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Abstract

This paper extends Lucas and Prescott's (1974 search model to develop a notion
of rest unemployment. The economy consists of a continuum ofabor markets, each of
which produces a heterogeneous good. There is a constant tehs to scale production
technology in each labor market, but labor productivity is continually hit by idiosyn-
cratic shocks, inducing the costly reallocation of workersacross labor markets. Under
some conditions, some workers may be rest-unemployed, waig for local labor market
conditions to improve, rather than engaged in time consumirg search. The model has
distinct notions of unemployment (moving to a new labor market or waiting for labor
market conditions to improve) and inactivity (enjoying lei sure while disconnected from
the labor market). We obtain closed-form expressions for kg aggregate variables and
use them to evaluate the model. Quantitatively, we nd thati n the U.S. economy many
more people may be in rest unemployment than in search unempi/ment.
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1 Introduction

This paper distinguishes \search" and \rest" unemployment Search unemployment is a
costly reallocation activity in which workers look to imprase their employment opportunities.
Rest unemployment is a less costly activity where a worker wa for her current labor market
conditions to improve. While one might naturally think of temporary layo s as the empirical
counterpart of rest unemployment, we believe it corresposdo a more common phenomenon.
We view anyone who is not currently working but still looselyattached to an industry where
she previously worked as rest-unemployed.

We construct a model where there is a role for both search andst unemployment. We
then use the model to ask whether economies with di erent amats of search and rest unem-
ployment would behave di erently and whether the life of a wiker in search unemployment
is substantially di erent from that of one in rest unemploynment. We use the answers to
evaluate the importance of search and rest unemployment ihe¢ U.S. economy.

Our benchmark model is an extension ofucas and Prescott's(1974 directed search
model. The economy consists of a continuum of sectors, eadhwhich produces a het-
erogeneous intermediate good which aggregates into the Ineonsumption good using a
Dixit-Stiglitz technology with constant elasticity of substitution . Each intermediate good
is produced with a constant returns to scale technology uginlabor only. Labor produc-
tivity is continually hit by idiosyncratic shocks whose grevth rate has a constant expected
value and a constant variance per unit of time. Households Y& standard time additive
preferences. In any time period, households can use theimg endowment to engage in
four mutually exclusive activities, from which they derivedi erent amounts of leisure: work,
search unemployment, rest unemployment, and inactivity,.. out of the labor force.

We assume that the reallocation of workers across intermeti good sectors requires
search unemployment. Because of that we refer interchanggato intermediate good sectors
as labor markets. A worker in a given labor market can either evk, engage in rest unem-
ployment, or leave her current labor market. A rest-unempiged worker is available to return
to work in that labor market, and that labor market only, at no cost. If a worker leaves her
labor market she can either be inactive or engage in searchemmployment. We rst con-
sider the case, as imucas and Prescott(1974 of directed search where a search-unemployed
worker nds a job after a random, exponentially distributedamount of time, upon which she
can locate in the market of her choosing. We also consider tbhase of random search, where
a search-unemployed worker after an exponentially distrited time contacts a market in
proportion to the existing jobs in that market. Finally, workers can costlessly move between
search unemployment and inactivity.



We study stationary competitive equilibria with complete narkets. Equivalently, we
assume that the household is composed of a large number of rbens. This implies that a
household values the contribution of the earnings of their embers in terms of their expected
discounted values. Firms producing a given intermediate gd take as given the aggregate
output of the nal good and the price of all intermediate good. Labor demand in each
market has elasticity , due to the e ect of sectoral output on its relative price. Idosyncratic
productivity shocks shift the demand for labor. Wages are germined competitively in each
labor market and so depend on the number of workers in the labaarket and on labor
productivity.

To characterize the equilibrium, let! denote the log of the wage that would prevail in
a particular labor market if all workers in the market were erployed, i.e. if there were no
rest unemployment; we measure wages in utility-equivaleninits. Let's consider rst the
case of directed search. In this case, the behavior of worken di erent labor markets is
characterized by three threshold values "< ! . Workers who have successfully concluded
their search process arrive in the best labor markets, whidkeeps! below! in all labor
markets. Workers in depressed labor markets leave to becomsearch unemployed, which
keeps! above! . In markets with ! > I there is full employment and the log wage is. For
I < PN, wages stay at! “and the rest unemployment rate in the market increases. Woeks
engaged in rest unemployment stay in depressed labor markewaiting for conditions to
improve. If conditions get bad enough! = !, they leave the market. Depending on
parameter values, there may be no rest unemploymerit, £ ! .

We solve our model in continuous time, with log productivityfollowing a Brownian mo-
tion with drift. In the directed search case, workers' decisn on when to enter and exit labor
markets implies that! is a regulated Brownian motion, with barriers given by the etoge-
nously determined thresholdd and! . In the case of random searcH, has no upper bound,
but instead has an endogenously determined drift, due to theownward e ect on wages of
the arrival of the random searchers and thus ! follows a one Brownian motion with an
endogenously determied drift due tes and regulated from below at! . The barriers! and
I, or the the barrier! and the fraction of searchers imply an invariant distribution of !
across workers. Aggregating across workers, we then deterenthe value of nal output and
the employment and unemployment rates.

We obtain simple characterizations of key endogenous vasias summarizing the e ect
of optimization on equilibrium outcomes. For the directed sarch case they are of equations
for the two thresholds! and! , and for the random case two equations oh and s. In both
cases we also obtain simple close-form expressions for timemployment rate and share of
searchers in the unemployment pool, as function &f and! in the directed search case, or



! and s in the random search case. The closed-form solution fadlies comparative statics
and a quantitative evaluation of the model. We nd a tight relationship between the search
unemployment rate and the autocorrelation of wages at the leor market level. Using data
for ve-digit North American Industry Classi cation System (NAICS) industries, we show
that annual average weekly earnings at the industry level aressentially a random walk. In
the directed search model, this implies that labor marketsarely hit the barriers! and !
that regulate wages. But since a labor market must move fronihé upper barrier to the lower
barrier in order for a newly hired worker to enter search unepfoyment, it follows that the
model cannot simultaneously generate strongly autocoregéd wages and signi cant amounts
of search unemployment. In the random search model, a largamber of searchers, implies
a strong negative drift, which combined with the re ection @ ! due to exit induce too
much mean reversion. Our calibrations suggest that, based the persistence and variability
of wages, the search unemployment rate|the ratio of search memployment to the labor
forcel|is less than 0:5% in the absence of rest unemployment.

