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Abstract

We consider repeated games with incomplete information where players
observe imperfect public signals of the actions and the map from actions to
signal distributions is itself unknown. To do so, we introduce the concept
of type-contingent perfect public ex-post equilibrium or T-PPXE, which re-
duces to the PPXE of Fudenberg and Yamamoto (2009) in complete-information
games, and reduces to the belief-free equilibrium @frtér and Lovo (2009)
when actions are perfectly observed. We provide a sufficient condition for
the folk theorem, and a characterization of the T-PPXE payoffs in games
with a known monitoring structure. Under a “sufficient rank” condition, we
show that the theorems ofdrher and Lovo (2009) on games with perfectly
observed actions extend to imperfect monitoring, and that the folk theorem
holds if each pair of states can be distinguished by the private information
of at least three players.
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1 Introduction

The fact that repeated interactions can allow new and more efficient equilibrium
outcomes is one of game theory’s most important insights. It has been shown
to apply in a range of settings, including games with imperfect public infor-
mation about opponents’ actions and games with private information about the
payoff functionst This paper studies games with the combination of these two
features, where in addition the “monitoring structure”- the map from actions to
signal distributions- is itself unknown, and the private information can be about
the monitoring structure as well as about the payoff functions. This describes,
for example, a repeated partnership game where players observe group output but
do not observe each other’s effort, and each player has private information about
the effect of her effort on the probability distribution of output. In some cases
these informational imperfections make it impossible for players to approximate
efficient outcomes with equilibrium play; in other cases there are approximately
efficient equilibria when players are sufficiently patient. Our main goals in this
paper are first to understand when efficient equilibria exist, and second to gain
some insight about the set of equilibrium payoffs when asymptotic efficiency is
impossible.

One special case of the repeated games we consider here is the class of re-
peated games with unknown payoff functions and perfectly observed actions,
notably Forges (1984), Sorin (1984), Hart (1985), Sorin (1985), Aumann and
Maschler (1995), Cripps and Thomas (2003), Gossner and Vieille (2003), Wise-
man (2005), Krner and Lovo (2009), Wiseman (2008), andrkkr, Lovo, and
Tomala (2009%. Our work extends this literature both to the case of imperfectly

10ther extensions include games with long-run and short-run players (Fudenberg, Kreps, and
Maskin (1990)), games with overlapping generations of players (Kandori (1992b)), community
enforcement (Kandori (1992a) and Ellison (1993)), and games with imperfect private monitoring
(Compte (1998) and Kandori and Matsushima (1998) ).

2Cripps and Thomas (2003), Gossner and Vieille (2003), and Wiseman (2005) study
symmetric-information settings. In Forges (1984), Sorin (1984), Hart (1985), Sorin (1985), Au-
mann and Maschler (1995),drher and Lovo (2009), Wiseman (2008), andrhkr, Lovo, and
Tomala (2009), players receive private signals about the payoff functions and so can have different
beliefs. (In Wiseman (2008) the players privately observe their own realized payoff each period,
in the other papers the players do not observe their own realized payoffs, and the private signals
are the players’ initial information or “type.”)



observed actions and and a known monitoring technology, and to the case where
the monitoring structure is itself unknown. Likedkher and Lovo (2009) and
Horner, Lovo, and Tomala (2009), we restrict attention to a subset of the sequen-
tial equilibria that is both tractable and has desirable robustness properties. Specif-
ically, we consider the set type-contingent perfect public ex-post equilibriom
T-PPXE these are ex-post equilibria where each player’s strategy depends only
on the realized public outcomes and his initial private information (hence “type-
contingent”) but not on the player’s private information about his own past ac-
tions. T-PPXE reduces to the belief-free equilibria dairkler and Lovo (2009)
and Hrner, Lovo, and Tomala (2009) when actions are obsef/add reduces
to the perfect public equilibrium (PPE) of Fudenberg, Levine, and Maskin (1994,
hereafter FLM) in complete information games with a known monitoring struc-
ture; in games with with complete information and an unknown monitoring struc-
ture, T-PPXE reduces to the perfect public ex-post equilibria of Fudenberg and
Yamamoto (2009). As with ex-post equilibria more generally, these equilibria are
robust to the specification of the players’ prior beliefs: a T-PPXE for a given prior
distribution is a T-PPXE for an arbitrary pridr.T-PPXE also has the practical
advantages of having a recursive structure, and not requiring the specification of
the players’ beliefs after each history. This allows us to characterize the payoffs
of T-PPXE with an extension of the linear programming techniques introduced
in Fudenberg and Levine (1994, hereafter FL) and generalized in Fudenberg and
Yamamoto (2009) to repeated games with unknown outcomes.

To put this paper into perspective, note that any PPXE of the symmetric infor-
mation game (where no player has initial private information about the state) in-

3T-PPXE does not require that players be indifferent, and so unlike belief-free equilibria of
repeated games with private monitoring (e.g. Piccione (2002), Ely &iungki (2002), Ely,
Horner, and Olszewski (2005), Yamamoto (2007), Kandori (2008), and Yamamoto (2009)) it is
not subject to the robustness critiques that Bhaskar, Mailath, and Morris (2008) argue. Miller
(2007) analyzes a different sort of ex-post equilibrium: he considers repeated games of adverse
selection, where players report their types each period, as in Section 8 of FLM, and requires that

announcing truthfully should be optimal regardless of the announcements of the other players.
4See Bergmann and Morris (2007) for a discussion of various definitions of ex-post equilib-

rium. Miller (2007) analyzes a different sort of ex-post equilibrium: he considers repeated games

of adverse selection, where players report their types each period, as in Section 8 of FLM, and
adds the restriction that announcing truthfully should be optimal regardless of the announcements
of the other players.



duces a PPXE of the game where some players do have private information: these
PPXE correspond to pooling equilibria of the incomplete-information game. Thus
the analysis of our earlier paper applies to incomplete information games, and in
particular that paper’s sufficient conditions for the folk theorem are still sufficient
here. However, those conditions require that the distribution of signals vary with
the state in a sufficiently rich way, essentially so that the state can be learned from
the signals generated by some fixed action profile. This condition is unduly re-
strictive when some players have private information. For example, if one player
knows the state, he may be able to communicate it to the others using a strategy
that conditions on the player’s private information. The sufficient conditions of
this paper takes the possibility of such implicit communication into account, and
so they apply to cases where the conditions of our previous paper do not.

Using our linear programming techniques, we are able to provide a simple
sufficient condition for a folk theorem in general games. While the exact condi-
tions are complicated to state, the following are the key assumptions for games
with three or more players: For each pair of playieaiad j (where possibly = |)
and each pair of states # «/, either (i) there is a playdr# i, j whose private
information distinguisheso and «’, and player can reveal this information to
the opponents by choosirg for statew anda/ for statew’, or (i) there is an
action profilea (independent of the private information) that distinguishes (more
formally, “statewise identifies”o from w'.

We then consider a few cases with additional structure that simplifies the char-
acterization of the set of limit payoffs. We begin with the case where the state
space has one component that only influences payoffs and a second component
that only influences the monitoring structure; here we show that when the full
rank conditions are satisfied the limit set can be determined for each payoff func-
tion separately. Next we consider games with a product structure, where there is
a separate and independent signal associated with each player’s action, and more-
over each player knows the effect of his action on the signal distribution while the
others do not. For example, in a game of bilateral production and exchange, the
public signal might be the quality of a player's output, with each player having
private information about the probability that she will make a high-quality good
when she exerts high effort. Here we find that there are approximately efficient
equilibria under fairly mild conditions. As a detailed application, we re-examine



the repeated partnership example of Fudenberg and Yamamoto (2009), where only
group output is observed, and the state determines the productivity of glaxer
show that if played’s private information reveals play@is productivity while2
has no private information (i.e1'knows2’s productivity”), then the folk theorem
holds in general, while if only playérknows playe’s productivity, the folk the-
orem can fail, and moreover the limit equilibrium payoffs can be bounded away
from efficiency. Intuitively, playe2 cannot be induced to reveal the state when
doing so would lower his equilibrium payoff, and this leads to a bound on the
extent to which equilibria can trade off playZs payoffs between the two states;
in some cases this bound is so strong that it rues out the efficient outcome.
Finally, we specialize to the case of a known monitoring structure, where we
show that the set of limit equilibrium payoffs with imperfectly observed actions
is the same as in the observed-action case studiedbyddand Lovo (2009) and
Horner, Lovo, and Tomala (2009) provided that the monitoring structure satisfies
a full-rank condition. Hrner, Lovo, and Tomala (2009) provide a characteriza-
tion of the limit equilibrium payoffs that is equivalent to ours but has a much
different form; each characterization may be better suited for some applications.
Our more general results show that their conclusions about limit payoffs extend to
imperfectly observed actions; their work is complementary and more informative
because it also explictly constructs equilibrium strategies. The assumption of a
known monitoring structure also lets us provide a sufficient condition for the folk
theorem that is easier to verify: the key is that for every pair of statasd w/,
there be at least three players whose private information distinguishes between
andw’; Horner, Lovo, and Tomala (2009) use this same condition to obtain a folk
theorem for games with observed actions. In the case of one-sided incomplete
information, we are able to further extend and refine their results; for example, we
find a simpler sufficient condition for the existence of T-PPXE.

SHorner, Lovo, and Tomala (2009) give tight conditions ensuring that th@ eetdefine below
is non-empty; this set equals the set of limit payoffs of T-PPXE when it has non-empty interior.
The definition of the set involves the players’ information and incentive constraints, while the
sufficient condition we provide does not.



2 Framework

2.1 Model

Letl ={1,---,1} represent the set of players. At the beginning of the game, Na-
ture chooses the state of the wotldfrom a finite setQ = {w, -, wo}. Then
each player observes a private signal, which gives (possible imperfect) informa-
tion about the true stat®. The set of player’s private signals@;, is a partition
of Q, and given the true stai® € Q, he observes a private sign@lec ©; that
containsw. For notational convenience, 18 w) denote this;, i.e.,w € 6(w),
and letf(w) = (6(w))ic|. GivenB € ©;, playeri forms a prior about the true
statew, which is denoted by (6) € A6.

Each period, players move simultaneously, and player chooses an action
a from a finite setA;. Given an action profila = (a)ic; € A= x| A, players
observe a public signglfrom a finite sety according to the probability function
m“(a) € AY; we call the functionri® the “monitoring technology.” Players
realized payoff isu‘*’(ai y), so that her expected payoff conditional anc Q
andac Aisg®(a) = yyey (@)U (a,Y); g¥(a) denotes the vector of expected
payoffs assomated with action profite If there arew # w such thatf (w) =
6 (w') andu®(a;,y) # U o/ (a,y) for somea; € A andy € Y, then we assume that
playeri does not observe the realized valuaioés the game is played; if not then
it is immaterial whether or naj; is observed, as playéican compute it frona;,
y, and6,.6

In the infinitely repeated game, players have a common discount factor
(0,1). Let(af,y") be the realized pure action and observed signal in petiadd
denote playei’s private history from period one to period peribd 1 by hi =
(af,y")t_;. Leth? =0, and for each > 0, letH! be the set of all{. Likewise, a
public history up to perioti> 1 is denoted by = (y"),_,, andH' denotes the set
of all hf. A strategy for playeris defined to be a mappirgy: ©; x Ui~ g H! — AA;.
Let § be the set of all strategies for playieand letS= x| S.

The equilibria we construct would still be equilibria if players obserugdand it revealed
information aboutw, but the private history would be larger than described in the paper. Note also
that our theorems also applyAf depends o, all this entails is additional notation.
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We define the set of feasible payoffs in a given stat® be

V®=co{(g°(a))lac A} ={g”(n)In € AA)};

whereA(A) is the set of all probability distributions ovér. As in the standard
case of a game with a known monitoring structure, the feasible set is both the set
of feasible average discounted payoffs in the infinite-horizon game when players
are sufficiently patient and the set of expected payoffs of the stage game that
can be obtained when players use of a public randomizing device to implement
distributionn over the action profiles.

Next we define the set of feasible payoffs of the overall game to be

— w
V = XpeV™,

so thata point e V = (v*1,... v%0).,

Note that a giverv € V may be generated using different action distributions
N in each statev. If players observev at the start of the game and are very
patient, then any payoff id can be obtained by a state-contingent strategy of the
infinitely repeated game. Looking ahead, there will be equilibria that approximate
payoffs inV if the state isdentifiedby the signals, so that players learn it over
time.

2.2 Type-Contingent Perfect Public Ex-Post Equilibria

This paper studies a special class of Nash equilibria cafleelcontingent perfect
public ex-post equilibrisor T-PPXE; this is an extension of the concept of per-
fect public ex-post equilibrium that was introduced by Fudenberg and Yamamoto
(2009).

Definition 1. A strategy profiles € Sis atype-contingent perfect public ex-post
equilibriumif s depends only 0 € ©; andh' € H! for eachi € I, and ISl (6 (w) 1)

is a Nash equilibrium for anyw € Q andht € H'. Here,s|(9hht> denotes playeirs
continuation strategy after he observed a sighaind the past public history was
ht, ands|g rt) = (il (g n)icl -

Note that T-PPXE coincides with PPXE if there is no asymmetric informa-
tion, i.e.,0; = {(Q)} for all i € I. Also, for games with perfectly observed ac-
tions (which implies a known monitoring structure), T-PPXE corresponds to the

7



belief-free equilibrium of rner and Lovo (2009) anddtiner, Lovo, and Tomala
(2009). We say more about their work when we specialize to games with a known
monitoring structure.

Given a discount factad € (0,1), let E(J) denote the set of T-PPXE payoffs,
i.e., E(d) is the set of all vectors = (V?); w)c1 <o € R/?l such that there is a
T-PPXEs € Ssatisfying

(1-O)E [ Y &g

=1

S, w] =

forallie | andw € Q. Note thatv € E(d) specifies the equilibrium payoff for all
players and for all possible states.

Let d; = (Gie')e.eei whereaie' e AA for eachf € ©;, and letd = (Gi)ie; -
In words, @ is an action profile contingent on private information; it specifies a
mixed action for each private signél of each player. For example, if the true
state isw, then players receive the private informatiétw), so thatd says to
play a®@ = (a?®)),_, . Letg(@) denote the payoff vector of a state-contingent
profile d, that is,g(d@) = (g°(a®(“))); o). On the other hand, when players play
an action profilea independently of private information, we simply denote its
payoff vector byg(a), thatis,g(a) = (97(a) ) i c)-

By definition, any continuation strate@it = (S|g(w) nt)wea Of @ T-PPXE is
also a T-PPXE. Thus any T-PPXE specifies T-PPXE continuation play after each
signaly, where the continuation payofigy) = (W*(Y))i.w)ci xq cOrresponding
to this signal specify the payoffs for every player and every state. We will write
n®(a) -w? for the the expected continuation payoff at st@tender action profile
a, wherew® is the vectow®(y))yey. This recursive structure of the equilibrium
payoff set motivates the following definition.

Definition 2. For & € (0,1) andW C R'*19l, a pair(d,v) € (xic| xgeco, AA) X
R'*19l is ex-post enforceable with respectdoand W if there is a functionw :
Y — W such that

VO = (1-8)gP(a®@) 4+ om?(a®@)) - wP
foralliel andw € Q, and
V> (1-8)gP(a, a% @) + on®(a, a’ @) . we

8



foralliel, we Q, andag € A.

