0.9 | 0.220 0.181 0.129 0.000

Weight Matrix 11

Br
B 0.3 0.6 0.8 0.9
0.3 | 0.000 0.077 0.149 0.084
0.6 | 0.267 0.000 0.268 0.149
0.8 | 0.258 0.208 0.000 0.126
0.9 | 0.235 0.197 0.137 0.000
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Table 8: Higher Order Theoretical Properties of Various Estimators

B n T |beum | brp—ap  brpi  bipe brps  brpa | bas bes | brpauwm
Bias Predicted by Second Order Theory
0.1 100 5| -0.017 0.000  0.001 0.001 0.001 0.001 |-0.001 0.005 0.003
0.3 100 5| -0.029 0.000  0.003 0.005 0.005 0.005 |-0.001 0.008 0.005
0.5 100 5 | -0.054 -0.007  0.003 0.009 0.013 0.014 | -0.002 0.012 0.012
0.7 100 5| -0.135 -0.040 -0.007 0.014 0.030 0.043 | 0.002 0.014 0.046
0.9 100 5| -1.019 -0.449 -0.119 0.081 0.214 0.317 | 0.340 -0.078 1.055
RMSE Predicted by Higher Order Theory
0.1 100 5| 0.081 0.099 0.102 0.102 0.102 0.102 | 0.069 0.070 0.091
0.3 100 5| 0.100 0.097 0.109 0.112 0.113 0.113 | 0.077 0.079 0.100
0.5 100 5| 0.133 0.097 0.120 0.134 0.142 0.147 | 0.094 0.093 0.124
0.7 100 5| 0.220 0.121  0.141 0.173 0.212 0.250 | 0.158 0.123 0.242
0.9 100 5| 0.965 0.609 1.181 1.449 1.561 1.633 | 2.099 0.422 3.558
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Table 9: Properties of Selected Estimators: Higher Order Theory and Practice

B n T |beum brp-ap brpi  bipe2  brps  brpa
Bias Predicted by Higher Order Theory
0.10 100 5 | -0.017  0.000 0.001  0.001 0.001 0.001
0.50 100 5 | -0.0564 -0.007  0.003 0.009 0.013 0.014
0.80 100 5 |-0.281 -0.105 -0.029 0.015 0.051 0.083
0.90 100 5 |-1.019 -0449 -0.119 0.081 0.214 0.317
Actual Bias
0.10 100 5 |-0.015  0.001 0.002 0.002 0.002 0.002
0.50 100 5 | -0.050 -0.005 0.005 0.012 0.019 0.024
0.80 100 5 |-0.221 -0.068 -0.024 0.005 0.036 0.044
0.90 100 5 |-0.452 -0.142 -0.077 -0.037 0.001 0.010
RMSE Predicted by Higher Order Theory
0.10 100 5 | 0.081 0.099 0.102 0.102 0.102 0.102
0.50 100 5 | 0.133 0.097 0.120 0.134 0.142 0.147
0.80 100 5 | 0.354 0.189 0.228 0.261 0.318 0.399
0.90 100 5 | 0.965 0.609 1.181 1.449 1.561 1.633
Actual RMSE

0.10 100 5 | 0.081 0.099 0.102 0.102 0.102 0.102
0.50 100 5 | 0.131 0.097 0.120 0.137 0.158 0.172
0.80 100 5 | 0.318 0.144 0.161 0.199 0.265 0.298
0.90 100 5 | 0.552 0.188 0.170  0.195 0.255 0.285
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