Rest provides a complementary source of unemployment. A aide number of agents
in rest unemployment is consistent with the documented pattrs of switching and staying
across industries after intervening unemployment spellssaMurphy and Topel (1987 and
Loungani and Rogersor(1989. We also nd that the model is able to generate signi cant
levels of rest unemployment with plausible parameters, wki still being consistent with the
autocorrelation and standard deviation of wages. We also dhthat rest unemployment can
explain why measures of job creation and job destruction ageconcave function of the time
horizon. For labor markets with rest unemployment, creatio and destruction are frequently
reversed, inducing the observed concavity. With only sedraunemployment, creation and
destruction would be nearly linear functions of elapsed tiem One tension with our conclusion
that the search unemployment rate is small is that it requirs a relatively large cost of search.
We conjecture that the introduction of labor market-specic human capital accumulation will
substantially reduce the necessary search cost, a topic thae leave for future research.

While our directed search model is closely related taucas and Prescott(19749, there are
three signi cant di erences between the models. First, wentroduce rest unemployment to
the framework. Second, we make particular assumptions onetlstochastic process for produc-
tivity which enable us to obtain closed-form solutions; hoewer, we believe our insights, e.g.
on the link between search unemployment and the autocorréiian of wages and on the role
of rest unemployment, carry over to alternative productivy processes. Third, inLucas and
Prescott (1974, all labor markets produce a homogeneous good but there alininishing re-
turns to scale in each labor market. In our model, each laborarket produce a heterogeneous
good and has constant returns to scale. We believe this appih is more attractive because



the extent of diminishing returns is determined by the elastity of substitution between
goods, which is potentially more easily measurable than thaegree of decreasing returns on
variable inputs (Atkeson, Khan, and Ohanian 1999. An online Appendix B.2 tightens the
connections between these models by solving a market so@klnner's problem and proving
that the equilibrium is e cient. Finally, our characteriza tion of the random search model is
new!

Our concept of rest unemployment is closely related to the erused inJovanovic (1987,
from whom we borrow the term? While in both his model and ours search and rest unem-
ployment coexist, the aims of both papers and hence the setap the models are di erent.
Jovanovic (1987 focuses on the cyclical behavior of unemployment and proctivity, and so
allows for both idiosyncratic and aggregate productivity lsocks. But to be able to analyze
the model with aggregate shocksJovanovic (1987 assumes that at the end of each period,
there is exactly one worker in each locatiof.Hamilton (1989, King (1990 and Gouge and
King (1997 have also developed models of rest unemployment in theicas and Prescott
(1974 framework. King (1990 focuses on comparative statics of rest and search unemploy
ment. Hamilton (1988 and Gouge and King (1997 reexamine the business cycle issues in
Jovanovic (1987, such as the nding that rest unemployment is likely to be cantercyclical,
consistent with empirical evidence but not with many model®f reallocation. These papers
assume that the idiosyncratic productivity shock follows @wo-state Markov process. This
coarse parameterization has the advantage of making the dysis of rest unemployment and
cyclical uctuations tractable. Nevertheless, the cost ishat it it is harder to map the model
to richer cross sectional data. For instance, iKing (1990 the level of rest unemployment is
not determined, agents are indi erent between many alloc&ins that di er on the unemploy-
ment rate. Comparison to the data, such as on the persistenoé wages are hard to analyze
with a two point distribution of wages. Also, the coarse panaeterization does not allow to
distinguish between directed and random search: with two pe of markets -including one
where agents are indi erent with inactivity- random vs direct search to the best market are
essentially the same. Instead, we nd that when log produatity follows a Brownian motion,

1The closest random search model is the one iAlvarez and Veracierto (1999. Relative to that paper, we
use a di erent assumption on the randomness of search, e.gallanced matching as inBurdett and Vishwanath
(1988, and also we obtained a tighter characterization of the eqilibrium

2An alternative is \wait unemployment," but the literature t hat uses this term emphasizes the behavior of
workers waiting for a high wage primary labor market rather than accept a readily available job in a low wage
secondary labor market. We study study a related concept in ar work on unionization in Alvarez and Shimer
(2009. Our concept of rest unemployment corresponds closely to e notion of structural unemployment;
see, for exampleAbel and Bernanke (2001 p. 95).

3 This assumption implies that search unemployment is socidy wasteful. Our model illustrates how
search unemployment may play an important role in reallocatng workers away from severely depressed labor
markets, while rest unemployment may be an e cient use of woikers' time in marginal labor markets.



the model is still tractable and the mapping from model to crss sectional data is much more
direct. Of course, solving our version of the model with agggate shocks is a much more
daunting task. In this sense, we view the two approaches asngolementary.

In Section 2 we describe the economic environment. We analyze a speaake where
workers can immediately move to the best labor market isection 3 Without any search
cost, there no rest unemployment, since either working in ghbest labor market or dropping
out of the labor force dominates this activity. Instead, idbsyncratic productivity shocks lead
to a continual reallocation of workers across labor markets

Section 4characterizes the stationary equilibrium of the economy,rst concentrating in
the case with undirected search. Although the microeconomistructure of our model is
rich, we can characterize the equilibrium as the solution ta system of two equations in
two endogenous variables and various model parameters. Tégstem is simple in the sense
that we can express the equations in closed form. We prove thihe equilibrium is unique
and show that it is easy to compute and perform comparative atics. In particular, we nd
that there is rest unemployment only if the cost in terms of fregone leisure is low. We
also provide closed form expressions for the employmentasgh unemployment, and rest
unemployment rates. While the unemployment rates depend amparison of the relative
advantage of di erent leisure activities|search, rest, and inactivity|the employment rate
depends on a comparison of market versus nonmarket activitpt the end of this section we
give a paralell description of the equilibrium for the randm search model. Since some of the
arguments are similar to the ones for undirected search, wivg a more compact presentation
and discussion of the equilibrium properties.

Section 6uses our model to examine understand the extent of search arest unemploy-
ment in the U.S. economy.

Section 7concludes.

2 Model

We consider a continuous time, in nite-horizon model. We fous for simplicity on an aggre-
gate steady state and assume markets are complete.

2.1 Intermediate Goods

There is a continuum of intermediate goods indexed by 2 [0;1]. Each good is produced
in a separate labor market with a constant returns to scale thnology that uses only labor.
In a typical labor market | at time t, there is a measuré(j;t) workers. Of these,g(j;t) are



employed, each producingdx (j;t) units of goodj, while the remainingl(j;t) e(j;t) are
rest-unemployed. The price of good, p(j;t), and the wage in labor marketj, w(j;t), are
determined competitively at each instantt. We use the nal good as the numeraire.

A is the aggregate component in productivity whilex(j; t) is an idiosyncratic shock that
follows a geometric random walk,

dlogx(jit) = xdt+ dz(j;t); 1)

where , measures the drift of log productivity, x > 0 measures the standard deviation, and
z(j; t) is a standard Wiener process, independent across labor rkets.