The equality condition in this definition is a version of the familiar “adding-
up” condition: It says that if the continuation payoffs are given by the function
w, and current actions are given by then expected payoffs in each stateare
given byv. Note however that this definition takes into account the possibility that
a varies with the private informatioé. The second condition is ex-post incentive
compatibility: it requires that playercannot obtain a higher payoff thaff in any
statew by any choice of action. Since this condition is imposed at every &iate
and tests each of play@s pure actions, it does not depend on playgprivate
informationé.

For eachd € (0,1), W C R*¥I9 andd@ € xic| xgeco, AA, let B(S,W,d)
denote the set of all payoff vectovss R' <@l such that d,v) is ex-post enforce-
able with respect t@ andW. Let B(d,W) be a union ofB(5,W,d) over all
0 € Xic| Xgeo; AA.

Because T-PPXE has a recursive structure, the concepts of ex-post self-generation
and local ex-post generation extend in a natural way. The proofs are omitted, since
they are straightforward generalizations of Fudenberg and Yamamoto (2009).

Definition 3. A subsetW of R'*I? is ex-post self-generating with respectddf
W C B(3,W).

Proposition 1. If a subset of R'*1?l is bounded and ex-post self-generating
with respect t@, thenW C E(9).

Definition 4. A subseW of R'*|9 is locally ex-post generateififor eachv € W,
there existd, € (0,1) and an open neighborhodd|, of v such thatW NnU, C
B(dv,W).

Proposition 2. If a subsetW of R/l is compact, convex, and locally ex-post
generated, then there &< (0,1) such thaW C E(d) for all 5 € (5,1).

3 Linear Programming Characterization

Letd € xi xgeo, AA, A € R*I®l andd € (0,1). Note thatd corresponds to a
strategy of the static Bayesian game, as opposed to an elemepf\é§; this is

9



the key difference between the linear programming problem below and the one in
our earlier paper. Now consider the linear program

kK'(d,A,0)= max A-v subject to
veR! *IQ
wY —R!*I€l
M) v =(1-08)g"(a” )+ 8m(a® ). w
for alli, w,

(i) V> (1-8)g°(@,a% ) +on?(a,a’ @) . w®
foralli, w, anda; € A;,

(i) A-v>A-w(y) forallyeY.
If there is no(v,w) satisfying the constraints, |&t(d,A,d) = —co. If for ev-
ery K > 0 there is(v,w) satisfying all the constraints anl- v > K, then let

kK*(d,A,0) = oo.

Here condition (i) is the “adding-up” condition, condition (ii) is ex-post in-
centive compatibility, and condition (iii) requires that the continuation payoffs lie
in half-space corresponding to direction vectoand payoff vectow. Note that
whenA® 0 and)\j‘*" # 0for somew # «/, condition (iii) allows “utility transfer”
across states.

It is easy to see th&t'(d,A,d) is independent od, so henceforth we denote
itby k*(a,A) . Let

K*(A) = supk(d,A)

a

be the highest score attainable in directirior any choice ofd, and for each
A € R*¥I91\ {0} andk € R, letH(A,k) = {ve R*I?|A .v < k}. LetH(A k) =
R' %@l for k =00 or A =0, andH (A, k) = 0 for k = —o0 andA # 0. Now let

H*(A) =H(A,k*(2))
be the maximal half-space in directidn and let

Q= (] H'®).

)\GRIX\Q\

As the following proposition shows, this s& equals the limit set of T-PPXE

payoffs if it is full dimensional. The proof is omitted, as it is very similar to the
analogous result in Fudenberg and Yamamoto (2009).

Proposition 3. If dimQ =1 x |Q|, thenlims_,E(J) = Q.

10



4  Explicit Examples

Example 1. Suppose that there are two players and two states, sb thdil, 2}
andQ = {w1, wp}, and that neither player knows the state, i@.,—= { (w1, wp) }
and®; = {(wy,wp)}. The payoffs for statey are shown in the left panel, and
those for statew, in the right.

L R C D
ul 11 |-12 C| 00 |2 -1
D{2-1| 0,0 D|-1,2 1,1

Note that the stage game is prisoner’s dilemma for each state, but the role of
actions are reversed; specifical(y),L) is efficient for statew; while (D,R) is
efficient for statew,.

Assume tha¥Y = Ax Q andri’(a) = 1if y= (a,w). Thus players can learn
the state from the observed signals, and can attain the efficient outcome, using
strategies with the following four phases:

e Phase “Regulaty.” Players play(U, L), which gives the efficient payoffs
for statewy. If y=((U,L), ), stay. Ify=((D,L),w1),y= ((U,R), ),
ory=((D,R), ), then go to “Punishw,.” If y= ((U,L), wp), then go to
“Regularwy,.” Otherwise, go to “Punislay.”

e Phase “Punisho,.” Players play(D,R), which gives the minimax payoffs
for statewy. If y=((D,R), ap), then goto “Regulaey,.” If y= ((U,R), wp),
y=((D,L),an), ory = ((U,L),wn), then go to “Punishw,.” Otherwise,
stay.

e Phase “Regulaty,.” Players play(D,R), which gives the efficient payoffs
for statew,. If y= ((D,R),wp), stay. Ify= ((U,R),w»), y= ((D,L), ap),
ory=((U,L),w), then go to “Punishw,.” If y= ((D,R),w1), then go to
“Regularw,.” Otherwise, go to “Punislay.”

e Phase “Punishw,.” Players play(U,L), which gives the minimax payoffs
for statewy. If y=((U,L), w ), then go to “Regulag;.” If y=((D,L), ),
y=((U,R),an), ory= ((D,R), ), then go to “Punistw,.” Otherwise,
stay.

11



It is straightforward to check that this strategy profile with initial state “Regu-
lar c” is a T-PPXE and approximatgs2, 2), (2,2)).

Example 2. As above,l = {1,2} andQ = {w1, wp, }, but now playerl knows
the state while playe2 does not, i.e.P1 = {(w1), (wp)} and®2 = {(wy, wp)}.

Playerl chooses eithdd or D, and playel2 chooses eithelt or R. The payoffs
for statew, are in the left panel, and those for statgare in the right.

L R L R
ulz22/01 Uuj|11/01
D|1,0|11 D|10)|22

In this example, botkU, L) and(D,R) are static ex-post equilibria.

Assume thal = A and7’(a) = ¢ if y # a. Note that the signal distribution
does not depend on the state here, so that players cannot learn the state from
state-independent actions. Instead, the efficient outc@@e), (2,2)) can be
achieved if played reveals his private information to play2through his actions.
Specifically, consider the following three-phase automaton.

e Phase 1. Playet choosedJ if 81 = (wy), andD if 6, = (wp). Player2
choosed.. If the observed signal ig = (U,L) ory = (D,R), then go to
Phase 2. If the observed signayis- (D, L), then go to Phase 3. Otherwise,
stay.

e Phase 2. Players choogg, L) in the rest of the game.
e Phase 3. Players chood®, R) in the rest of the game.

We claim that the strategy profile with initial state Phase 1 is a T-PPX&sf
close to one and is close to zero. First, players do not want to deviate in Phase 2
or Phase 3, afJ,L) and(D, R) are static ex-post equilibria. Also, playgmwith
61 = (1) does not want to deviate in Phase 1. Indeed, if he deviatBs then
players are likely to go to Phase 3 and pl&;R) forever, while if he does not
deviate, then players are likely to go to Phase 2 so(thdt) is played thereafter.
Likewise, we can check that playgmwith 6; = (w,) does not want to deviate in
Phase 1. Player 2’s prescribed play is always a static best response, and since 2's
play has no effect on the transitions between stages 2 does not want to deviate
either.

12



5 Ex-Post Folk Theorems

In this section we provide two sorts of folk theorem in T-PPXE: The first shows
that all feasible individually rational payoffs can be approximated by payoffs of T-
PPXE, and the second uses weaker conditions to obtain a "static-threats” version.
In both cases, the key is finding the appropriate conditions on the combination of
initial private information and the information revealed by the public outcomes.

5.1 A T-PPXE Folk Theorem

Foreach € |, we Q, andd € Xic| xXgee, AA, Ietl'l(ijw)(a) represent a matrix
with rows (rg‘,"(ai,af;i(“’)))yev for all & € Ai. Let M ) (j.w)(0) be a matrix
constructed by stacking two matricéy; ., (d) andr; .y)(d). With an abuse of
notation, we writel; o) () andf; )(j.«r)(a) whend corresponds to a state-
independent action profile.

Definition 5. Profile & hasindividual full rank for (i, w) if M ,)(d) has rank
|Aj|. Profiled hasindividual full rankif it has individual full rank for all players
and all states.

This condition implies that at each state, every possible deviation of any one
player leads to a statistically different distribution on outcomes.

Definition 6. Foreach €I, j #i, andw € Q, profile @ haspairwise full rank for
(i,) and (j, w) if M 4)(j,w) (a) has rankA |+ [Aj| — 1.

Note that pairwise full rank implies individual full rank; it implies that devia-
tions by one player can be distinguished from deviations by another.

Definition 7. Foreachi €I, j €|, w € Q, and® # w, profile @ hasstatewise full
rank for (i,w) and (j, ') if M o) (j.or) (@) has rankA| +|Aj|. Likewise,a has
statewise full rank fofi, w) and (j, &) if M; o) (j o) (@) has rankAj| +[Aj].

Statewise full rank implies that deviations by playeat statew are distin-
guishable from deviations by playgin statew'.

Condition IFR. Every pure action profilé has individual full rank.

13



Condition PFR. For each(i,w) and (j, w) satisfyingi # |, there is a profiled
that has pairwise full rank fofi, w) and(j, w).

Condition SFR1. For each pair of stategw, ') satisfyingw # «/, at least one
of the following two conditions holds.

(i) for eachi, j, there is a profile that has statewise full rank fdr, w) and
(j, o).

(i) 6(w)#6()foralll el.

(SFR1) requires that for any pair of stat@s# «/, either (i) for every(i, j)
there is a profile that lets players distinguish statéfom statew’, regardless of
whether player deviates in state or playerj deviates in statey, or (ii) players
can distinguish thes® andw’ using their private informatiofi. Note that (SFR1)
includes pairgi, w) and(j, w’) wherei = j. For such pairs, it is easier to find &n
that satisfied condition (i) as the partitioBs for | # i become finer. The intuition
is that if player has more information, then it is easier for the players to learn the
true state through playéis state-contingent play. This following lemma gives a
formal statement of this idea.

Condition SFR2. For each(i,w), (j,«'), and| satisfyingw # ' andl #1, j,
there area and af such that a matrix constructed by stackifig ., (a) and
Mo (0], a-1) has rankA| + |Aj|. Also, for each(i,w) and(j, ') satisfying
w# o, either (i) there is a profile that has statewise full rank, (i) therelig i, j
such thaf (w) # 6 ('), or (iii) 6 (w) # 6 (') foralll € 1.

The condition stated in the first sentence assures that if player distinguish
w from ' using his private informatio, then he can reveal this information to
the opponents by choosirm for statew and o’ for statew’.” Note that clause
(i) implies clause (ii) for games with three or more players. But when there are
only two players and # j, (iii) does not imply (ii).

If (IFR), (PFR), and the condition stated in the first sentence of (SFR2) holds, then we can
show that introducing cheap-talk communication does not change the limit set of equilibrium pay-
offs, because the players can use their actions to “communicate” their private information. When
(IFR) or (PFR) fail, then cheap-talk communication might enlarge the set of limit equilibrium
payoffs, as in Kandori (2003).
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Lemma 1. If (SFR2) holds, then (SFR1) holds.

Proof. It suffices to show that clause (ii) of (SFR2) implies clause (i) of (SFR1).
Consider a paifi,w) and(j,«’) satisfyingw # «/, and letl # i, j be such that

6 (w) # 6 («w'). Note that by assumption, there areanda] such that a matrix
constructed by stacking ; ., (a) andl; .y (a,a_) has rankA| + [Aj]. Let-
ting @ be such thatr®® = g anda®®) = (a/,a_)), this@ has statewise full
rank for (i, w) and(j, w'), so that clause (i) of (SFR1) follows. Q.E.D.

On the other hand, (SFR1) fails for, w) and (i, «’) if n® is independent of
w (so that the monitoring structure is known) afydw) = 0; (') for all j (so no
player’s private information distinguishes betweeandw’). We say more about
the case of a known monitoring structure in the next section.

The next proposition establishes a general folk theorem in T-PPXE.

Proposition 4. Suppose that (IFR), (PFR), and (SFR1) hold.\Let= {ve V|Vi €
IVow € Q v > v} wherev® = ming_; max g°(ai,a—i). Then, for any smooth
strict subseW of V*, there exist® € (0,1) such thawv C E(J) forall § € (5, 1).

The proof is in the Appendix. The key point is that (SFR1) implies the the
maximal score for cross-state directions can be made arbitrarily large, so that the
setQ is determined byA that has nonzero components only for a single state.
Assumptions (IFR) and (PFR) imply that the maximal score for such directions is
maXecy+ A -V, S0Q=V*.

5.2 Static-Threats T-PPXE Folk Theorem

Next we provide weaker conditions for a static-threats folk theorem that can be
satisfied with fewer signals.

Definition 8. Foreach €I, j #i, andw € Q, @ is pairwise identifiable fofi, w)
and (j , (A)) if rankl‘l(i7w)(j7w)(5{) = ranld'l(i@)(a) + ranl<|'l(j7w)(6l) -1

We say thatd is ex-post enforceable if it is ex-post enforceable with respect
to R'*I?l ands for somed € (0,1). This is equivalent tar®(®) being enforceable
with respect toR' andd for each information structurg® in isolation. Also,d
is a pure action profile ifr®(®) is a pure action profile for ath € Q
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Condition X-Eff. If a pure action profila € A gives a Pareto-efficient payoff vec-
tor for somew € Q, then there is a pure action profiebeing ex-post enforceable

and pairwise identifiable fafi, c)and( j, w) for eachi € | andj # i, and such that
abl@ —a,

Condition U-Eff. If a pure action profilea € A gives a Pareto-efficient payoff
vector for somew € Q, then there is a pure action profiiesuch thar (@) = a,
af(@) gives a Pareto-efficient payoff vector for eaghe Q, anda®@) and is
pairwise identifiable fofi, ') and(j,«’) forallie I, j #i, andw' € Q.

Obviously, (U-Eff) holds if any pure action profieec A that attains a Pareto-
efficient payoff vector for some» € Q gives a Pareto-efficient payoff vector for
each statey’ € Q and is pairwise identifiable fofi, ') and(j, o) foralli e I,

j #i, andw € Q. This property is likely to be satisfie@ has less impacts on
players’ payoffs.

Lemma 2. If ui(a,y, w) is independent ab and (U-Eff) holds, then (X-Eff) holds.

Proof. Letd be a pure action profile such thaf(©) gives a Pareto-efficient pay-
off vector for everyw € Q and is pairwise identifiable fdii, w) and(j, w) for all
iel, j#Ii,andw € Q. Since a player’s payoff depends only on his own action
and a public signal, Lemma 6.1 of FLM applies to each staia isolation, and
henced is ex-post enforceable. Q.E.D.

Definition 9. Profile d statewise distinguishe$, w) from (j,«') if there is a
vectoré = (£(y))yev € R such that

(i) &- nw(ae(w)) > £. nw’(ae(w')),
(i) &-n@a®@)=¢ n(a,a’"') > & n¥(a,a%"“) foralla e supm©
anda € A,

j(o)

(iii) E~n‘*’(ae(“’)):5.n‘°/(aj,af‘j ) for all aj € A;.

Condition SD. Foreachi€ 1, jel, we Q, andw # w, either (i) there isd
that is ex-post enforceable and statewise distinguishes from (j, '), or (ii)
6 (w) #6(w) foralll el.
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Clause (i) of this condition implies that the signals generatedi kstatisti-
cally distinguishw from «/. Clause (ii) says that changing play®&rcontinuation
payoff function in statev from w®(y) to w®(y) + & (y) preserves incentive com-
patibility for playeri, and clause (iii) says that the change in playgcontinua-
tion payoff (of Aw®(y) = £(y)) can be offset to preserve the feasibility constraint
(ALAW® (y) + A J‘*’ Awf)(y) = 0) without changing playej’s expected continuation
payoff to any action. (Note that this definition is not symmetric betwiesmd |
because condition (ii) is an inequality and condition (iii) is an equality. When this
condition is satisfied, scaling up the vecfocan generate arbitrarily large scores
for cross-state direction’s, so (SD) implies “enough cross state information” can
be revealed for a static-threat folk theorem.

The folk theorem holds with even weaker conditions, because different profiles
can be used in different directions.

Definition 10. Profile & n-statewise distinguishe$, w) from (j, o) if there is a
vectoré = (&(y))yey € RYI such that

(i) & m®(ab@)> & n¥(ab@)),

(i) & m@(a®@)=¢.m@(q,a’ ) > . 0@, a1 ) forall g € supp® @
anda € A,

(i) & m(@®@) = . 1(a5,a% ) > & 1 (@, a® ) for all 4 €
supmjej(d) anda € A;.

Note that this condition relaxes statewise distinguishability by replacing the
last equality in (iii) with an inequality. Lemma A9 in the appendix shows that a
profile thatn-statewise distinguisheg$, w) from (j,w’) can be used to generate
an infinite score for alh such tha, > 0 and/\j‘*" < 0; the “n” in the conditions
name refers to the fact that in these directions there is a negative trade-off between
the utilities of the two players.

Definition 11. A profile @ p-statewise distinguishés, w) from (j, /) if there is
a vector = (&(y))yevy € R such that

(i) & m®(ab@)> & n¥ (ab@)),
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(i) & m@(a®@)=¢.m%a,a’ ) > & mo@, a% @) forall g € suppr? @

anda € A,
(i) & m(@®@) = .1 (a5, 0%y < &1 (@, a ) for all 4 €
supm?j(“’/) anda € Aj.

Lemma A9 in the appendix shows that a profile thagtatewise distinguishes
(i,w) from (j, ') can be used to generate an infinite score for all “positive” di-
rectionsA such that, >0 and)\j‘*’ > 0. As this suggests, the condition is sym-
metric:

Lemma 3. Suppose thadi p-statewise distinguish€$, w) from (j,«'). Thenda
p-statewise distinguishdg, ') from (i, w).

Proof. Let £ be a vector utilized tq-statewise distinguiski, w) from (j,«/).
Then the vector-¢ satisfies all the conditions gi-statewise distinguishability of
(j,o) from (i, w). Q.E.D.

Note that ifd statewise distinguishes, w) from (j, o), then itn-statewise
distinguishes this pair ang-statewise distinguishes this pair. So the following
condition is weaker than (SD).

Condition Weak-SD. For each(i,w) and (j,«’) satisfyingw # «/, either (i)
there is an ex-post enforceable action prdfildhatn-statewise distinguishésg w)

from (j,w’) and there is an ex-post enforceable action prdafiléhat p-statewise
distinguishegi, w) from (j, '), or (ii) 6 (w) # 6(«') forall | € 1.

This is sufficient for the static-threat folk theorem as shown by the following
proposition.

Proposition 5. Suppose (PFR) or (X-Eff) holds. Suppose also that (Weak-SD)
holds. Assume that there is an ex-post equilibrifni.e., @ such thataie'(w) €

arg ma, gi‘*)(ai,afi*‘(w)) forallicl andwec Q, and letvV? = {ve V|viec I,
Yo € Q v > g®@a®}. Then, for any smooth strict subsat of VO, there is

5 € (0,1) such thaW C E(5) forall 6 € (5,1).

The proof is in the Appendix, it is similar to the proof of the analogous result
in Fudenberg and Yamamoto (2009).
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6 Applications and Examples

This section explores the effect of some plausible assumptions on the monitoring
structure. The first two cases are fairly general; the third and fourth are increas-
ingly specific and illustrate how to apply the general results.

6.1 Separable State Space

In general. the set of limit payoffs depends on the state’s impact on both the
monitoring structure and the payoff functions. When these dependencies are sep-
arable, the characterization of the limit set can be simplified. To see this, suppose
that the state consists of two components, one that influences payoffs but not the
monitoring structure and one that influences the monitoring structure but has no
effect on payoffs. That iQ = ® x W, whereu®(a;,y) = ui“"(ahy) if o= ¢/, and

nP(a) =’ (@) if y=y'.

Condition SFR3. For each(i, w) and(j, o) satisfyingy # ¢/, there is an ex-post
enforceable profilé that has statewise full rank fér, w) and(j, ).

For each) € W, let Q(y) denote the s for the known monitoring structure
game corresponding tg, i.e., the game where the state space is restricted to
Q = @ x {g} and the payoff functions® and the monitoring structure® for a
givenw € Q are the same as those of the original game.

Proposition 6. Suppose that the state spaQeis separable and (SFR3) holds.
ThenQ = X ycwQ(Y). In particular, whenn® has strong full rank for eaclw,
eachQ(y) is calculated using the formula in Proposition 7.

Proof. As Lemma A5 shows, if a profilé is ex-post enforceable and has state-
wise full rank for(i, w) and(j, ') satisfyingw # ', thenk*(d, A ) = o for direc-
tion A such thatAj(w) # 0 andAj(w') # 0. Thus from (SFR3)k*(A) = o for all

A such thati(w) # 0 andAj(«') # 0 for (w, ') satisfyingy # ¢'. This proves
Q= xyeyQ(1). Q.E.D.

6.2 Games with a Product Structure

In this section, we consider games with a product structure. By this we mean first
that, as in FLM, there is a separate siggahssociated with the action of each
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playeri, and moreover that each playieknows the distribution of “her” signal,

and that no player # i has any private information about the distributionypf

There are a number of economic situations that have this extra structure; it applies

for example to bilateral production and exchange, where the public signal is the

guality of a player’s output, and each player has private information about the

probability that she will make a high-quality good when she exerts high effort.
Formally, we assume that= xic|Yi, Q = Xic| Qj,

y;_ (a) = y; e (a)

foreachicl,ac Ay €Y, we Q, andw € Q such thaty = «, and

n(a) = D y;i (@)

foreachac A,y €Y, andw € Q. Note that the distribution of; depends only on
a; andwy here. We also assume thag = {Bi‘” lw € Qi} Whereeim ={w|f =
w }; that is, playeri knows the distribution ofj; but not the distribution of/_;.
We also assume that every state has some impact on the distribution of signals
in the following sense: for eactw € Q and o' # w, there isa € A such that
n®(a) # 1 (a). Note that this rules out the case where the signal distribution is
known and the states refer only to the player’s payoffs.
Intuitively, in this setup each playagris able to signal his private information
wj, as no other player’s action can be confused with his own. Thus we might
expect that the main obstacle to information revelation comes when glayer
formation will be used to lower his payoff. This corresponds to the fact that in
general the product structure assumption only imppestatewise distinguisha-
bility, and n-statewise distinguishability can fail fdr, w) and (j,«’) such that
w # wjandw_j =’ ;.
Conversely, the next lemma shows that there is full statewise distinguishability
for all of the other cross-state directions. Part (a) shows this is trug, ) and
(i,0') with cw_j # &’ ;: Here the state is revealed by the actions of players other
thani and because of the product structure there is nothing that playger do
to prevent it. Part (b) applies t0,w) and (j,«w’) such that # j andw # .
Then there is a type-contingent profiethat statewise distinguishés w) from
(j,a), as playei can signal his private information and other players cannot jam
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the signal. Finally, part (c) says that neither playeor playerj can stop other
players from revealing their information.

Lemma 4.

(a) Let (i,w) and (j,«') be such that = j and w_; # ;. Then there is a
type-independent profil" that statewise distinguishés w) from (j, /).

(b) Let(i,w) and(j,w’) be such that # j andw # «f. Then there is a type-
contingent profiled that statewise distinguishés w) from (j, w').

(c) Let(i,w) and (j, ') be such that # j and w_ij # w’;;. Then there is a
type-independent profilg* that statewise distinguishés w) from (j, o).

Proof. Part (a). Because every state has an impact on signals, there is a type-
independent profila* such that the probability of some; is different in statew
than inw’: 3y,cy T(a") # 3y,ey, 1 (a*) for somey_; € Y_;. Then there i€ such
thaté (y) depends only oy_; (so that§ (y) = &(Y) if y_i =y ;) and& - n®(a*) >
- n‘d(a*). This ¢ satisfies all the conditions of statewise distinguishability: (i)
comes fromé - ®(a*) > & - % (a*), and (ii) and (i) follow from the facts that
playeri’s action only influences the distribution gfand thaté does not depend
ony; .

Part (b). Leta® be a profile such thafy .oy, 10°(&") # 3y ey, n® (a*) for
somey; € Y. Let& dependonly ory; : §(y) = &(Y) if yi =y, and& - n®(a*) > & -
n® (a*). Leta® c argmax,cp & - T°(a;,a* ;) anda® € argmin, ca, & - 1% (a,a" ).
Let & be such that players plag®,a’ ;) for statew and(ai‘*“,a*_i) for statew'.
As in the proof of part (a), condition (i) of statewise distinguishability is satisfied
by the definition of ; condition (ii) now comes from the fact that play&raction
in stateco maximizesé - n®(a;,a" ;), and condition (iii) comes from the fact that
¢ does not depend oy).

Part(c). Le&" be a profile suchthgly,cy Yy, ey, (") # Syiey yjey, v (a*)
for somey_jj € Y_jj. Let & be such that the valug(y) depends only oy_j; (so
that§(y) = &(Y) if y_ij =y_j;) and& - n®(a’) > & - n*(a*). Thena* and &
satisfy all the conditions of statewise distinguishability. Q.E.D.

The above lemmas cover every cross-state comparison except th@, caise
and(j, ') with wj # wj andw_j = &’ ;. As the next lemma showg;statewise
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distinguishability is satisfied in this case. Intuitively, playeran signal his infor-
mation by varying his action with his type, and this is consistent with incentive
compatibility in positive directions because the player is rewarded for revealing
the information. Note that the lemma does not assstatewise distinguishability

for (i, w) and(j, o) with wj # .

Lemma 5. Let (i, ) and (j, w') be such thaty # wj (but possiblyi = j). Then
there is a type-contingent profitethat p-statewise distinguishés w) from (j, o).

Proof. Let a*be a type-independent profile such that the probability of spme
is different in statew than inw': 3y .oy, n\j‘/’(a*) # Yy jev. n* (a*) for some
yj €Yj. Let& be such thaf - n“(a*) > & - n% (a*) and& (y) = &(Y) for y andy’
such tha; =y,. Leta® € argmaxca,; & - °(aj, d@_;) andal € argminyca, & -
nw/(a,-,a_j). Let & prescribe(af®,a’ ;) for statew and (aj"',a*_j) for all other
states, including statey. (Note that only playejj’s play varies with the state.
Then by constructiong and & satisfy all the conditions op-statewise distin-
guishability. Q.E.D.

Becausep-statewise distinguishability is satisfied for all cross-state pairs, we
know that the maximal scor"(A) is infinitely large for directiorA such that
there are(i,w) and (j,w’) such thatw # ', A® > 0, and)\j“” > 0. Thus we
expect that an efficient outcome can be approximated by T-PPXE payoffs if the
constraints related to the other directions are not too tight.

In general, though, product structure does not guarantee n-statewise distin-
guishability for (j,w) and (j, ') with wj # wj. Perhaps the simplest example
where this condition fails is a bilateral gift-exchange game:There are two players,
andQ = Q; x Qy whereQ; = {w1,w>}. Playeri chooses high efforte = C;)
or low effort (g = D;j), and the quality of players output is good ¥; = G)
or bad ¢ = B). We assume that the probabiliy’ () thaty, = G depends
only on @ and a;, that the two signals are independent, and qq‘a%(ci) >
pi*2(Ci) > pi**(Di) = p2(Dy). Playeri’s realized payoff is given byi(a;, ;)
ri(y—i) — ci(a), whereri(y_i) is the utility from consumption oy_;, andc;(a;
is the effort cost. Suppose th&; = {6(w1),0(w2)} where8(wyk) = {w
(o, wp) € Qlw = wy} for eachk = 1,2.

~—

Claim 1. No profiled n-statewise distinguishé$l, (cwi2, ap1)) from (1, (w11, (p1)).
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Proof. Note that for any type-contingent profile, the distribution ofy, is the
same for statev = (w12, ap1) and for statev’ = (wi1, wp1), sincew, = wh. Thus
it suffices to show that there is no profite such that all the conditions aof-
statewise distinguishability are satisfied by ahat depends only oy. Let £€
denote the value dof (y) wheny; = G, and&® the value off (y) wheny; = B.

Let & be such that playet choosesx; for statew anda] for statew'; since
w = W, player2 chooses the same action in both states. Suppose thatn-
statewise distinguishds w) from (j,«w’). Then, from clause (i) of the definition,
we have((p{*(Cy) - p§*(D1))at} (Cy) — (p§*(Cy) — p{*(D1)) @ (Ca)) (€6 — £8) >
0If E€&—&B > 0, then clause (jii) implies that; (C1) = 1, and hencé(p;*?(C1) —
pi*2(D1))ar; (Cp) — (P3(Cy) — S (D1)) @1 (Cy)) (€6 — £B) < 0. Therefore£© -
&B < 0. But then clause (jii) implies thatr1(C1) = 0, and thus((p;*?(C1) —
p*?(D1))a;(Cr) — (P3*(C1) — P3*(D1))a1(C1)) (€€ — &B) < 0, a contradiction.

Q.E.D.

A similar issue arises in the more specialized models of the next subsections,
as there tom-statewise distinguishability fails. In section 6.4 we explicitly deter-
mine the impact of this failure on the set of limit payoffs.

6.3 Known Own Productivity and Linear Uncertainty

The next two subsections explore a related two-player model with known produc-
tivity. We maintain the assumption that the state space has a product structure,
Q = Q; x Qy; the main difference is that instead of the signals having a product
structure, the signal corresponds to the output of a partnership, and is influenced
by both players’ actions. We also assume that there is a “null” action paSfied

such that

n®(a%) = n¥ (a0)

for all w andw # w, and that for eache |, a # &% a_j € A_j, andw € Q;, there
aren(a) =< RN andB (a) > 0 such that for each_j € Q_j,

n(a) - n(af,a-1) = B (@)n” ().

In words, the marginal productivity of actian (as opposed to the default) when
the opponent playa_; is Bi‘q (a)ni“‘(a), which depends only ony. Finally, and
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importantly, this marginal productivity is linear with respeci’tinformationw
in the sense that for eachandw’ # w,

n®(a) — (&, a_i) = y(n” (a) — (a2, a)).

for somey > 0; this greatly simplifies the analysis.