To keep a well-behaved distribution of labor productivity,we assume that labor market
j shuts down according to a Poisson process with arrival rate independent across labor
markets and independent of labor markej's productivity. When this shock hits, all the
workers are forced out of the market. A new labor market, alstamedj, enters with positive
initial productivity x F (x), keeping the total measure of labor markets constant. We
assume a law of large numbers, so the share of labor marketp@xencing any particular
sequence of shocks is deterministic.

2.2 Final Goods

A competitive nal goods producing sector combines the intenediate goods using the con-
stant returns to scale technology

zZ, _

Y= yGyTd 2)
0
wherey(j; t) is the input of goodj attime t and > O is the elasticity of substitution across
goods. We assume 6 1 throughout the paper and comment inSection 3on the role of
this assumption. The nal goods sector takes the price of thetermediate goodd p(j;t)g as
given and chooseg(j;t) to maximize pro ts. It follows that

Y() .

o0 3)

y(;t) =

2.3 Households

There is a representative household consisting of a measdref members. The large house-
hold structure allows for full risk sharing within each houshold, a standard device for study-
ing complete markets allocations.



At each moment in timet, each member of the representative household engages in one
of the following mutually exclusive activities:

L (t) household members are located in one of the intermediateagts (or equivalently
labor) markets.

{ E(t) of these workers are employed at the prevailing wage and detsure 0.

{ U (t)= L(t) E(t) of these workers are rest-unemployed and get leisune

Us(t) household members are search-unemployed, looking for avniebor market and
getting leisure h.

The remaining 1 E(t) U (t) Us(t) household members are inactive, getting leisure

h.

We assumedy > bs. Household members may costlessly switch between employtnand rest
unemployment and between inactivity and searching; howendhey cannot switch intermedi-
ate goods markets without going through a spell of search unployment. Workers exit their
intermediate goods market for inactivity or search in threeircumstances: rst, they may do
so endogenously at any time at not cost; second, they must ddv@n their market shuts down,
which happens at rate ; and third, they must do so when they are hit by an idiosyncrat
shock, according to a Poisson process with arrival ratg independent across individuals
and independent of their labor market's productivity. We irtroduce the idiosyncratic \quit"
shockq to account for separations that are unrelated to the state ahe industry. Finally, a
worker in search unemployment nds a job according to a Poisa process with arrival rate
. When this happens, she may enter the intermediate goods rkat of her choice.
We can represent the household's preferences via the utilitunction
Z,

o © CuC)+ b 1 E®M) U(D) Us(t) + BU () + bUs(t) dt; (4)
where > 0 is the discount rate,u is increasing, di erentiable, strictly concave, and satiges
the Inada conditionsuq0) = 1 and limgi; uYC) = 0, and C(t) is the household's con-
sumption of the nal good. The household nances its consuntfn using its labor income.

2.4 Equilibrium

We look for a competitive equilibrium of this economy. At edt instant, each household
chooses how much to consume and how to allocate its memberdween employment in
each labor market, rest unemployment in each labor marketearch unemployment, and
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inactivity, in order to maximize utility subject to technol ogical constraints on reallocating
members across labor markets, taking as given the stochastirocess for wages in each labor
market; each nal goods producer maximizes pro ts by choasg inputs taking as given the
price for all the intermediate goods; and each intermediatgoods producerj maximizes
pro ts by choosing how many workers to hire taking as given th wage in its labor market
and the price of its good. Moreover, the demand for labor fromtermediate goods producers
is equal to the supply from households in each intermediateogds market; the demand for
intermediate goods from the nal goods producers is equal the supply from intermediate
goods producers; and the demand for nal goods from the houmds is equal to the supply
from the nal goods producers.

Standard arguments imply that for given initial conditions there is at most one compet-
itive equilibrium of this economy? We look for a stationary equilibrium where all aggregate
quantities and the joint distribution of wages, productiviy, output, employment, and rest
unemployment across labor markets are constant. With ideittal households and complete
markets, consumption is equal to current labor income and hee we ignore nancial markets
in the remainder of this paper.

3 Costless Mobility

To understand the mechanics of the model, we start with a vaon where nonworkers can
instantaneously become workers; formally, this is equivat to the limit of the model when
I'1 . In this limit, the household does not need to devote any woeks to search unem-
ployment. Moreover, forlh > b, there is no rest unemployment, since with costless mobiljty
resting is dominated by inactivity. Thus the household divies its time between employment
and inactivity. Finally, with costless mobility all workers must earn a common, constant

wagew.
The household therefore solves
z 1
max e Cu(wE@)+ (1 E(t) dt;

The rst order conditions imply that at each datet, E 1 andh wuY{Ew) with comple-
mentary slackness; note that the Inada conditiom¥0) = 1 rules out the possibility of zero
employment.

To close the model, we compute the equilibrium wage. Considan intermediate goods

4The rst welfare theorem implies that any equilibrium is Par eto optimal. Since there is only one type
of household, if there were multiple equilibria, householdutility would be equal in each. But a convex
combination of the equilibrium allocations would be feasille and Pareto superior, a contradiction.
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market with productivity x and | workers. Output is Q(l;x) = IAx and soequation (3)
implies the price of the good i (I; x) = % Y . Then since workers are paid their marginal
revenue product, the wage is

Y(Ax) 1!

W(l;x) = |

(5)
Since wages are equalized across markeW,(l;x) = w, this pins down the relationship
between productivity and employment across labor marketsWhen > 1, more productive
labor markets employ more workers, while if goods are poortsiitutes, < 1, an increase
in labor productivity lowers employment so as to keep outputelatively constant. In the
special case of = 1, employment is constant and equal toY =win all labor markets. This is
a simple but uninteresting case and so we omit its analysisofn the rest of the paper.

Using equation (5), substitute Q(l;x) = IAx = Y(WL) into equation (2) and simplify to
show that the wage is a weighted average of productivity acse markets,

Z, 1

1
w=A x@(:t) d ; (6)
0
With an invariant distribution for x, we can rewriteequation (6) by integrating across that
distribution. Appendix A.1 nds an expression for the invariant distribution, which requires
> 0. Using this, we prove in the appendix that the wage solves

0 1 .
w= AX,@ —A (7)
( 1 x+( D3
if ,
> (1) <+ 1)3x (8)
and z, n
Xo = Xo tdF(xo) 2 (0;1) 9)

0
Condition (7) imposes that the exit rate of markets must be su ciently large, the drift and
variance of productivity su ciently small, or that the elasticity of substitution su ciently
close to 1. If this parameter restriction were to fail with > 1, the wagew would be
in nite because extremely productive rms would produce anenormous amount of easily-
substitutable goods; with < 1, the wage would be zero because very unproductive rms
would require a huge amount of labor to produce any of the pdgrsubstitutable goods.



Condition (9) restricts the distribution of productivity in new markets for the same reasons.

For future reference, we note two important properties of th frictionless wage, both of
which carry over to the frictional economy. First, if , + ( 1) 222 = 0, w = AXy,
independent of . We introduced the assumption that > 0 mainly for technical convenience,
so imposing the restriction 4 + ( 1) 2=2 =0 allows to focus on the limit as converges
to zero; we do so inSection 6 The condition is equivalent to imposing thatx ! is a
martingale which, byequation(5), implies employmentl is a martingale. If employment were
a supermartingale, output would converge to zero for smal] while if it were a submartingale
output would converge to in nity. Second, because of congta returns to scale, the wage
depends on technology but not on preference parameters. $hmplies that an increase in
the leisure value of inactivityh raises the marginal utility of consumptionu{C) by the same
proportion, while employmentE decreases in proportion tcC.

4  Characterization of Equilibrium

We now return to the model where it takes time to nd a new labomarket, < 1 . We look
for a steady state equilibrium where the household maintagnconstant consumption, obtains
a constant income stream, and keeps a positive and constaradtion of its workers in each
of the activities, employment, rest unemployment, searchnemployment, and inactivity. In
equilibrium, in each labor market, which is characterizedybproductivity x and the number
of workers|, the ratio x !=l follows a Markov process. Workers enter labor markets when
the ratio exceeds a threshold and exit labor markets when itlls below a strictly smaller
threshold.

4.1 The Marginal Value of Household Members

We start by computing the marginal value of an additional hoaehold member engaged in
each of the three activities. These are related by the possity of reallocating household
members.

Consider rst a household member who is permanently inactes It is immediate from
equation (4) that he contributes

il

V= (10)

to household utility. Since the household may freely shift @rkers between inactivity and
search unemployment, this must also be the incremental vawf a searcher, assuming some
members are engaged in each activity. A searcher gets ow litif by and the possibility of
nding a labor market at rate , giving capital v v, wherev is the value to the household
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of having a worker in the best labor market. This impliesv= b+ (v v)or

h b
b

v=1h 1 + , Where (11)

is a measure of search costs, the percentage loss in curretility from searching rather

than inactivity times the expected duration of search unempyment 1= . Conversely, a
worker may freely exit her labor market, and so the lower bowhon the value of a household
member in a labor market, either employed or search unempky, isv. If the household
values a worker at some intermediate amount, it will be willig to keep her in her labor
market rather than having her search for a new one.

Finally, consider the margin between employment and restinfor a worker in a labor
market paying a wagew. An employed worker generates income valued af{C)w, while a
resting worker generate$ utils. Since switching between employment and resting is sitess,
all workers are employed in any labor market withw > b, =u{C), and all workers are resting
in any market with w < b, =uYC). In the intermediate case, some may be employed and some
resting.

4.2 Wage and Labor Force Dynamics

Consider a labor market withl workers and productivity x. Let P(l;x) denote the price of
its good, Q(I; x) denote the amount of the good produced) (I; x) denote the wage rate, and
E (I; x) denote the number of workers who are employed. Competitia@nsures that the wage
is equal to the marginal product of laborW (I; x) = P(l; x)Ax, while the production function
implies Q(l; x) = E(I; x)Ax. Combining these conditions with the intermediate good deamd
curve from equation (3) and the rest-work decision gives

. — 1 v A
W(l;x) = o) maxfly ;e g and (12)
Q(I;x) = IAx minf1;€ =hg (13)

where

| logY +( 1)log(Ax) logl

+log uyC) (14)

is the logarithm of the \full-employment wage" measured in tils, the wage that would prevalil
if there were full employment in the labor marke When € > b,, the wage exceeds the

SNote that € is analogous toR(Ax;|) in Lucas and Prescott's(1974 notation. Their production tech-
nology implies that Y does not a ect R, while risk-neutrality ensures that uYC) is constant. Lucas and
Prescott (1974 also assume thatRy > O|see their equation (1)|which in our set-up is equivalentt o > 1.
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value of leisure and so there is no rest unemployment. Othes®&, enough workers rest to the
raise the wage tdg =u{C).

Since the wage only depends dn, we look for an equilibrium in which workers immedi-
ately enter any labor market with! > ! and exit any labor market with! < ! |, where the
thresholds! ! are determined endogenously. There is neither entry nor eogenous exits
from labor markets with ! 2 (I; !), although a fraction of the workersqdt quit during an
interval of time dt. We allow for the possibility that ! = 1 so workers never exit labor
markets. When a positive shock hits a labor markgt with ! (j;t) = !, ! stays constant and
the labor forcel increases. Conversely, negative shocks reducewith | falling as workers
exogenously quit the market. At! <! (j;t) <!, both positive and negative shocks a ect ,
while | falls deterministically at rate g. When! (j;t) = ! , a negative shock reduceswithout
a ecting ! , while a positive shock raise$ , with | falling due to quits.

If there is an equilibrium with this property, its de nition in equation (14) implies! (j;t)
is a regulated Brownian motion in each markef. When! (j;t) 2 (% ! ), only productivity
shocks and the deterministic entry of workers chande, so

di (j;t) = —1dlogx(j;t)+ Qat= dt + y dz(j;t); (15)

where

1 S —1x; and K
i.e., in this range! (j;t) has drift and instantaneous standard deviation . When the
thresholds! and! are nite, they act as re ecting barriers, since productivty shocks that
would move! outside the boundaries are o set by the entry and exit of workrs. If we
allowed =1, productivity shocks would be o set by price changes in a ay that leaves the
wage unchanged and so = gand =0, an uninteresting case that would require a separate
analysis.

Notice that the state of an industry in our model is the one diransional object! , while
in Lucas and Prescotf(1974 the state is two dimensional.Lucas and Prescot{(1974 include
productivity x and employment| as separate state variables because they consider a general
class of processes for, in particular allowing for mean reversion. While! still determines
current wages in their setup, it is not a Markov process. Theombination of the inaction
region forl, when! 2 (I; !), with the assumption that logx is a Brownian motion with drift,
permits us to reduce the state variable to a single dimensiohis simpli cation is common
in the literature on irreversible investment @entolila and Bertola, 199Q Abel and Eberly,
1996 Caballero and Engel 1999 and enables us to provide a more complete analytical
characterization of the equilibrium than couldLucas and Prescott(1974.
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4.3 Labor Force Participant Value Function

We return now to the value of a worker in a labor market with praluctivity x and with
| workers. Since the wage only depends dn a regulated Brownian motion, we look for
an equilibrium where the worker's value depends only on. Given arbitrary values for the

barriers! !, we can de ne the incremental value to the household of hawgna worker in
a market with current productivity ! o as
Z 1
v(lgh 1)=E e (" maxfh;é Wg+(q+ v dt 1(0)=1!o ; (16)

0

where expectations are taken with respect to future valued the random variable! (t). The
discount rate + g+ accounts for impatience, for the possibility that the worke exits
the market exogenously, and for the possibility that the labr market ends exogenously.
The time-t payo is the prevailing wage; this holds whether the workers employed or rest-
unemployed because when there is rest unemployment, the war is indi erent between the
two states. In addition, if the worker exogenously leaves ¢ghmarket, which happens with
hazard rateq+ , the household gets a terminal value.