We assume that there is no redundant state, so that foreeasid ' # w,
there isa such that®(a) # n (a). Assume also that each pure action profile has
pairwise full rank, so that for eache A andw = (w1, wy) € Q, the set of vectors

{m®(@)}U{n," (e, a2)laq # a9} J{n;”(au, 85) (@ # a3}

is linearly independent. Suppose ti@it= {6 | € Q;} where6® = {w/|of =
w }; that is, each player knows his own productivity but not the opponent’s.

The assumption of linear uncertainty implies that a type-independent action
profile a can not have statewise full rank. However, using type-contingent action
profiles, we havep-statewise distinguishability for all cross-state pdirgo) and
(j,a) such that only one player can distinguishfrom «’. For w andw’ such
that w # «f for bothi = 1,2, we do not need statewise distinguishability as all
players can distinguish these two states using private information.

Lemma 6. Let (i,w) and(j,«’) be such that = j andw_i = ' ;.

(a) Suppose that there ag§ # a? anda’; € A_j such that;Bi‘” (@) > Biq(a*).
Let @ be such that players plag* for statew and (a?,aii) for statew'.
Thend p-statewise distinguishés, w) from (j, o).

(b) Suppose thatthere agg; # a°; anda’ € A such thale’i*i (@) > Bid(i (a).
Then the type-independent action profife p-statewise distinguishes)
from (j, o).

Proof. Part (a). Letk > 0, and leté be such tha€ - n®(a*) = B*(a*)k, & -
ni(a*) =k, andé - ni(a,a";) =0forall & # aio,ai*. Such & exists, as each pure
action has pairwise full rank. Then we hayen®(a*) = B*(a")k, & - n* (a*) =
BY (a*)k, and& - m®(aj,a" ) = & - ¥ (g,a";) = O for all & # &". Thus all the
conditions ofp-statewise distinguishability is satisfied.

Part (b). Letk > 0, and leté be suchthaf -n_i(a*) = k and& - ni(a,a";) =0
forall g # a?. Thus all the conditions gb-statewise distinguishability is satisfied.

Q.E.D.
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Lemma 7.

(a) Let(i,w) and(j,w') be such that # j, wj = «jf, and there ares # a® and
a*; € A_j such thatg“ (a*) > Bi(’*/(a*). Then the type-independent action
profile a* p-statewise distinguishds, w) from (j, o).

(b) Let(i,w)and(j,w’) be suchthat # j, w = «f, and there areaj # a? and

- o
a’; € A_jsuch thal;Bj“’J (a") > B;'(a"). Leta be such that players plag
for statecw and (a(j’, a* ;) for statew'. Then thisd p-statewise distinguishes
(i,w) from (j, ).

Proof. Part (a). Letk > 0, and leté be such tha€ - n®(a*) = *(a*)k, ¢ -
ni(&) =k, &-ni(a,a";) =0 for all  # a,a", andé - nj(aj,a’ ) = 0 for all
aj # a(j’, . Then thisé satisfies all the conditions qfstatewise distinguishability.
Part (b). Letk > 0, and let§ be such thaf - n®(a*) = iji (@)k, & -ni(a,a ;) =
Oforall g # a2, & -nj(a*) =k, ¢-nj(aj,at;) =0forallaj # a%a}‘. Then thisé
satisfies all the conditions gi-statewise distinguishability. Q.E.D.
Because these games satisfy fhstatewise distinguishability condition, they
have efficient limit equilibrium payoffs provided that the scores in the negative
cross-state directions are not too low.

6.4 A Two-Player, Two-Actions Partnership

Here we revisit Example 4 of Fudenberg and Yamamoto (2009) to illustrate the
effect of players knowing their own productivity. In this example, there are two
players, two actiong; = {C;,D; }, two states, and three outcomés- {H,M,L}.

The state only influences the productivity of play&r effort: If player1 chooses

C; instead ofD4, then the probabilities afl andM increase bypy and pu, in-
dependent of the state. In contrast, if plagethooseLs, instead ofD-,, then the
probabilities ofH andM increase byjy andqy in statewr, but they increase only

by Bgy andfBqu in statew,. We assume that the vectdigy, pm) and (gq,am)

are linearly independent; this implies that individual full rank and the pairwise full
rank are satisfied at every profile and every state. However, no type-independent
profile p-statewise distinguished, «y) and (2, ap), and as a result, the set of
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PPXE payoffs is bounded away from efficiency uniformly in the discount factor.
The following table shows whether statewise distinguishability holds for each pair
(i, w) and(j, '), when we restrict attention to type-independent profiles.

(i,w), (j,w) | p-statewise n-statewise
(L), (Lap) | (C1,Cp) (C1,C2)
(Lap), (Lan) | (C,Cp) (C1,C2)
(2,@1), (2, ) No (C1,C2)
(2,a2), (2,w1) No No
(1), (2, ) No (€1,&)
(2,an), (1, ) No No
(2,m), (Lap) | (C,Cp) (C1,.Cp)
(La), (2,m) | (C1,Cp) No

However, if a player can distinguista, from w, using his private information,
then it is often possible to approximate an efficient outcome using T-PPXE.

If player 1 knows the state and player 2 does not, then the distinguishability
conditions in the various cross-state directions as satisfied by the following pro-
files:

(i,w), (j,w) p-statewise | n-statewise
(Law), (Lap) | (C,C) (C1,Cy)
(L,ap), (Lon) | (Cp,Cp) (C1,Cy)
(2,n), (2,an) | ((C1,D1),Co) (C1,C)
(2,a2), (2,a) | ((C1,D1),C2) | ((C1,D1),C2)
(L), (2,an) | ((C1,D1),Co) (C1,C2)
(2,ap), (L, wn) | ((C1,D1),C2) | Not satisfied
(2w), (Lwp) | (C,&) (C1,Cy)
(1,a2), (2,001) (C1,C2) ((C1,D1),D2)

Sincen-statewise distinguishability does not hold {ér, w), (j,w')) = (2, wp), (1, w1),
the maximal scores for the corresponding directions are not infinitely large. Nev-
ertheless, as shown by Proposition 12 in the appendix, these scores are high
enough to achieve the perfect folk theorem for ghy (0,1). This is the first
example in which the folk theorem holds despite the fact that statewise conditions
fail for some cross-state directions.
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If player 2 knows the state and playérdoes not, then distinguishability is
satisfied (or not) as in the following table:

(i,w), (j,w) p-statewise | n-statewise
(L), (1,an) (C1,C2) (C1,C2)
(1,02), (1,mn) (C1,C2) (C1,C2)
(2,m), (2,an) | (C1,(C1,D2)) (C1,C2)
(2,ap), (2,) | (C1,(Cy,D2)) | Not satisfied
(L,om), (2,an) | (C1,(C1,D2)) (C1,C2)
(2,a%), (1, mn) | (C1,(C1,D2)) | (C1,(Cq,D2))
(2,mm), (Lap) | (C,Cp) (C1,Cy)
(1, a2), (2, 00) (C1,C2) Not satisfied

In this case Proposition 13 shows that the folk theorem fails because the maximum
score in directiom = ((0,—1),(0,1)) is too low. Moreover, if the cost of effort

is high, then fol = ((0,—¢), (1,0)) the maximal score can be so low that it rules
out equilibrium with the payoffs of the efficient action profi€;,Cy). Specifi-

cally, this is the case if playel's effort cost is high enough so thg$?(D1,C;) —
g‘l*’Z(cl,cz) is close to zerd. Intuitively, player2 cannot be induced to reveal

the state when doing so would lower his equilibrium payoff, and as a result the
maximal score for direction with A, < 0is lower tham - g(Cy,Cy).

7 Known Monitoring Structure

So far we have studied a general model, where both payoffs and monitoring struc-
ture can depend on the state of the world, and provided sufficient conditions for
the folk theorems. However, these sufficient conditions may not be satisfied in
some games. One notable example is the case of a known monitoring structure;
here a state-independent profitecannot induce different signal distributions for
different states, so for players to distinguish the states they must have “enough”
private informatiorf. In this section we characterize the limit equilibrium payoffs

in games with a known monitoring structure and then for the subcase of a known

8The derivation of this bound on the maximal score is very similar to the proof of Claims 13
and 14 which are used to prove Proposition 13; all of these proofs are in the supplementary on-line
materials.
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monitoring structure and one-sided incomplete information. This lets us compare
our results with those of éfner and Lovo (2009) anddtiner, Lovo, and Tomala
(2009) for games with observed actions.

Formally, themonitoring structure is knowif 11°(a) = ny“(a) forallyeY,
acA we Q, andw # w. We maintain this assumption throughout this section.
Sincern® does not depend am, we denote it byr.

In this section, we often impose the following strong full rank condition. As
we will see, under this condition the case of a known but imperfect monitoring
structure is very similar to that where actions are perfectly observedli(a}
denote the matrix with rowérg,(af,a_i))yey for all & € A. Also, for eachi € I,
jel,aeA andd €A, let Mi.a)(j,2) denote the matrix constructed by stacking
two matriced;(a) andn;(&).

Definition 12. Monitoring structurert hasstrong full rankif
(1) Maja hasrankAi| +|Aj|—1foralli,j € | anda € A; and

(i) foranyi, j,e 1, if there isl #1i, ], thenl; 4)(j (a.a,)) has rank Al + [Aj]
foralll #i,j,ac A andal # .

Note that we allow = j in this definition, and hence the second clause is not
vacuous even in two-player games. The first clause imposes FLM'’s pairwise full
rank condition on every action profile. The second clause implies that the state-
wise full rank condition holds fofi, w) and(j,«’) if player| can distinguish the
statesw andw'.? The strong full rank condition is obviously satisfied for games
with perfectly observable actions. It is also satisfied if the signals are isomor-
phic to the actions and players observe the intended action with a small noise, i.e.
Y =Aandrg(a) < € for all a € Aandy # a whereg is close to zero.

7.1 Known Monitoring Structure and Strong Full Rank

The setQ depends on the maximal score in various directions, so it is helpful to
classify the directions so that the maximal score can be computed in the same way
for all directions in a given class.

9To see this, left be such than®@ = aanda®“) = (a/,a ). Then thisd has statewise full
rank for (i, w) and(j, w'), as the corresponding matrix has rdAl + |A;].
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Let Al be the set ot € R'™¥/?l such that(A®)ic; # 0 for somew € Q and
(A“))ic = Ofor all o # w. Since these directions consider only a single state,
Lemmas 5.2 and 5.4 of FLM show that the maximum score is the maximum fea-
sible score.

Lemma 8. Suppose that monitoring structure is known and has strong full rank.
Then for eachd € AL, k*(A) = maxey+A - V.

Proof. The same as in FLM. Q.E.D.

Let A2 be the set ofA such that there arec |, jel, | #i,j, we Q, and
w € Q such than® # 0, A& # 0, and6} (w) # 6 (). Here playel can distin-
guish betweemw andw’, and the strong full rank condition implies that if player
takes different actions in these states, the statewise full rank condition is satisfied
for (i,w) and(j,w'). Consequently, the maximal scores for these directions are
infinity, as the following lemma shows.

Lemma 9. Suppose that monitoring structure is known and has strong full rank.
Then for eachl € A2, k*(A) = o.

Proof. LetA e A%, andleticl, jel,l #i,j, we Q, andw € Q be such that
A®#0,A% 0, andf (w) # 6 (). Letd be such thatr®(®) = afor someac A
anda®®) = (a,a ) for somea] # a. Since monitoring structure has strong full
rank,d has statewise full rank far, w) and(j,«'). Thusk*(G,A) =c. Q.E.D.

Let A3 be the set oA such that there arec |, j#i, w e Q, andw # w
such that\,® > 0, )\j‘*" #0, and 6 (w) # 6(w'). Here player can distinguish
betweenw andw’, and the score is increasing in playsrpayoff in statew'; the
next lemma shows that the maximal scores for these directions are infinity as well,
since statewise distinguishability is satisfied forw) and(j,w’). Note that the
intersection ofA? andA® might be nonempty but this is irrelevant as the maximal
score is infinity for either case.

Lemma 10. Suppose that monitoring structure is known and has strong full rank.
Then for eachl € A3, k*(A) = o.
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Proof. LetA € A3, andleti€ 1, j #i, w € Q, andw' € Q be such thad® > 0,
A¥ #0, and6(w) # 6(w). Letd be such than®®) = afor somea € A and
a®@) = (a,a ;) for somea # a. Thend statewise distinguishe@, w) from
(j,a'). SinceA® > 0, Lemmas A9 apply. Q.E.D.

Let A* be the set oA such that there arec |, o/ € Q, andw” # «' such
that A# > 0, A#" > 0, (A®)geq = O for all j # i, and6(c) # 6(w"). Here
only playeri’s payoffs matter, the score is increasingi'mpayoff in w and «/,
and playeli can distinguish between these two states. Once again, the maximal
scores for these directions are infinity,@statewise distinguishability is satisfied
for (i,w) and(i,w”). Note that the intersection & andA* might be nonempty,
but that the maximal score is infinity for either case.

Lemma 11. Suppose that monitoring structure is known and has strong full rank.
Then for each € A% k*(A) = .

Proof. Let A € A% and leti € |, o € Q, andw” € Q be such than,” > 0,
AY" >0, and6(w) # 6(w"). Letd be such thatr®(“) = afor somea e Aand
a®@") — (a,a ;) for somea # a;. Thend p-statewise distinguishes ') from
(i,”). SinceA® > 0andA®" > 0, Lemma A9(b) applies. Q.E.D.

Let AS(i) be the set oA such thaf{A®)peq <0, (A®)weq # 0, (A)weq =0
for all j #i, and6j(w) = 6j(«) for all j #i, we Q, andw’ # w satisfying
AP#0 and/\iw’ # 0. Here only player’s payoffs matter, the score is decreasing in
i's payoff, and no other player can distinguish between the states; these directions
determine the minmax payoff for playiettaking into account a trade-off between
the minmax level in one state and the payoffs in other states\Y.et|J;, A3(i).

Lemma 12. Suppose that monitoring structure is known and has strong full rank.
Then for eachi and A € AS(i), kK*(A) = maxg_, Ming ¥ wea A% (W)g° (&, a—i),
that is,k*(A) = —ming ; maxg ¥ weo —AX9”(ai,a_;).

Proof. See the Appendix. The intuition is as follows: Strong full rank implies
that constraints (i) and (ii) can be satisfied forjad i, and becausé\ j“’)weg =0

the continuation payoffs assigned jet i are irrelevant. Thus we only need to
consider continuation payoffs for playethat satisfy (i) and (ii) forw such that
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A # 0, and the feasibility constraint (iii). Note also that playeri has to use the
same actiorwj for all statesw with A,* # 0, as he cannot distinguish these states
by definition of A%(i). Summing the incentive-compatibility constraints over the
statesw (taking into account thad,* < 0) yields a weaker aggregate incentive
condition:

Y AWM= —(1-9)  A¥gP(a,a-i) =5 Y > m(a,a-i)Atwo(y)

weQ weQ weQye

This constraint corresponds to a game with a known state where pwyparyoff

IS ¥ wea —A®0"(a). Using this analogy, we can show that the maximal score in

the direction of minimizing this payoff (that is, maximizirgy ,cq —A“V®) is at

most the corresponding minmax payoff, namelging ; maxg, 3 e —AL9” (ai, a_;).