The utility of a worker in any market must be betweenv and v. If she is in the best
possible market, her utility must bev so searchers are willing to take a job there. If she is in
the worst possible market, her utility must bev so she is indi erent about exiting her labor
market; such a market exists only if the lower threshold is fte.

v(!;5 1) 2 [v;v] for all !
v(l;L )=v @an

v(L;E ) =vifl> 1

To characterize the thresholds further, de ne
Z 1
(';'eL!) E e LTI, (L(t)dt 1 (0)="'0o ;
0
wherel, (! (t)) is an indicator function, equal to 1 if! (t) <! and equal to zero otherwise.
This discounted occupancy functiorevaluates to zero at! ! and to +é+ at ! .
We use | (!;!q;!; ) for the density of ! or the discounted local time function where the
subscript denotes the partial derivative with respect to te rst argument. Then switching

the order of integration in equation (16), which is permissible since forl I I<1
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and + q+ > 0,the function maxh;e g+ (qg+ )vis integrable, we get

Z,
V(loli 1)=  (maxfh;e g+(a+ )v) ((1ilok t)de (18)

The value of being in a market with current log full-employmet wage ! ¢ is equal to the
expected value of future! weighted by the appropriate discounted local time function
Equation (18) is convenient because , (! ;! o;!; !) is a known function (Stokey, 2009; see
equation (67) in Appendix A.2.

It is worth noting that equations(17) and (18) imply some familiar conditions:

( +g+ (oh !)=maxfh;eg+(g+ v+ v (loli!)+ ;V!o;!o(! ;i 1) (19)

andv,(!; 5 )= v, (L5 1)=0; (20)

where subscripts denote partial derivatives with respectotthe rst argument.® Together
with the \value-matching" conditions v(! ;!; ! )= vandv(! ;!; ') = vin equation(17), this
is an equivalent representation of the labor force particemt's value function.

Using monotonicity of the period payo function in equation (18) and monotonicity in
the sense of rst order stochastic dominance of, , we can now prove

Lemma 1. v is continuous and nondecreasing ihg, ! , and ! . It is strictly increasing in
each argument ifl ¢ 2 (I; !')and !> logh.

The proof is in Appendix A.2. Building on this, we characterize the thresholds:

Proposition 1. Equations (17) and (18) uniquely dene ! and! as functions of model
parameters. A proportional increase i, by, and b raisese- and € by the same proportion.
Moreover,! < logh <!< 1 ,with!> 1 ifandonlyif b <b;.

The proof of the Proposition inAppendix A.3 de nes two objects, ( ! ) solvingv(! ;!; 1) v
and ( ! )solvingv(!;!; ') v. Thatis ( !)gives the value of the upper threshold such that
if workers enter and exit the market to keep ! !', a market at the upper threshold
in fact delivers valuev. Similarly, ( !) gives the value of the lower threshold such that
under the same condition, a market at the lower threshold dekrs valuev. An equilibrium
is then dened by a xed point! = (!)and! = ( !). Exploiting a single-crossing of the
functions_and , we prove that there exists a unique solution to this pair ofequations. The

5The rst condition, the Hamilton-Jacobi-Bellman equation , can be veri ed directly by di erentiating
equation (18) using the de nition of | in equation (67). The interested reader can consult the online
Appendix B.1 for the details of the algebra. The second pair of conditions\smooth-pasting," follow from

equation (18) becauseequation (67) implies % =0when!g=!orlg=1.
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single-crossing property relies on two key features of theoatel: the period return function

is monotonic; and an increase in the upper (lower) bound a &£ the discounted occupancy
function more when! 4 is closer to the upper (lower) bound. Although our proof redis on the
exact functional form of the discounted occupancy functigrthe properties are likely to hold

more generally when is persistent. One can also construct an alternative prooélying on

solving the \island planner's problem" developed in the omhe Appendix B.2.

The Proposition establishes thatl is nite when b < b;. Intuitively, if a market is hit
by su ciently adverse shocks, workers will leave since restnemployment is costly and has
low expected payo s. In contrast, whenb b, rest unemployment is costless and hence
workers only leave labor markets when they shut down. Moreew if b b, there is no
rest unemployment in the best labor markets! > logh. The next proposition addresses
whether there is rest unemployment in the worst labor markst! ? logh.

Proposition 2.  There exists aly such that in an equilibrium, b R € ifand only if b R by,
with b = B(; +q+ ;; )b for some functionB, positive-valued and decreasing in with
B@O; +qg+ ;; )=1

The proof is in Appendix A.4. This Proposition implies that there is rest unemployment
if search costs are su ciently high given any b > 0, or equivalently if the leisure value of
resting ly is su ciently close to the leisure of inactivity b given any > 0. If a searcher nds
a job su ciently fast (so is small) or resting gives too little leisure (sdy is small), there is
no reason to wait for labor market conditions to improve, ango B is monotone in .

4.4 Equilibrium

We have solved for the values and ! that describe workers' incentive to enter and exit
labor markets as functions of model parameters. Taking theghresholds as given, we now
nd the remaining variables and equations that determine arequilibrium and establish that
they have a unique solution by solving them explicitly. Thissection is about mechanics and
aggregation given our characterization of optimizing beléor.

The rst equilibrium condition is that the nal goods market clears,Y = C.

Next, a key object for us is the stationary distribution of tre L workers across log full-
employment waged ; we denote its density byf de ned on [!; ! ]. Sincef is a density,

Z !
f()d =1: (22)

By taking the limit of a discrete time, discrete state-spacanalog of our model, we prove in
Appendix A.5 that this density has to satisfy three conditions,equations (22){( 24) below.

15



First, in the interior of its support, it must solve a Kolmogaov forward equation,

(q+ ()= Q)+ ;fot!)foran! 2 (L 1): (22)

This captures the requirement that in ows and out ows balarce at each point in the support
of the density. Workers exit markets either because of quits shutdowns at rateq+ , while
otherwise! is a Brownian motion with drift —and standard deviation . Workers whose!
changes leave this point in the density for higher or lower lges of! , while the density picks
up mass from points above and below when they are hit by approgte shocks. In a short
period of time, this relates the density of at nearby points, i.e. it relates the level of and
its derivatives.
Second, at the lower bound ,

2 2
?f ) + > f(l)=0: (23)
The elasticity of substitution appears in this equation because it determines how many
workers must exit from depressed markets required to regtéa! above! . The exogenous
separation rateq+ does not appear in this equation because the ratio of endogess to
exogenous exits is in nite in a short time interval for a markt at the lower bound. Since by
de nition there are no markets with smaller! , f (1) is not fed from below, which explains
the di erence betweenequations(22) and (23). Finally, at the upper bound ! ,

) e f)= 5 (24)
2 2 ' L’
where L, is the (endogenous) average number of workers in a new laboanket. The logic
for the left hand side of this equation parallels the logic end equation (23). There is an
extra inow at ! coming from newly-formed markets, which absorbL ¢ workers per unit
of time; dividing by L expresses this in ow as a percentage of the workers locatedlabor
markets.

In a new labor market with productivity X, equation (14) implies that the number of
workers isY u{Y) (Axy) e ' to ensure a log full-employment wage . Integrating this
across markets gives

Z

Lo= 1 YWY) (Axo) ‘e 'dF(xo) = YWY) (AXo) ‘e *; (25)
0

where the second equation uses the de nition o€y in equation (9).
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Our last condition relates intermediate and nal goods outpt. It is convenient to rst
de ne the productivity of a location x consistent with | workers present in the location, a
log full-employment wage! , and aggregate output and consumptiory. From equation (14),
this solves

x= (E5Y) % YlljeO(IY) E

Then from equation (13), output in a market with | workers and log full-employment wage

(26)

I is

1 el o I
. . I- : _1 . : .
QU (bLy )=Y ) minf1l;e =hg: (27)
Using this notation, we can writeequation (2) as

Z, J—
 Q 1Git); AG);Gt)Y) d (28)

<
I

Z

—1|(J;t)dj s

1
QL (L' (it)Y) 3
0

Note that these equations have to hold for alf in steady state, so the choice dfis arbitrary.
The second equation follows becausg( ; (;!;Y ))—1 is linear (equation 27. To solve this,
we change the variable of integration from the name of the migt | to its log full-employment
wage! and number of workerd. Let f{!;| ) be the ergodic density of the joint distribution
of workers in markets (;1 ). The joint distribution of (!;1) for an individual worker is a
strongly convergent Markov process whenever markets shubwn at a positive rate, > 0,
which ensures thatf~is unique. Without characterizing the distribution expliatly, we have
Z ! Z 1
Y = Q(L; (LY ))—”Emn )did!:

! 0

R
Sincef (1) = 01 1—f‘(!;| ) dl, we can solve the inner integral to obtain

Z -

Y= oL (Luy) foyd (29)

This depends on the known density rather than the more complicated densityf™
To summarize, given the thresholdd and !, an equilibrium is a list fY;Lo;L;f ()g
solving equations(21){( 25 and (29). We have the following result:

Proposition 3. There exists a unique equilibrium. The steady state densitgf workers
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across labor markets is P,

f(1)=p= — (30)
|2=1J it JEI( i_) 1
output solves
2 (AXo) e (' 1)
(+ )(+ 2 et D e D
X2 ei® ) o (1 el Mo it M
i+ + i D) - (31
i:ll i o 1T (31)
and the number of workers in labor markets is
P (! 1
L= —p YR e i : (32)
en"'iZle + o e ’_>+ei 24 eitt e mlfiiu n
where!® maxf!; loghgand ; < 0< , solve the characteristic equatiomg+ = +

22
R

Proof. We solve the system of equations de ning an equilibrium recsively. The second
order di erential equation (22) and the boundary conditionsequations(21) and (23) yields
equation (30) using standard calculations.

Using the expression fof we solveequations(24), (25), and (29) for Lo, L, and Y. First
eliminate Lo betweenequations(24) and (25) and evaluatef (! ) using equation (30) to get

Zrut) (W) e ¥ o, et 1 (33)
2( + 1)( + 2) e2 1) et 1) J ) —

i=1

Substitute equation (27) into equation (29) to get
Z,

L - |
Y = L) e minfl;e¢ =hg f (! )d!
|
Le! P i2=1j + ije ¢ rn el !—)+e. S +eil et ”)l+e-i(’ ")
= = : : ; 34
uqyY) " i2=1j + ljw (34)

where we solve the integral using the expression fér in equation (30). Eliminating L
between these equations and solving faf{Y) gives equation (31). Since the left hand side
of this equation is monotone, there exists a uniqu¥ solving this equation. Finally, solve
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equation (34) for L to complete the proof.

4.5 Measurement of Unemployment

Once we have found an equilibrium, we can measure the rest asghrch unemployment rates.
Recall that U, is the fraction of household members who are rest-unempldydf logh !,
this is zero. Otherwise, in a market witht 2 [I; ], the rest unemployment rateis 1 e ¢ "),
Integrating across such markets usingquation (30) gives

Z, e2t L) 1 a1t 1) 4

%: 1 e Mfu)d = p—2 L (35)

2 H et D) g
L ot

The remaining household members who are in labor markets amployed,E = L U,.

Now we turn to the search unemployed. LeNs be the number of workers among. that
leave their labor market per unit of time, either because calitions are su ciently bad or
because their labor market has exogenously shut dowmppendix A.6 takes limits of the
discrete time, discrete state space model to show that thiate is given by

No= (L +(a+ )L (36)

The rst term gives the fraction of workers who leave their laor market to keep! above

I'. The second term is the fraction of workers who exogenouslgale their market. In

steady state, the fraction of workers who leave labor marketmust balance the fraction of
workers who arrive in labor markets. The latter is given by tk fraction of workers engaged
in search unemploymentUs, times the rate at which they arrive to the labor market , so

U s = Ns. Solveequation (36) using equation (30) to obtain an expression for the ratio of
search unemployment to workers in labor markets:
1 § o 2 1

= P

. Lo 1)
ei =) 1
i:lj + i)

= v+ @37)
To have an interior equilibrium we require thatUs + U, + E 1 so that the labor force is
smaller than the total population.’

We deliberately leave the expressions for unemployment a$uamction of the thresholds! ,
h,and! in order disentangle optimization|the choice of thresholds|from the mechanics of

’If this condition fails, all household members participate. The equilibrium is equivalent to one with a
higher leisure value of inactivity, the value ofly such that Us + U; + E = 1. In any case, Proposition 4 implies
that for by, by, and by large enough, the equilibrium hasUs + U, + E < 1.
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aggregation. This has two advantages. First, we nd it usefuo exploit this dichotomy in our
numerical evaluation of the model inSection 6 Second, the expressions for rest and search
unemployment as a function of the thresholds are identicahiother variants of the model,
including the original Lucas and Prescott(1974 model. For example, suppose the curvature
of labor demand comes from diminishing returns at the islantkvel, due to a xed factor,
rather than imperfect substitutability (see footnote 5. Then the analog of the elasticity of
substitution is the reciprocal of the elasticity of revenuevith respect to the xed factor, while
the expressions for unemployment are otherwise unchanged.

We close this section by noting some homogeneity propertiesemployment, rest unem-
ployment, search unemployment, and consumption.