We then use the strong full rank assumption to show that this bound is attained.
Q.E.D.

Let A% be the set oA such that there isc | such thai,® > 0 for somew € Q,
(A{?)weq =0forall j #i, 6 () = 6(w") forall o € Q andw” # o' satisfying
AY >0andA®" >0, and6;(«w') = 6;(w”) forall j #i, o € Q, andw” # w
satisfyingA® # 0andA®" # 0. In words, this says that only playés payoff has
non-zero weights, that playeicannot distinguish between any two states where
his utility gets positive weight, and no other player can distinguish between any
two states where play&s utility gets non-zero weight.

Finally, we construct a sét’ that we show contains all directions that do not
belong to one of the preceding sets. We defirido be the set of alk satisfying

the following properties.

() (A®)weq #0and(A{)weq # 0 for somei € | andj 1.
(i) A )er 20and(A?") ¢ # 0for somew € Q andw” # W'

(i) 6(w") =8 (") forl €1, w” € Q, andw” # ", if AY" # 0 for some
I”# 1 andA@" # 0 for somel” #1.

(iv) B(w")=8(w")forl €1, w” € Q, andw” # " if A®" >0andA@" #
0 for somel’ #1.
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In words, this is the set of directions where the score depends on the payoffs of
playersi andj in some statev, and where it also depends on the payoff of some
player| (possiblyi or j) in two other statesy’ and w”, but this played cannot
distinguish between any state$’ and w”” if either (condition (iii)) in each of
these states there is at least one other player whose payoff matters or (condition
(iv)) the score is increasing irs payoff in statew” and depends on the payoff of
somel’ in statew”.

Lemma 13. J7_; A" = R'*12\ {(0,---,0)}

Proof. Let A be such thaf\ # (0,---,0) andA ¢ A7. It suffices to show that
AelU8 A

If A does not satisfy the clause (ii) of the definition/of, thenA € AL, If A
does not satisfy (iii), thed € A2. If A does not satisfy (iv), thea € A3. If A
satisfies (i) and (iv) but not (i), theh € A*JA>[JAS. Q.E.D.

Lemma 14. Suppose that monitoring structure is known and has strong full rank.
Then for each\ € ASUA’, k*(A) = maxq A -g(a).

Proof. See the Appendix. The first step is to show that for @ae\é|JA?, there
is a single “type”8* that is relevant; we use this to show that the upper and lower
bounds on the score are bottax; A - g(a). Q.E.D.

Combining the above lemmas yields the following characterization of the
maximal scores in each direction and thus of theet

Proposition 7. Suppose that monitoring structure is known and has strong full
rank. Then

maxey: A -V if AeAl

K ()) = o0 if A eAN2UNSUA?
MaXy_ Ming, ¥ wea ACg° (@i, a-i) if A € AS(i) ’
maxy A -g(a) it A e ASUA’

andQ = Nicq1,...7p.0en H ().

Recall that T-PPXE reduces to belief-free equilibria iyrier and Lovo (2009)
and Horner, Lovo, and Tomala (2009) for games with perfectly observable actions.
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Proposition 8. Suppose that monitoring structure is known and has strong full
rank. Suppose also th& is full dimensional. Then the limit T-PPXE payoff
set for this gamelims_,1E(d) = Q, is equal to the limit set of T-PPXE payoffs
(or belief-free equilibrium payoffs) for the game that has the same information
structure (Q, (©j)ic;) and the same expected payodfts)ic; but with perfectly
observable actions.

Proof. For each directioi, letk*(A) be the maximal score in the original game,
andR*(A) be the score in the game with perfectly observable actions. Since mon-
itoring structure is known and has strong full rank in the game with observable
actions, Proposition 7 applies, and by inspecktf ) = k* (A) for eachi, so the
setQ for the original game is equal to that for the game with observable actions.
This proves the proposition. Q.E.D.

This shows that with a known monitoring structure and strong full rank, the
analysis of the observed-action case carries over in the obvious way. When strong
full rank fails, the known-monitoring-structure game can have a strictly smaller set
of limit equilibrium payoffs than when actions are perfectly observable, for much
the same reason that this can occur when the structure of the game- including the
payoff functions- is known.

7.2 One-Sided Incomplete Information

In this subsection we consider the case where only plajgepayoff function
is uncertain, and he knows his own payoff function while the other players do
not. Formally, we say the game has one-sided incomplete informatigt{a) =
g¥(a) foralliz1,acA we Q, andw # w, and thatd; (w) = (w) for all ,
and©; = {(Q)} for all i # 1. This is the assumption made in thétder and
Lovo (2009, Section 4) anddtner, Lovo and Tomala (2009, Section 6) analysis
of reputations, so once again our results can be seen as extending theirs.

The main way that this extra structure simplifies the general solution of the
last subsection is in the definitions of the sats

e Alis the same as before.

e N?is the set ofA such that there ariex 1, j # 1, w € Q, andw’ # w such
thatA® # 0 andA & 0.
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o ASisthe setofd such that{ > 0 for somew € Q, A # 0 for somei # 1
andw # w, andA®”" = 0forall j # 1andw’ # o'

o A% is the set ofA such that(A®),ecq = 0 for all i # 1, andA® > 0 and
A > 0for somew € Q andw' # w.

o N%is the set ofd such thatA®),eq =0foralli # 1, (AL)peq < 0, and
AP < 0andA¥ < 0for somew € Q andw' # .

e N8 is the set ofA such that{A®)ueq = 0 for all i # 1, AL > 0 for some
weQ,AY < 0for somew € Q, andAY’ < Oforall ' # w, . Asin the
last case, no profile satisfies statewise conditions, and only playéras
nonzero components.

o A'is the set ofA such that{A®)weq # 0, (Af)wea < 0, (A¥ )izt # O for
somew’ € Q, and(A“" )iz = Oforall ' # w'.

Recall thavY denotes the set of feasible payoffs of the stage game with public
randomization, that isyY = co{g(a)|a € A}. Note that dinvV is at most|Q| +
| —1, sinceg®(a) =g (a) foralli# 1,ac A we Q, andw # w. Let

VY  =colve VUV >V Viel, Yoe QL.

Condition Non-E. There is a profilex* ; such that the satV** = {ve VU*[v& >
max, 0¥(ag,a* 1), Yow € Q} has dimensionQ| 41 — 1.

This condition is likely to be satisfied if there is an action; that gives low
payoffs to played for every stateo.

Proposition 9. Suppose that monitoring structure is known and has strong full
rank, and that there is one-sided incomplete information. Suppose also that (Non-
E) holds. Then di =1 x |Q|.

Proof. Letvbe in the relative interior ofV**, It suffices to show that*(A) > A -v
forall A.

First, consideiA € AL. SinceVVY** ¢ V*, vis an interior point oV*. Then
A-v<maxsey-A -V =k*(A) for A € Al Likewise, since intV** c VY, we have
A-v<max,quA -V =maxA-g(a) =k(A)forA € APandA € A7,
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Sincek*(A) = o for A € A2JA3(JA4, it remains to considek € A°. Note
that, by definition of\%, (A{*) e # 0, A{* < Ofor all w € Q, and(A®) eq = Ofor
all j # 1. Also, sincev s in the relative interior of/Y**, v > max,, g¥ (a1, a*,)
for all w € Q. Taken together, we obtain

weQ

< Y Ar’maxgr’(as, a’y)
ng &

= Y minA’gy(ag,a’y)
wen A

i W~
< maxmin > Ar'gr(ar,a-1)
WeR

=k (A),
as desired. Here, the equality in the third line comes from
Af’maxgi’(ag, a”y) = —Af’min(—gf'(ag, a’y))
= (A min(—gf (e, a" 1))
=min|A°|(—g7'(ag, a%y))
= minAfgP (@, a’y)).
Q.E.D.

Section 5 of Hrner, Lovo, and Tomala (2009) derives several sufficient con-
ditions for Q (denoted by * in their paper) to be nonempty, which implies that
there is a T-PPXE in the undiscounted case. However these conditions do not
assure the existence of T-PPXE with the discounted payoff criterion used in this
paper, becaus® might not be full dimensional and in that case neither their ex-
istence results nor Proposition 9 might not apply. On the other hand, our Propo-
sition 9 identifies a simple sufficient condition f@rto be full dimensional; then
Proposition 3 applies, and it turns out that (Non-E) is a sufficient condition for the
existence of T-PPXE.

Remark 1. If there is a “commitment typeto*, for which there is somaj
A; such thatg? (aj,a ;) is independent of_; and gy (aj,a_1) > g¢ (a) for
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all a; € A1, the minimax payoff of this commitment type equals his best payoff

0 (af,a_i). In this case the s&@ does not have full dimension, and our results
do not applyt® Moreover, in this case the set of T-PPXE is often empty. Suppose
that there are two players, and plagdras a unique best reply agaiagt and call

it a5. In a T-PPXE, playel in statew" always playaj, so that playe? must play

a; after every history, independently of the state. Then plajgeoptimal strategy

for statew # w* is to choosay € argmax, ca, 95 (a1, a5) after every history. For

this strategy profile to be a T-PPX&, must be a best reply @’ for all w # w*,

but such a condition is not satisfied in general. Thus we conclude that there is no
T-PPXE for any discount factdt:

7.3 The Folk Theorem with Known Monitoring Structure

Our general folk theorem uses (SFR1), which requires either that all players can
distinguish every pair of states, or that there are profiléisat satisfy various full

rank conditions. With a known monitoring structure (and strong full rank) the
following simpler condition is sufficient.

Proposition 10. Suppose that monitoring structure is known and has strong full
rank. Suppose also that for eatt, w') satisfyingw # o/, there are at least three
players who can distinguistv and «/, i.e., there aré@ € |, j #i, andl #1i, j such
that 6 (w) # 6/(w'), Bj(w) # 6;(w'), and G (w) # 6 («'). Then, for any smooth
strict subset of V*, there exist® € (0,1) such thaww C E(J) forall § € (5, 1).

Proof. Since there are at least three players who can distinguiahd «/, any

cross-state direction is an element of\?. Then, from Proposition 7, we have

k*(A) = 0. Sincek*(A) = maxey+A -v for any A € Al, we obtainQ = V*,
Q.E.D.

Proposition 5.6 of rner, Lovo, and Tomala (2009) shows tlais nonempty
for games with perfect monitoring, if there are there are at least three players who
can distinguishw andw’ for each(w, ') satisfyingw # «'; our result shows that
the assumptions of that proposition are in fact sufficient for a folk theorem.

%Hbrner and Lovo (2009) make essentially this point on page 475.

H|f there are observed actions, these same assumptions imply that there is not a belief-free equi-
librium. Horner and Lovo (2009) note that there is a belief-free equilibrium with a commitment
type in strictly dominant action games with a unique Stackelberg type.
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Proposition 11. Suppose that monitoring structure is known satisfies strong full
rank. Suppose also that for eat, o) satisfyingw # o’ # w, there are at least
two players who can distinguish and «/, i.e., there ara@ € | and j # i such that

6 (w) # 6(w) and 6(w) # 6j(w'). LetV** = {veV*|FWe VY Vviel, Voe

Q, v > ¥¥}. Then, for any smooth strict sub3at of V**, there isd € (0,1)
such thaW C E(5) forall 6 € (5,1).

Note that if there is a “bad outcome”c AAsuch thag’(a) <v®foralli € |
andw € Q, then we hav®&** = V*, so that the folk theorem obtains. Proposition
5.9 of Horner, Lovo, and Tomala (2009) shows tiais nonempty for games with
perfect monitoring and a bad outcome, if there are there are at least two players
who can distinguislw andw’ for each(w, ') satisfyingw # «'. Again our result
shows that the assumptions of the proposition are sufficient for a folk theorem.

Proof. It suffices to show that** C Q. To do so, we compute the maximal score
k*(A) for every direction, using Proposition 7.

First, considerd such that(A,*)ic; # O for somew and()\i‘“/)ie = 0 for all
w' # w. By definition,A € A, and hence from Proposition (1) = maxcy+ A -

v for this direction.

Next, considen such tha@ # 0 andA“" # 0 for somei € I, ' € Q, and
W’ # &, and(A°)weq = O for all j #i. Since there are at least two players who
can distinguishw’ andw”, there isl #i such thatg («') # 6 (w”). ThusA € A?,
and hencd™(A) = oo for this direction.

ConsiderA such than@ # 0 and)\j“)" #0forsomeiel, j#i,w €Q, and
w' # ', andf (') # 6(w") for somel #1i, j. Again,A € A?in this case, so that
K*(A) = oo.

ConsiderA such that® > 0 and/\j“” #0forsomei e l, j #i, w € Q, and
o'+ o, and(w') = 6(w”) forall | #i,]j. Since there are at least two players
who can distinguistw’ and w”, it must be that(w') # 6(w”) and 6;(w') #
0j(w”). This implies that € A3, and hencé*(A) = o.

Finally, considen such thad <0, A <0andA{" < 0for somei € I, j #1i,

' € Q,andw” # o/, and for any paifi, w”) and(j, w"") satisfyingw” # ",
A" <0, and/\j“/”/ <0, and for anyl #1i,j, (") = (). By definition,
A € A7 inthis case, so tha€ (A) = max, A -g(a) = max,.yu A - V.
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Obviously,V** C H*(A) for the first four cases. Als&/** C H*(A) for the
last case, sincé < 0. ThereforeyV** C Q. Q.E.D.

8 Conclusion

This paper shows how to extend the insights and techniques of the repeated games
literature to games with imperfectly observed actions, an unknown monitoring
structure, and private information. Our analysis is based on the fact that the set of
T-PPXE payoffs have a recursive structure, and says little about the entire set of
equilibrium payoffs. When the folk theorem holds in T-PPXE, or more generally
when there are asymptotically efficient T-PPXE, the restriction to T-PPXE may
be of less concern, especially given their desirable robustness properties. When
the set of T-PPXE is small or empty, it would be nice to know more about the
entire set of sequential equilibrium payoffs; that more difficult problem is still
unresolved. Another open question is to extend the analysis to games where the
state evolves according to a finite Markov chain.

Appendix

A.1 Proof of Proposition 4

Lemmas Al through A4 are straightforward generalizations of Fudenberg and
Yamamoto (2009), so we omit the proofs.

Lemma Al. Suppose that (PFR) holds. Then, there is an open and dense set of
profilesd@ each of which has pairwise full rank for gli, w) and( j, w) satisfying

i # J.

Lemma A2. Suppose that (IFR) holds. Then, for ang |, w e Q, ande >

0, there is a profiled € xic| AA such thataie(w) € argmay, gi‘*’(ai,g%‘(w));
g°(a%(@) —v®| < g; and @ has individual full rank for all(j, &) # (i, w).

Lemma A3. Suppose that a profileé has pairwise full rank for all(i, w) and

(J,w) satisfyingi # j. Thenk*(d,A) = A -g(d) for directionA such that A*)ic|

has at least two non-zero components for seomehile ()\J-wl)ia =Oforall o #

w.
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Lemma A4. Suppose that has individual full rank for all( j, ') #
the best-response property for playend for statew. Thenk*(d,
for directionA such thatn® + Oand)\j‘*" =O0forall (j,&) # (i, w).

(i, ) d has
A)=A-9(@)

Lemma A5. Suppose that a profilé is ex-post enforceable and has statewise full
rank for (i, w) and(j,«’) satisfyingw # «’. Thenk*(d,A) = o for direction A
such thatz® # 0 and)\j“" # 0.

The proof of this lemma requires a minor adaptation of earlier results so we
include it in the supplementary materials.

Lemma A6. Suppose that (IFR) and (PFR) hold. Letbe such that (w) #
6i(w') foralliel, we Qandw # w satisfying(A”)je| # 0 and (/\jw/)jg # 0.
Thenk*(A) > maxey: A - V.

Proof. For eachw € Q, let A(w) = ()\i‘*"(w))(i,w) be such thatA®(w))ic| =
(A®)ier and(A“ (w))ie; = Ofor all ' # w. Let Q* be the set of altw such that
A(w) #0.
We claim
K(@,A)> Y K (@A (w) (1)
we*

for eachd. In words k*(d,A) is at least the sum of the maximal scores when we
solve the LP problem for each statein isolation. To prove this, consider the LP
problem for(d, A) but constraint (iii) is replaced with a more restrictive condition

(iii") Z)\i‘*’vi“’ > Z)\i‘*’wi‘”(y) forallwe QandyeY.
le IS

LetkY (a,A) denote the solution to this new problem. Since conditiof) (ibes

not allow utility transfer across different states, considering this new LP problem
is equivalent to solving a separate LP problem for each stateQ* in isolation.
Thus we havek (d,A) = 3 y,co- K (d,A (w)). Sincek*(d,A) > kY (a,A), (1)
follows.

Recall thatA (w) considers only a single state. Thus the maximal score
k*(&,A (w)) depends om ®(@ but not ona? for other®’. This observation, to-
gether with the fact that all players can distinguish any state in th@'semplies
that

sup K'(d,A (w)) = Z’ supk*(a, A (w)).

0 weh* a
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It follows from Lemmas Al through A4 thatup; k* (6, A (w)) = maxXey+ A (W) -
v. Therefore,

sup 3 k(@A () =2 Maxh () -v=maxA -V
Using (1), we obtain the desired result. Q.E.D.

Using these lemmas, we can prove Proposition 4, by adapting the arguments
in Fudenberg and Yamamoto (2009). One difference iskhgt) might not be
infinitely large for cross-state directiodssuch thatf;(w) # 6;(«') for all i € 1,
weQandw # w satisfying(A{*)je1 # 0 and()\j‘*“)jg # 0, since (SFR1) does
not assure that there be a type-contingent prdfildhat has statewise full rank.
However, Lemma A6 shows thét(A) > maxey+ A - v for these directions, so
that the maximal score is high enough to establish the folk theorem.

A.2 Proof of Proposition 5

The following lemmas prove Proposition 5. Again, the details are similar to Fu-
denberg and Yamamoto (2009) so we omit them.

Lemma A7. Suppose that there is a static ex-post equilibrigifh Then, for any
directionA, k*(@%A) > A -g(d@°).

Lemma AS8.

(a) Suppose that (X-Eff) holds. Theki(A) = A - g(a) for direction A such
that (A*)ic; has at least two non-zero components for sane Q while
A¥ =0forall j €l andw # w.

(b) Suppose that (X-Eff) holds. Thégi(A ) = max.cy A - vfor directionA such
thatA® > 0andA& = 0forall (j,w) # (i, w).

Lemma A9.

(a) Suppose thafi is ex-post enforceable amdstatewise distinguishgs, w)
from (j,w’). Thenk*(a,A) = o for direction A such thatA® > 0 and
A¢ <.
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(b) Suppose thadi is ex-post enforceable angtstatewise distinguishds, w)
from (j,w’). Thenk*(a,A) = « for direction A such thatA” > 0 and
A¢ >0

A.3 Proof of Lemma 12

Recall that\>(i) is the set ofA such thatA®) e <0, (A®)weq #0, (AP)wea =
Oforall j #i, and6j(w) = 6;(«') forall j #i, w € Q, andw' # w satisfying
A% #0andA® #0.

Lemma 12. Suppose that monitoring structure is known and has strong full rank.
Then for eachi and A € A>(i), k*(A) = max,_, Ming ¥ uea AP (w)g®(a, a-i),
that is,k"(A) = —ming_, maxg ¥ weq —AL9” (&, a-i).

To prove this lemma, we use the following claims.

Claim 2. LetA € A3(i). Then for eachj # i, there is6; € ©; that contains allw
such that® # 0.

Proof. Suppose not, so that there atec Q and o’ # w such that such that
0;(w) # ('), A® #0, andA? # 0. ThenA ¢ A5(i), since it does not satisfy the
last condition of the definition oA>(i). A contradiction. Q.E.D.

Claim 3. Suppose that monitoring structure is known. Ret A5(i). Then for
eachd = ((Olie')e.eei)iel, K*(G,A) < ming A -g(a;,orfi*i) where8*; is chosen as

: : o 0;
in Claim 2 anda%‘ = (a;")j=.

Proof. Leta/ € argmin, A -g(ai,afii‘). If k*(d,A) = —oo then the result is obvi-
ous. Ifk*(a,A) > —oo, we can choosév,w) to satisfy constraints (i) through (iii)
in the LP problem associated witli, A, d) for somed € (0,1). It follows from
constraint (ii) that

VO > (1-8)g®(ai, a’) + om(a, a’;') - we

foralli,a;, and allw € Q such that* # 0, sinceb;(w) = 6; for j # i for suchw.
Multiplying both sides by, summing over altv, and using the fact thatj“’ =0
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forall j #1i, we have

Av=% APV < (1-9) > Aiwgi"J(af7a_eiii)+5 > T‘i'(ailvaﬁiii))‘iwwi‘u(y)

weR AT0) WEQYE

—(1-8)A-g(d,a’)+5 ;Ma:,af?m w(y),
ye

so from (iii),

Av< (1-8)A-gd,a’)+8A v
SubtractingdA - v from both sides and dividing byl — 8), we getA -v<A -
g(a{,a?}i). Thereforek*(d,A,0) < g(a{,af’;i). Q.E.D.

Let §j(a) = — Y wea AV (). LetA € R be such thafij = —1 and5\,- =0
for all j #i. Consider the following LP problem:

~ ~

k'(a,A,5)= max A-V  subjectto

veR!
WY —R!
() Vj=(1-9)Gj(a)+om(a) W
forall j €1,

(i) \7,-:(1—6)§j(aj,a_j)+5n(aj,a_j)-Wj
forall j € 1 andg € A,
(i) A-0>A-W(y) forallyey.

This is the problem of finding the maximum score for a known-state game (i.e.,
|Q| = 1) for directionA, so its value (which does not depend @nfollows from
past work:

Claim 4. Suppose that monitoring structure is known and has strong full rank.
Thensup, R*(or,)\) = —ming_, max, Gi(a, a_i)

Proof. Strong full rank implies that every pure action profile has individual full

rank. Then from FLM Lemma 6.3, the maximal score for directiois given

by playeri’s minimax score. Thereford}*(a,j\) = —ming_; maxy Gi(aj,a_i).
Q.E.D.

Claim 5. Suppose that the monitoring structure is known and has strong full rank.
LetA € AS(i). Thenk*(d,A) = k*(a,A) if @ is a state-independent actian
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Proof. First, we showk*(&,A) < k*(a,A). Whenk*(@,A) = —c, then this in-
equality obviously follows. So assunié(d,A) > —c. Choose(v,w) to sat-
isfy constraints (i) through (iii) in the LP problem fqo,A,d), and letV; =
— YAV andWj = — 3 o APWP(y) for all j € | endy evy. Then~this
(V,W) satisfies all the constraints of the LP problem(atA,d), andA -v=A -V.
This shows thak (@, A) < k*(a,A).

Next, we shOV\k*(a A)> R*(orj\ ). As before we restrict attention to the case
of k*(a, /\)

We claim there aréz”(y)) w,y) such that

(1-3) (—M—gf%a,ao) _ sn(aa )2 @

S weaA”

for all w € Q anda; € A, and

S A%#(y) =0 Q
Wen

for all y € Y. To see that this system has a solution, chaossuch that)\i‘*’ #0,
and eIiminatezi‘*" using (3). Then we can check that (2) faf are redundant
equations; that is, (2) fow’ automatically holds if (2) holds for ath # /. This
leaves(|Q| — 1) x |Ai| equations and|Q| — 1) x |Aj| unknowns, and strong full
rank assures that the coefficient matrix has full rank. Therefore, the system has a
solution.

Choose(\7 W) to satisfy all the constraints of the LP problem for, A ,0), let
VP = _ﬁ’ andw®(y) = —%Jrz'@( SinceA -v= A -V, it suffices to
show that thigv,w) satisfies all the constraints of the LP problem (dr A, J).
(We can ignore the adding-up constraint and the incentive compatibility constraint
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for playerj # i, as strong full rank holds.) Note that
(1-0)g”(ai,a-i) +om(a, a—i) - W
~1-o)gPlaan)+omtaan) (2 )
> wea A

=(1-9)g”(a, a-i) +(1-9) (—M - gf”(a,a_i)> _ onla, a-i) W

ZweQ)‘iw ZweQ)\iw
~ (1-9)Gi(a, i)+ Om(ay, a—i) - Wi
B ) > wea A
<M
N ZweQ)\iw

—

for all g € A; with equality ifa; € supm;. Here, the second equality comes from
(2), and the inequality comes from the fact tif&tw) satisfies the constraints of

the LP problem for{a,A,d). Therefore, thigv,w) satisfies constraints (i) and

(i). Also,

A-w(y) =3 APw(y)

weQ
_ W [ A . Wi <y>
B ngAI <le(y) ZweQ)\iw>
= —Wi(y)
< —Vi=A-V

Here, the third equality comes from (3) and the inequality comes from the fact
that(V, W) satisfies the constraints of the LP problem(ar A, ). Therefore, this
(v,w) satisfies constraint (iii). Q.E.D.

It follows from Claims 4 and 5 angj(a) = — ¥ ,eq A“9’(a) that
K*(A) > supk®(a,A)
a

:—mlnm&axg.(a a_j)

:—rgnnmax A-g(a,0-)

_maxmln)\ -g(a,a—).
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On the other hand, Claim 3 shows tlatA ) < maxy , ming A -g(&,a—;). There-
fore,k*(A) = maxy_; ming A - g(a, ).

A.4 Proof of Lemma 14

Recall that\® is the set ofA such that there is€ | such that\,® > 0 for some

weQ, (A)weq =0forall j#i, 6(w) = 6(«w') forall ' € Q andw” # f

satisfyingA®” > 0 andA®" > 0, and6;(w') = 6;(w") for all j #i, ' € Q, and
W’ # w satisfyingA® # 0 andA®" # 0. Also, A7 is the set ofA satisfying the
following properties.

() (A%®)weq #0and(A{)weq # 0 for somei € 1 andj #1.
(i) A9 )er 20and(A?") ¢ # 0for somew € Q andw” # w'.

(i) 6(w") =6 (") forl €1, w” € Q, andw” # ", if AY" # 0 for some
I”#1 andA%" # 0 for somel” 1.

(iv) B(w")=8(w")forl €1, w” € Q, andw” # " if A¥" >0andA@" #
0 for somel’ #1.

Lemma 14. Suppose that monitoring structure is known and has strong full rank.
Then for each\ € ASUA’, k*(A) = maxq A -g(a).

The proof consists of a series of claims.
Claim 6. LetA € A% and leti € | be such thatA.?),cq # 0. Then
(a) there is6* € ©; such thatf (w) = 6 for all w such that\,* > 0; and
(b) for eachj #1i, there is6;" € ©; that contains alkw such that\,“ # 0.

LetA € A’. Then

(c) for eachi € |, there is6* € ©; that contains allw such that/\j‘*’ # 0 for
somej #i; and

(d) this 6* contains allw such thatA, > O.
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Proof. For part (a), suppose not, so that there @tec Q and w” # w such that
() # 6(w), AY >0, andA? > 0. ThenA ¢ A®, as forA to be inA,
6(w) = 6(w") forall o € Q andw” # w satisfyingA® > 0andA®" > 0. A
contradiction.

For part (b), suppose that there aéc Q andw” # w’ such thatf;(w')
6 ("), A% #0,andA®" 0. ThenA ¢ AS, as forA to be inA®, 6j(w') = 6j(w")
forall j #i, w € Q, andw” # w satisfyingA”’ # 0andA.?" # 0. A contradiction.

For part (c), suppose that there dijew’) and (I, w”) such thatj =i, | #1,

6 () # 6("), )\j‘*’ #0, and)\,‘d/ #0. ThenA ¢ A7, as the last condition of the
definition of A’ requires tha (') = 6(w”) foralli € |, o € Q, andw” # o/
such thav\j"" # 0 for somej # i andA®" # 0 for somel #i. A contradiction.

For part (d), suppose that there are | andw’ € Q such that/\i"’/ > 0 and
wée 6. Let(j,w”) be such thaj # i and/\j‘*’/ # 0. Then from part (c)w” € 67,
so thatf (w") = 6* # 6,(w'). This implies thath ¢ A’, as the last condition of the
definition of A’ requires that(w') = 6(w”) forallic 1, o € Q, andw” # o/
such tha® > 0 and)\j‘"” # 0 for somej #i. A contradiction. Q.E.D.
Claim 7. Suppose that monitoring structure is known, andilet A6(JA’. Then
for eachd = ((a?)gco,)ic1, K (@,A) <A -g(a®") where* is chosen as in Claim

i
6 anda® = (a” ).

Proof. Choose(v,w) to satisfy constraints (i) through (iii) in the LP problem as-
sociated with(d, A, &) for somed € (0,1). It follows from constraint (i) that

VO > (1-8)g®(ai, a’ ) + om(a, a’;) - we

foralliel, & €A, andw € Q such that® # 0, sinced;(w) = 91-* for j #i for
suchw. In particular, we have

v > (1-8)gP(a®) +ma®) -wf’ @)
foralli e | andw € Q such that® # 0. Also, from constraint (i), we obtain
W= (1-8)g’(a”) +oma”) wf’ (5)

foralli € | andw € Q such than® > 0, sincef(w) = 6* for suchw € Q. It
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follows from (4) and (5) that

A v<Z s Aw[(1_5)g?(a9*)+5n(a9*>-wf9

weQ

—(1-3)A-g(a®)+0o Z(ig,
Using constraint (iii),
Av<(1-8)A-gab)+5 Zn;/
=(1-8)A-g(a®)+oA-v

SubtractingdA - v from both sides and dividing byl — ), we getA -v <A -
g(a®). Thereforek*(d,A,8) <g(a?). Q.E.D.

Claim 8. Suppose that monitoring structure is known and has strong full rank.
LetA € A®. Thenk*(A) > maxs A -g(q).

Proof. Leta € argmax A -g(a’). Without loss of generality we can assume that
a is a pure action profile, so that we denote ithyin what follows, we show that
k'(a,A) = A-g(a).

Let A € A8, and let(i,«') be such thad®” > 0. Consider the LP problem
associated witlia, A, ). Note that we can ignore constraints (i) and (ii) fo£ i,
as(A[)weq =0.