Proposition 4. Letb = b,b= by, b= hQfor xed b, b, and b. The equilibrium
value of the unemployment rateus‘faru;E and the share of rest-unemployedurli—fUs do not
depend on , the level of productivity A, the distribution of productivity in new labor

markets F, or the utility function u. The equilibrium value ofuqY) is proportional to X

Proof. By inspection, the unemployment rate and share of rest-ungstoyed are functions
of the di erence in thresholds! ! and! M and the parameters , ,q, , (or ), and
(or ), either directly or indirectly through the roots ;. From Proposition 1, the thresholds
depend on the same parameters and on the discount rate This completes the rst part of
the proof.

Next, recall from Proposition 1that € and € are proportional to . Then equation (31)
implies uYY) inherits the same proportionality. On the other hand,Proposition 1 implies
AX does not a ect any of the thresholds and s@quation (31) implies u{Y) is inversely
proportional to AX .

This proposition shows that the unemployment rate and comsition of unemployment
is determined by the relative advantage of di erent leisureactivities, while output, and
hence consumption and employment, depends on an absolutenparison of leisure versus
market production. Indeed, the nding that uXY) is proportional to =AX 4 holds in the
frictionless benchmark, where an interior solution for theemployment rate requiresh =
uqY)w, while the wage is proportional toAX , (seeequation 7). Whether higher productivity
lowers or raises equilibrium employment depends on whethieicome or substitution e ects
dominate in labor supply. With u(Y) =log Y, an increase in productivity raises consumption
proportionately without a ecting employment or labor force participation.
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4.6 The Limiting Economy

This section discusses an important limit of the model, whetne exogenous shut-down rate of
markets is zero. We introduced the assumption that intermediate gats markets shut down
for technical reasons, to ensure an invariant distributiorof productivity and employment.
Still, with the parameter restriction,  +( 1) 2=2 =0, discussed previously irBection 3
the economy is well behaved even whenlimits to zero. It is clear from Proposition 1 that
! and! converge nicely for any value of , as long as the discount rate is positive. More
problematic is whether aggregate employment, unemploynterand output converge. We
now show that the same parameter restriction yields a welldhaved limit of the frictional
economy.

When .= ( 1) 2=2and ! 0, the roots of the characteristic equation ifProposition 3

converge to 1 = and ,=2q= 2. Substituting into equation (30), we nd
_ 2e 2(! I_) ]
t)= oo 7
If g=0 as well, this simpli es furtherto f (! )=1=" 1), i.e. f is uniform on its support,

while for positive g the density is increasing in! . We can also con rm fromequation (31)
that output is positive and nite in the limiting economy:

_ (AXy) I+ et M gt ) g € !_)+e2(! !_)e(! MNooe 2t M)
e 1) e (1 + 5 1+ 5

uqY)?

We can similarly compute limits of the key measures of emplment and unemployment.
From equation (32), the fraction of household members in labor markets is

Y WY)e net 21
L= 2 .
e2 1) o ¢ 1) L0 el M e 20 M
- ter Yt —

Finally, from equations(35) and (37), rest and search unemployment converge to

*t g 1)
u —te 0D 1 U
fr = ; 20 D 1 and fs R qz(! H (38)
(+ 2 ==—— e -
Each of these expressions simpli es further when there ar® muits, =0 and so ,! 02
But the important point is that, although productivity does not have a well-behaved limiting

distribution when converges to 0, aggregate output, employment, and rest anéasch

8The order of convergence of and q to zero does not a ect these results.
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unemployment are well-behaved in this limit.

5 Random Search

In this section we analyze an alternative technology for sedn. Instead of locating the
best labor market, we assume that agents can only locate matk randomly. As in the
directed search case, we obtain a separation between optation and aggregation, with
simple expressions for the reduced form expression for theemployment rates. This shows
that our approach is robust to the speci cation of the mobiliy technology. Additionally, we
nd this alternative speci cation interesting because wags are not regulated from above,
and hence they can, in principle, have very di erent statigtal behavior, as for example, in
terms of their persistence.

5.1 Setup

As much as possible, our setup parallels the one with diredtsearch. We leave our notation
unchanged and focus on the di erences between the two models

A worker in search unemployment engages in one of two mutualexclusive activities.
First, Us,, search randomly, nding a labor market at rate . The probability of contacting
any particular market j is proportional to the number of workers in that market at time t,
[(j;t), as in Burdett and Vishwanath (198§. The assumption that workers are not more
likely nd a high wage industry is an extreme alternative to ar directed search model. One
interpretation is that a worker searching randomly contact another worker currently in a
market at rate , and is equally likely to contact any worker, regardless ohe state of her
market.® Second,Us,, workers search for a new market, nding one at the same rate This
ensures that there are some workers who can get a new marketrwproductivity x  F(x)
o the ground. We assume that workers searching for new marsecan their search. This
means that, although new markets may di er in their initial productivity X, they all start at
a common endogenous wage.

The value of permanent inactivity is given byv as described irequation (10). In an equi-
librium with inactivity and with search, the value of either search activity must bev, de ned
in equation (11). A market is characterized by! , the log full-employment wage measured in
utils, and given by equation (14). As in the directed search model! is regulated from below
by agents' willingness to exit a market with bad prospects. élvever,! is not regulated from

9An alternative random search assumption is that a worker is gually likely contact each labor market,
regardless of its size Alvarez and Veracierto, 1999. We view our assumption here as no less plausible and
it is much more tractable in our current setup.
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above because in the absence of directed search. Insteaglditft is endogenously determined
by the entry of random searchers. The more agents who engageandom search, the greater
is the downward pressure on the log full-employment wage. Moprecisely, if there arels.
random searchers, each nding a job at rate , then random searchers enter markets at rate
Usr SL,wheresis the gross labor force growth rate of a typical market, a kesndogenous
variable in what follows.

5.2 Wage and Labor Force Dynamics

We look for an equilibrium in which workers exit any labor maket with ! < | and newly cre-
ated labor markets start at! = ! , where the thresholdd ! are determined endogenously.
There is no endogenous exit from markets with> ! | although an exogenous fraction of the
workers g dt quit during an interval of time dt. In addition, the size of each market increases
at the endogenous rates per unit of time as random searchers nd the market. When a
negative shock hits a labor markej with ! (j;t) = !, ! stays constant and the labor force
| decreases. Conversely, positive shocks ralsewith | falling as workers exogenously quit
and rising as random searchers enter the market. At(j;t) > ! , both positive and negative
shocks a ect! , while | rises deterministically at rates q.

If there is an equilibrium with this property, the de nition of ! in equation (14) implies
I (j;t) is a regulated Brownian motion in each markef. When! (j;t) > ! , only productivity
shocks and the deterministic entry and exit of workers chaed , so that! (j;t) has drift
and instantaneous standard deviation as in equation (15) where

1 1 o
=+ = and g (39)

The threshold! acts as a re ecting barrier, since productivity shocks thatwould move !
outside the boundary are o set by the entry and exit of workes.