Let v = g”(a) for eachw € Q. Forw # ', let (W*(y))yey be such that

g”(a) = (1—9)g’(aj,a_i) + om(af,ai) - w(y) (6)
forall & € Ai. Also, let

W= 1o (A 9@ -y Aiwwf%y)) ©

w#w

forallyeY.
We claim that thigv, w) satisfies constraints (i) through (iii) in the LP problem.
First, constraints (i) and (ii) hold faw # «/, since (6) holds. Also, as in the proof
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of Claim 5, we have
(1-8)g” (&,a i)+ om(a],a i) -w (y)

A-g@,ai)—A-9(@)

=g’ (2) +(1-9) o

<g” (a)

for all & € A; with equality if & = a. Here, the inequality is from the fact that
a maximizesargmax\ - g(a') and )\i“" > 0. This shows that constraints (i) and
(i) hold for /. Finally, constraint (iii) follows from (7). Thus we conclude
K'(a,A) > 5 uea APV = A -g(a), as desired. Q.E.D.

Claim 9. Suppose that monitoring structure is known and has strong full rank.
LetA € A7. Then for eactur, k*(a,A) > A -g(a).

Proof. Let A € A7, and given this\, let A w)(j,r) D€ @ direction such that the
components fofi,w) and(j, ') are equal to those of and the remaining com-
ponents are zero. (Thus the directidf,)(j ) has at most two non-zero com-
ponents.) In order to prove the claim, it suffices to show thas enforceable
with respect to the hyperplane orthogonalit@at g(a). This enforceability fol-
lows from the following two facts: (i) If monitoring structure has strong full rank,
thena is enforceable with respect to the hyperplane orthogonal;tg,j ) at
g(a) for each(i, w) and(j, w') such that # j (but possiblyw = «'), A® # 0, and

A j“/ # 0. (ii) a is enforceable with respect to the hyperplane orthogonal &b
g(a) if o is enforceable with respect to the hyperplane orthogonal;tg, j )
atg(a) for each(i,w) and (j,w’) such thati # j, A® # 0, and)\j‘*" # 0. Note
that (i) follows from Lemma 5.4 of FLM, since here we assume that monitoring
structure does not depend an Likewise, (ii) follows from Lemma 5.3 of FLM,
sinceA € A7 implies that for eachii,w) such that\® # 0, there is(j, ') such
thati # j andA{” # 0. Q.E.D.

Proof of Lemma 14The statement follows from Claims 7, 8, and 9.

A.5 Proof of the Claims in Section 6.4

The first part of this section deals solely with the distinguishability conditions;
the second part adds assumptions on the payoff structure of the game to compute
bounds on the limit payoffs.
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A.5.1 Distinguishability
To begin we restate the distinguishability conditions:

Definition 9. Profile @ n-statewise distinguishes, w) from (j, ') if there is a
vectoré = (&(y))yey € RYI such that

(i) & m®(ab@)> & n¥ (ab@)),

@iy &- rt‘*)(or6 ) & -?(q, ae‘ )>E n® (&, a ))forallaiesupmia(w)
andal € A,

(i) & m(@®@) = . n(a5,a% ) > & 1 (@, a® ) for all 4 €

supmf’j( ) andal € A;.

Definition 10. A profile @ p-statewise distinguishds, w) from (j, o) if there is
a vector = (£(y))yevy € R such that

() & m®(a®@)>¢. v (aW))

(i) & m@(a%@)=¢.1%®,a’ )zf-n‘*’(a{,aﬂ”(w))foralla;esupmia(w)
andal € A,

(i) & m¥(@®@) = .1 (a5, 0% ) < &1 (@, a® ) for all 4 €

supm?j( ) anda € A;.

Claim 10.

(a) The profile(Cy,Cy) p-statewise distinguishés w) from(j, o) for ((i, w), (j,w')) =

)
(L), (1,02)), (i, ), (j, &) = (L, @2), (1, @), (i, w), (j, @) = ((2, 1), (1, @2)),
or ((i,w), (i, @) = ((1, ar), (2, w1)).

(b) No type-independent profilp-statewise distinguishes, w) from (j, w’)
for ((i,w), (j, &) = (2, 1), (2,@z)), ((i, ), (j, &) = ((2,&2),(2, 1)),
((i, ), (j, @) = ((1, o), (2, a2)), or ((i,w), (J, o)) = (2, @2), (1, 1))

(c) The profile(Cy,Cy) n-statewise distinguishés w) from (j, w') for ((i, w), (j,&')) =

(L), (1, 02)), (i, ), (j, &) = (L, @z), (1, @), (i, w), (], @) = ((2, 1), (2, a»)),
((i, @), (I, @) = (1, @), (2, w2)), or ((i, ), (], @) = ((2, wn), (1, ar)).
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(d) No type-independent profitestatewise distinguishég w) from (j, ') for
((ia w)a (J ) w/)) = ((27 002)7 (27 a}l))’ <(|7 w>7 (J ) OJ/)) = (<2a OOZ)? (17 0)1)), or
((i, ), (], ) = (1, 2), (2, 1))

Proof. Part (a) follows from Lemmas 6(b) and 7(a). Part (b) follows from Lemma
15 of Fudenberg and Yamamoto (2009). In the terminology of that paper, all
type-independent profiles “entangle¥, and w, for player2, so that no type-
independent profile-statewise distinguishés w) from (j, o) if ((i,w),(j, o)) =
((2,mn),(2,wp)), or ((i,w),(j,)) = ((1,w),(2,ar)). Then Lemma 3 applies.
Part (c). For notational convenience, givehi& (& (y) )yey, leté-p=pné(H)+
pm& (M) +(1—pr —pm)é (L) andé -q=gué (H)+amé (M) +(1—an —am) (L).
Let kK > 0. Becausep andq are linearly independent, there iséasuch that
E-p=0andé-q= —k. We claim that this¢ satisfies all the conditions of
n-statewise distinguishability fof(i, w), (j,@)) = ((1, &), (1,wr)): Condition
(i) holds sinceé - n2(Cq,Cp) — & - m2(Cq,Cy) = —(1—B)& - q > 0O; condition
(ii) follows from & - 1*2(Cy,Cy) — & - 1*2(D1,Cy) = & - p=0, and (iii) holds from
& -1 (Cqp,Cp) — & -1 (D4,Cy) = & - p=0. For the remaining cases, uSe= —¢;
this gets the sign right in condition (i) and as above conditions (ii) and (iii) hold
with equality becausé - p= 0.
Part (d). If profilea n-statewise distinguishe§, w) from (j, /'), clause
(i) of the definition impliesa, chooseC, with positive probability. (Other-
wise mt(a) = n*2(a) so that we havef - m™(a) = & - *2(a) for any €.)
Also, since we considef(i,w), (j,&)) = ((2,w),(2,w)), ((i,w),(j,w)) =
((2.@2). (1, @), or (i, ), (j,&)) = (1), (2.@1)), we havet - n®(a) — & -
n‘”’(a) = —yé - q for somey > 0, and hence clause (i) requires that the corre-
sponding vecto€ satisfyé -q < 0. But thisimplies tha€ - “°(a) < & - 1®(0a1,D>)
for eachw € Q, so that clauses (ii) and (iii) could not hold. Q.E.D.

Claim 11. Suppose that player knows the state but play@rdoes not. Then,

(a) The type-contingent profil§Cy,D1),Cp) p-statewise distinguishe$, w)
from(j, o) for ((i,w), (j, ') = (2, w1), (2, wp)), ((i, w), (J, &) = ((2, w2), (2, 1)),
((i, ), (J, o)) = ((1, 1), (2, 2)), or ((i,w), (j,w)) = ((2, @), (1,n)).

(b) The type-contingent profil§Cy,D1),Cy) n-statewise distinguishe$, w)
from(j, o) for ((i,w), (j, ') = (2, wp), (2, 1)) or ((i, ), (j, &) = (1, o2), (2, 1))
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(c) No type-contingent profilé n-statewise distinguishe$, w) from (j, ')
for ((i, w), (j, o)) = (2, @2), (1, wr)).

Proof. Part (a). Lek > 0. For((i, ), (j,w)) = ((2,w), (2,a)) or ((i,w), (j,w)) =
(1, ), (2,a)), let & be such tha€ - p=k and& - q = 0. Then thisé sat-
isfies all the conditions fop-statewise distinguishability. Indeed, conditions (i)
through (iii) hold for((i,w), (j,)) = ((2,w), (2, ap)), sinceé - m“1(C1,Cp) —
£-1(D1,Cp) = &-p+(1—PB)E-q>0,&- N (C1,Cp) — & - M(Cy, Do) = € -q=

0, and& - 1*2(D4,Cy) — & - m*2(D1,D2) = B€ -q = 0. Likewise, conditions (i)
through (iii) hold for ((i, @), (j, ') = ((1, @), (2,wp)), since& - 1 (Cy,Cy) —
&-m%2(D1,C) =& -p+(1-B)E-9>0,& - m*1(Cp,Cp) — & - (D1,Co) =& - p>

0, and¢ - m*2(D1,Cy) — & - m*2(Dy,D2) = B€ - q=0.

For ((i,w), (J,)) = ((2, @), (2,a1)) or ((i,w), (J, &) = ((2,a2), (1, 1)),
useé suchthat -p=—kandé-q=0.

Part (b). Letk > 0O, and leté be such tha€ -p= —k andé -q=0. Then
this xi satisfies all the conditions for-statewise distinguishability. Indeed, for
((1,w), (,0)) = ((2,a2), (2, @1)), we haveE - 1%(Dy,Ca) — & - %(Cy,Cp) =
—§-p—(1-B)&-q>0,& - n*(D1,C2) — & - 1*2(D1,D2) = BE-q =0, andé -
M1 (Cp,Cp) — &€ - M2 (Cq, D7) = &€ - =0, so that conditions (i) through (iii) fan-
statewise distinguishability holds. Likewise, @, ), (j, @) = ((1, wy), (2, w1)),
we haveg - 12(D1,C2) — & - 1*(C1,C2) = =& - p— (1-B)&-q> 0, & - 1*2(D1,C3) —
& m%2(C1,Cp) = —&-p>0,and¢ - 14 (Cq,Cp) — & - 1*(Cq, D2) = & -q=0, and
hence conditions (i) through (iii) hold.

Part (c). Letd be such that playet choosesx; for statew; anda; for state
wy, while player2 choosesa, for both states. Suppose thamn-statewise distin-
guishes(i, w) from (j,«’). From clause (i) of the definition af-statewise dis-
tinguishability, we havéa;(Ci) — a1(C1))€ - p— a2(C2)(1—B)& -q > 0. Also,
clause (ii) implies tha€ - q > 0 for a2(C,) > 0, and hencer»(C,)¢ -q > 0. Taken
together, it must be thgior; (C1) — a1(Cq1))é - p > 0. However, clause (iii) re-
quires thato;(Cy) = 1if £ - p> 0, anda1(Cy) = 0if & - p < 0; this implies that
(a1(C1) —a1(Cq))¢ - p <0, a contradiction. Q.E.D.

Claim 12. Suppose that player knows the state but play&rdoes not. Then

(a) The type-contingent profileCy, (Cy,D2)) p-statewise distinguishes, w)
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from (j, o) for ((i, ), (j, &) = ((2, @), (2, wp)), ((i, w), (j, &) = (2, @z), (2, 1)),
((i, ), (j, @) = (1, 1), (2, &2)), or ((i, ), (], @) = ((2, wz), (1, @n)).

(b) The type-contingent profil&C,, (Cz,D2)) n-statewise distinguishe$, w)
from (j, &) for ((i, w), (j, ') = ((2, @2), (1, 1))

(c) No type-contingent profilé n-statewise distinguishe@$, w) from (j, ')
for ((i, w), (j, ') = ((2, @2), (2, o01)), or (i, w), (j, &) = (L, wp), (2, wr)).

Proof. Part (a) follows from Lemmas 6(a) and 7(b).

Part (b). Letk > 0O, and leté be such tha€ -p=0andé-q= —k. Then
& - m2(Cq,D2) — & -1 (Cy,C) = =& -9 >0, & - m%2(Cq,D2) — & - 1*2(C1,Cp) =
—B&-g>0,and& - 11 (Cq,Cy) — & - m*1(D4,Cy) = & - p= 0, so that conditions
(i) through (iii) for n-statewise distinguishability hold.

Part (c). Considef(i,w),(j,@')) = ((2,),(2,w)), and letd be such that
player2 choosesr, for statew, anday for stateay,, while playerl choosesr for
both states. Suppose thatn-statewise distinguishes, w) from (j,«’). Then,
from clause (i) of the definition, we hayga5(Cy) — a2(C2))E-q>0. If £-q> 0,
then clause (iii) implies thatrp(C;) = 1, and hencéfa5(Cy) — a2(Cp))& - q <
0. Thereforeé -q < 0. But then clauses (iii) implies that,(C,) = 0, and thus
(Bay(Cz) — a2(Cp))€ -q < 0, a contradiction.

A similar argument shows that no profilestatewise distinguishé4, «,), (2, w)).

Q.E.D.

A.5.2 Limit Equilibrium Payoffs

In what follows, we assume that the payoffs are

u(C.y)=ri(y)—e and ui(Di,y)=ri(y)

for eachi € | andy € Y, where the functiom; satisfieg;(H) > ri(M) > ri(L); e >
pr(ri(H) —ra(L)) + pm(ra(M) —ra(L)); € > gu(ra(H) —r2(L)) +am(r2(M) —

ra(L)); e < pu(ra(H) +ra(H) —ra(L) —ra(L)) + pm(ra(M) +r2(M) —ra(L) —

ro(L)); ande; < qu(ri(H)+rz2(H)—r1(L) —r2(L))+am(ri(M)+ra(M) —ri(L) —
ro(L)). This implies that the stage game payoffs in each state correspond to a
prisoner’s dilemma whep exceeds some critical lev@l < 1. (That is, for any
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B € (B,1), in each stateD; is a strictly dominant strategy for each playeand
the sum of the payoffs is maximized at the profi®,Cy).)

Proposition 12. Suppose that playet knows the state. The@ = V* for any
Be (B,

Proof. Notice thatp-statewise distinguishability holds for &lli, w), (j,«’)), and
n-statewise distinguishability holds for &lli, w), (j, w')) # ((2, @), (1,w1)). There-
fore, it suffices to show that* C H*(A) for all A € A*, where/A* is the set of all

A such that\;? > 0, A{* < 0, A;2 <0, andA,™ = 0. (For the other cross-state
directions, we havi*(A) = o« thanks to statewise distinguishability.)

First we focus ork such that\;? > 0, A;* < 0, andA;2 = A, = 0. Consider
the LP problem associated with such a directhoand the type-independent pro-
file (C1,D>). Since we can ignore constraints (i) and (ii) forw”) # (1, ), (2, wp),
the maximal scor&*((Cq,D>),A) is defined to be a solution to

( )97 (C1,D2) + 61 (Cy, Do) - Wi,
Vo2 = (1 8)g3%(Cq,Dz) + dm*2(Cq, Dy) - Ws2,
(1-8)g;*(D1,D2) + 31 (D1, Dy) - Wi,
V5% > (1— 8)g5%(C1,Co) + 612 (Cy, Ca) - W57,
APVEL 1 ASPVE2 > AW (y) + AS2we2(y)  forallye .

Letvi* = g7 (Cq,Dz) andvy? = g32(Cq,D2). Also, letw be such that

91*(C1,D2) = (1 8)g7"(Cy1,D2) (

052(C1,D2) = (1— 3)g5%(C1,D2) + 81*2(Cy, D2) - W52,

971 (C1,D2) = (1-3)g7™( ) (

022(C1,D2) = (1 - 8)g32(C1,Ca) + 6%(Cy, Co) - W™
AL207H(Cp,D2) + A52052(Cr, Do) = AW (Y) + AS2Wo2 (y) for allyey.

To see that there exists suclwanote that the second equation is automatically
satisfied if the first and last equations hold 7&%(Cy, D) = 11*2(Cy,D>). Elimi-
natewg’2 (y) using the last equation. Then there remain three linearly independent
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equations and three unknowns, so that we can solve the system of eqdations.
Obviously this(v,w) satisfies all the constraints of the above LP problem, and
hencek*((C1,D2),A) > A -v=A -g(Cy,D,). Since the stage game corresponds
to a prisoner’s dilemma for both states; g(Cy,D2) = max,cy A -V, and thus
k*((C1,D2),A) > maxscy A - V. This shows that/* C H*(A).

For A € A* such thatn,2 > 0, A;* < 0, A2 < 0, andA;* = 0, we can show
that k*((Cq,D2),A) > A - g(Cq1,D») in a similar way, and hence* C H*(A).

Q.E.D.

Proposition 13. If only player2 knows the state (.91 = {Q} and®2 = {(w1), () }),
the folk theorem fails, because the maximal score for directiea((0,—1), (0,1))
is less thamax,cy+ A’ - v.

The proof of this result relies on the following claims, which are verified in
the supplementary files:

Claim 13.

(a) Leta denote the type-independent profia, D») for anya; € A1. Then,
k*(a,A/) < A/-g(a]_,Dz).

(b) Leta denote the type-independent profilg,C,) for anya; € A;. Then
(@, A7) < A g(an,Cp) — 152 (057 (an, D2) — 052 (a1, Cy))-

Claim 14. Suppose tha®, = {(w1), ()}

(a) Leta denote the type-contingent profile such that playehooses; € A1
and player2 choose€; for statew, while D, for stateay,. Thenk*(d,A’) <

A'-g(@) — (5™ (a1, Dp) — g5 (a1, Co)).

(b) Leta denote the type-contingent profile such that playehooses; € Ay
and player2 choose®; for statec whileC; for stateaw,. Thenk*(d,A’) <
1—
A g(a1,Co) — 5P (952 (a1, D2) — g5%(a1, C2)).
1?Recall thatr®2(Cy,Cp) = 1“2 (D1,D2) + p+ Bg and 12 (Cy, D,) = 2 (D1, D3) + p where
P=(PH,Pm,— P — Pv) andq = (OH,0m, —dn —qm). Since(1,1,1)-p=0, (1,1,1)-q=0,
(1,1,1)- 11 (D1,D,) = 1, andp andq are linearly independent, the vectar$: (D1, D2), p, andq
are linearly independent. This implies t#2(Cy,Cy), (D1, D5), andn®(Cy, D>) are linearly
independent.
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Now we can complete the proof of Proposition 13: In order to @ve V*,
we need*(A’) > maxey+A’-v > g52(C1,Cp) — gyt (D1, D2). However, the above
claims imply thak*(A’) < g3?(C1,C2) — g5* (D1, D), since

052(C1,C2) — 93*(D1,D2) > g52(D1,D2) — g5t (D1,Dy)
= 0p%(a1,D02) — 05" (a1,D2) Vay € Ay,

952(C1,Cz) — g3*(D1,D2) > g52(C1,C2) — g5 (C1,Cy)
= 03%(a1,C2) — 031 (a1,Cp)  Vau € Ay,

and

052(C1,C2) — g3*(D1,D2) > 937%(C1,Co) — 93*(C1, Do)
= g3%(a1,Co) — g3t (a1, Dp) Vay € Aq.
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Supplementary Materials

S.1 Proof of Lemma A5

Lemma A5. Suppose that a profilé is ex-post enforceable and has statewise full
rank for (i, w) and (], ') satisfyingw # . Thenk*(d,A) = o for direction A
such than® # 0 and)\j‘*" #0.

Let (i,w) and (], w') be such thad® # 0, )\j‘*" #0, andw # w. Letd be a
profile that has statewise full rank for &l w) and(j, ).

First, we claim that for everik > 0, there existz” = (Z°(y))yey andzj*" =
(27 (y))yey such that

(a0’ @) 20 = o 5)\(,) (8)
forall g € A, /
n“’(aj,aejj(w))-zj-*":o (9)
for all a; € Aj, and
AP (y)+ AP 2 (y) = (10)

for all y € Y. To prove that this system of equations indeed has a solution, elim-
inate (10) by solving fozj*’(y). Then, there remaif| + |A;| linear equations,
and its coefficient matrix i1 ; ) (j «r)(@). Since statewise full rank implies that
this coefficient matrix has ranlk;| + |Aj|, we can solve the system.

By assumption, there i& : Y — R'*I?l that enforcesi. Let¥ = (%) , be
the average payoff when players pl@yoday and receive the continuation payoff
W. LetK > maxey A -W(y), and chooséz®(y))yey and(zj*" (Y))yev to satisfy (8)
through (10). Then, let

W)+ 2y) i (16 = (0.0
W ()= )+ () i (.6 = (].)

W (y) otherwise

for eachy € Y. Also, let

[ wege i G@) =i
' = i

\V/d otherwise



We claim that thigv,w) satisfies constraints (i) through (iii) in LP-Average.
Sincew ex-post enforcesl, constraints (i) and (ii) are satisfied for &l w”) €
(I xQ)\{(i,w),(j,a)}. Also, we obtain

(1-8)g°(ai, a® 1) + 5 (a, a1 @) .

for all & € A with equality ifg; € supmie'("”. Here, the second equality follows
from (8) and the inequality comes from the fact tkaenforcesd. This shows
that (v,w) satisfies constraints (i) and (ii) f@r, w). Likewise, using (9), we can
show that(v,w) satisfies constraints (i) and (ii) fof, w’). Furthermore, from (10)
andK > maxey A - W(y),

A w(y) = A -Vi(y) + ACZ2(y) + AP 2 (y)
=A-W(y)<K=A-v

for ally € Y, and hence constraint (iii) holds.
Thereforek"(d,A) > A -v=A -V+ K. SinceK can be arbitrarily large, we
concludek™(a,A) = oo,

S.2 Proof of Claim 13
Claim 13.

(a) Letd denote the type-independent profiég, D) for somea; € A;. Then,
k*(a,A") < )\/-g(a]_,Dz).

(b) Letd denote the type-independent profiég,C,) for somea; € A;. Then
I“(@,A") < A’ - g(a1,Co) — 52 (052 (a1, D2) — g5%(a1, o))

Part (a) follows as in FL, because the signal distribution does not depend on
the state if playeR choose®s.



For part (b), suppose thét,w) satisfy constraints (i) through (iii) of the LP
problem corresponding t@ andA’. From player2's IC constraint for statew,
we have

B(an (Wp?(H) —w5?(L)) + am (Wo? (M) — w5?(L)))
1-90
> T(gcﬁ’z(al,Dz) —g7%(a1,C2)). (11)
Then,
Vo2 —Vy' =(1—98)(g3”(a1,C2) — 95" (a1,C2))
+0(1% (ag,Cp) - Wy? — 1t (a1, C2) - Wy )
=(1-9)(9”(a1,C2) — 95" (a1,C2)) + O™ (a1, Cp) - (W5” — W)
—5(1—B)(aH (W2 (H) —w3* (L)) +am(Wp* (M) —w*(L)))
<(1—8)(g5%(a1,C2) — 05*(a1,C2)) + S(VE2 —VaL)

- B-900) g, ) o)

Arranging,
Vo2 — vyt < g5%(a1,Co) — g3 (a1,Ca) — %(9‘2@(81, D2) — g3%(a1,C2)).
So we have
NV glanCa) - P (692(au.D2) - 6571, Co))

This proves the desired result.

S.3 Proof of Claim 14
Claim 14. Suppose tha®, = {(wy), () }.

(a) Leta denote the type-contingent profile such that plalyehooses; € A1
and player2 choose€; for statew, while D, for statea,. Thenk*(d,A’) <

A'-g(d) — (93* (a1, D2) — g3t (a1,C2)).

(b) Leta denote the type-contingent profile such that playehooses; € Ay
and player2 choose®; for statew, whileC; for stateaw,. Thenk*(d,A’) <
A g(a1,Co) — T3P (052 (a1, D2) — g5%(au, C2)).



Part (a). Suppose that, w) satisfy constraints (i) through (iii) of the LP prob-
lem corresponding ta andA .From playe2's IC constraint for states,, we have

O (W5 (H) — w3 (L)) + am (W5" (M) —w5™ (L))
1-0

> T(gff(al,Dz) — 03" (a1,C2)).

Then,

Vo2 — Vo' =(1-0)(9;% (a1, D2) — 95" (a1, C2))

+8(m*2(ag, Dy) - W2 — ™ (ay,Cy) - Wa™t)

=(1-9)(93” (a1, D2) — 93" (a1, C2)) + 6m% (@, D2) - (W5” — W)
—5(an (Wo*(H) —w* (L)) + am (w3 (M) —w3* (L))

<(1-90)(g3*(a1,D2) — g3*(a1,Ca)) + (V52 — V5 ")
—(1-9)(g5" (a1, D2) — g3*(a1,C2)).

Then the result follows as in the proof of Claim 13(b).
Part (b). Suppose thé&, w) satisfy constraints (i) through (iii) of the LP prob-

lem corresponding t@ andA. From player2's IC constraint for statey, we
obtain (11). Then we have

Vo2 — Vo' =(1-8)(95*(a1,C2) — 93" (a1, D2))
+ 8(m*2(ay,Cp) - Wy? — T (ag, Dp) - wa)
<(1-9)(9;°(a1,C2) — 95" (a1,C2))
+0(m*2(ag,Cy) -Wg)z — % (ag,Cy) W(Z'ol)
=(1-9)(03%(a1,C2) — 93" (a1,Cp)) + 6m“* (a1, Cp) - (Wp? —W5*)
—5(1=B)(an (W2 (H) — W2 (L)) +am(Wz* (M) — w2 (L)))
<(1-0)(97"%(a1,C2) — g3 (a1,C2)) + 3(Vy? — Vp*)

_ (1_5)’#(93’2(% D2) —05%(a1,C2)).

Here, the first inequality follows from playe&'s IC constraint for statev, and
the second inequality follows from (11). Then the result follows as in the proof of

Claim 13(b).



S.4 Inefficiency when Player2 Knows the State

Consider the game studied in Section 6.4. £or 0, letA(¢) = ((0,—¢),(1,0)).
We will show that for some parameters, thereeisuch thatk*(A(g)) < A(¢g) -
9(Cy1,Cy), so that the efficient outcon®Cy,Cy) is not inQ.

Claim 15.

(a) Letd denote the type-independent profiéa, D,) for someay € A;. Then
foranye > 0,k*(d,A(g)) <A(g)-g(a1,D2).

(b) Letd denote the type-independent profiég,C,) for somea; € A;. Then

for anye >0, k"(d, A (¢)) < A(e)-g(as, Co) — (052 (a1, D2) — g5%(24, Ca) ).

Claim 16. Suppose that playet knows the state.

(a) Leta denote the type-contingent profile such that plalyehooses; € A1
and player2 choose<C, for statew; while D, for statew,. Then for any
£> 0,k (@,A(g)) <A(e)-g(d) — £(g5" (a1, D2) — 65" (21.C2)).

(b) Leta denote the type-contingent profile such that playehooses; € A1
and player2 choose®,, for statew, while C, for statew,. Then for any

£>0,k(d,A(g) < A(e) - olar, Co) — 1P (g5 (an, D) — 65%(21,Ca)-

The proofs of the above claims are analogous to those of Claims 13 and 14, so
that we omit them.

Claim 17. Letd be the type-independent profila;, D) for somea; € A;. If

972(C1,C2) — 97%(D1,D2)

O<e<
95*(C1,C2) — 93*(D1,D2)

thenA (¢) -g(C1,C) > k*(a).
ﬁﬁ?’?i_gﬁﬁgl’gz} we obtainA (&) - g(C1,Cp) > A(e) -
g(D1,Dy). Since the sztag; aar%e isl’azprisoner’s dilemma, we knowXhat -
g(D1,D2) > A(€)-9(Cq,D2). Plugging this into the above inequality, we have
A(€)-9(C1,Co) > A(€) -g(ag,D2) for eacha; € A;. This implies thatA (g) -
9(C1,Cy) > k*(@), as the above claim shows thiete) -g(d) > k*(a1,D2). Q.E.D.

Proof. Arranging € < g



Claim 18. Suppose that play&knows the state, and létbe the type-independent
profile (a1,C,) for somea; € A;, or the type-contingent profile such that player
choose®; € A; and player2 choose®, for statew, while C, for statew. If

B(97%(D1,C2) — 972(C1,Co))
B(95*(C1,C2) — 93*(D1,C2)) + (1— B)(93?%(D1,D2) — g3%(D1,Cz))’

thenA (g) -9(C1,Cp) > k*(a).

&>

Proof. Arranging

B(97?(D1,Cz) — 912(C1,C2))

® 7 B(gP(C1,Ca) — 02 (D1,Cy)) + (1— B)(9*(D1, D7) — g2%(D1,C))

we get

A(€)-9(C1,Cp) > A(€)-9(D1,C2) — (1_[;/3)5(9;&@17'32) —03%(D1,Cy)).

Also, sinceA (€) - g(D1,C2) > A(€) -9(C1.Cp) andgy*(D1,D2) — g3%(D1,C2) =
052(C1,D2) — g3%(C1,Cz), we have

A€)-9(CL.Ca) > A(€) - 9(Cr.Co) — TP (ge(C,. Dy) — g82(C1.Co)).

B

Then from the above claims, we get the desired result. Q.E.D.

Claim 19. Suppose that play&knows the state, and létbe the type-contingent
profile such that playel chooses; € A; and player2 choose<C, for state w;
while D, for statew. If

B(9;%(D1,C2) — 9712(C1,C2))
B(93*(C1,C2) — 95*(D1,C2)) + (1— B)(932(D1,D2) — 952(D1,C2))

and if B > 3, thenA (€) - g(Cy,Cp) > k*(@).
B

&>

Proof. If B > 3, then -

IN

1, so that

(1-P)e

A(g)-9(a1,Cr) — B

(952(a1,D2) — 932(a1,C2))

> A(€)-g(a1,Co) — €(032(a1, D2) — 052 (a1, C2)).

Vi



Recall that in the proof of the previous claim, we have shown that

(1-Pe

A(€)-9(C1,Co) > A(e)-g(a1,Co) — B

(957(a1,D2) — 932 (a1,C2))

for eacha; € A;. Thus it follows that
A(€)-9(C1,C2) > A(€) -9(a1,Ca) — £(93% (a1, D2) — 93 (a1, C2)).-
Then from the above claim, we obtain the desired result. Q.E.D.

From the last three claims, we can show tha it % and if

B(9;%(D1,C2) — 971%(C1,C2))
B(93*(C1,C2) — 95*(D1,C2)) + (1— B)(952(D1,D2) — 952(D1,Cp))
97%(C1,Ca) — 93%(D1,D2)
93*(C1,C2) — g3*(D1,D2)’

<EL

thenk*(A(g)) < A -g(C1,Cy). Such ae indeed exists, ik; is sufficiently close
to py(ur(H) —ug(L)) + pm(ur(M) —ug(L)). (Note that ife; — pu(ur(H) —
u1(L)) + pm(uz(M) — ug (L)), thengi?(D1,Cz) — 91%(C1,C2) — 0.)

Vii