5.3 Labor Force Participant Value Function

Let v(! o;!;s) denote the value to the household of having a worker in a maekwith current
productivity ! o when the log full-employment wage is bounded below &t and the gross
entry rate of random searchers is. This satis es an expression analogous tequation (16).
As in the directed search model, de ne the discounted occupey function (! ;!;!;s) and
write the value function as
VA 1
V(loks)=  (maxfh;eg+(qg+ )v) ((';!olis)dy (40)
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The utility of a worker in the worst possible market must bev so she is indi erent about
exiting her labor market:

v(!;5;s) vforall!
v(L;Es)=wvifl> 1 (41)

Using monotonicity of the period payo function in equation (40) and monotonicity in the
sense of rst order stochastic dominance of, , we can prove

Lemma 2. v is continuous and nondecreasing ihg and! and continuous and nonincreasing
in s. It is strictly monotone in each argument if! g > ! .

The proof is in Appendix A.7.

5.4 Equilibrium

We solve for an equilibrium recursively, rst nding a set of four equations that describe
the minimum value of the log full-employment wage , the log full-employment wage in new
markets ! , the arrival rate of random searchers into markets, and the ratio L=L, where
L is the average number of workers in a new labor market ard is the average number of
workers in all labor markets. Using these values, we then dafa@terize output Y, the number
of workers in marketsL, the number who are in rest unemployment);, the number who are
in random search unemploymentJs.,, and the number who are searching for a new market
Us.n. As before, we use the nal goods market clearing conditiory, = C, throughout.

Our rst condition is the requirement that workers exit markets with value! , equation(41).
The second and third conditions are that both random searche and workers searching for
new markets expect valuer:

Z,
v(!;Ls)f(; L sy L=L)d! = v (42)

v(!;Ls)=wv: (43)

Heref is the density of the stationary distribution of theL workers across log full-employment

wages! , dened on [I; 1 ). There are two changes in this expression compared with the
directed search case. The main one is that this distributioms not bounded above, since

search has a random component. The second, has to do with akkiat the point where shut
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down markets are replaced by new ones. Sintdas a density,
Z 1
F()d =1 (44)

where we temporarily suppress the dependencefobn! , !, s, and L=L. By taking the limit
of a discrete time, discrete state-space analog of our modele nd that this density has
to satisfy three additional conditions. First, at! > !, it must solve a Kolmogorov forward

equation, unchanged fromequation (22) except for the e ect of directed search:

@ 9= 1)+ 1) forall 1> L (45)

Second, at the lower bound , we have the same condition as in the directed search case,
equation (23). Finally, in contrast with the directed search case, thereés a kink in f at the
point where new markets are created:
2L
0 0 - .
frr) 7! T (46)
where L is the average number of workers in a new labor market. The deation of this
condition, which re ects the addition of directed searcheyr into new markets, is standard
and hence omitted. Solving these equations and emphasizitige dependence of on the
boundary ! and the arrival rate of new workerss, we obtain

8
12t 50 (2t )et D (4 et D
§ ( ) ifr 20 1]
2 1

FELEs LEL) = o 1o+ B (2+ )e2t D (4+ )ert U

% (2 zlL) ¢ ¢

: g e er if 1> 1

2 1
(47)

where ; < ;< 0 solve the characteristic equation + S= + 72 2,

To derive the nal equilibrium condition, we use the invariant distribution f~ for the
processf! (t);logl(t)g across markets. Formally, we can rst describé! (t)g as a one sided
re ected di usion and jump process on{; 1 ), and then use this process to descrildfdogl(t)g
on the real line. LetZ(t) be a standard Brownian motion,N (t) the counter associated with
a homogeneous Poisson process with intensityand B (t) an increasing singular process so
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that

1')=1" logl(0)=log L (48)
dl (t)= dt + dZ (t)+(! ! (t)dN(t)+ dB(t) (49)
dlogl(t)=(s q)dt+ (log(L) logl(t))dN(t) dB (t); (50)

where for all T > 0O: ROT lf1 (y>1gdB(t) = 0. In this de nition we start each industry at
("; L). When the industry is destroyed, at rate per unit of time, we replace it by a new one
with the same initial conditions. Given this recurrence, tis process has a unique invariant
distribution for all > 0. We denote this byf{!;l ).

The distribution f~implies a value forL=L. To see this notice thatequations(48) and (50)
imply that an increase in logL, increases all the realizations of each path dfogl(t)g by
the same amount. Alternatively, equations (48) and (50) can be rewritten for the process
log(l(t)=L), which makes no other reference tb. To denote the dependence df on L we
write (!;1 ;L). We have that L is the measure of agents in markets, so that:

Z 1 Z 1 Z 1 Z 1
L = (%1 ;L)ddl =L (551 1)ddl:

0 ! 0 !

Then we can write a condition for the ratioL=L as

Z 1 Z 1
L=L = 1= 11 Dddl (51)

0 !

Although we do not explicitly solve forfT{!;1 ; 1), equations(48){( 50) imply that it depends
onlyon!,! ands.

To summarize,equations(41), (42, (43), and (51) determine! , !, s, and L=L.

We now develop the remaining ve equations. To ensure that aemwv market, with pro-
ductivity Xq, pays a log full-employment wage , we require

L =YWY) (Axo) e ': (52)

Next, we relate intermediate and nal goods output. As inSection 4.4we de ne as the
productivity of a location x consistent with | workers present in the location, a log full
employment wage! , and aggregate outputY. This delivers equation (28). Changing the
variable of integration from the name of the market to its logfull-employment wage and
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simplifying as in the directed search model gives

Z, )
Y = QL (LY ) f(;4s; L=L)d!

l—“

Eliminate Q using equation (27):
Z 1
YWY)=1L € minfl;e€ =hg (! ;5 I;s; L=L)d!: (53)

Equations (52) and (53) determine output Y and the number of workers in labor markets. .
Finally, we determine the number of workers in each of the ungloyed states. For the
search unemployed, we have:

Us;=L=s= and Us,=L=(L=L)( = ): (54)

For the rest unemployment we simply have:
Zy
U=L= @ e "Hf@:L I's; L=L)d!; (55)
where I logh. It can be easily shown that distribution of workers acrossndustries f
already embodies the requirement that the ows in and out ofesarch unemployment are
equal.

5.5 The Limiting Economy

We focus again on the special case with, = ( 1) 2=2, so we can take the limit as
converges to zero. In this case, the rst block of equationsedcribing an equilibrium becomes
a set of two equations in two unknowns, namelgquations(41) and (42) determining ! and
s. This is because neithet nor L=L a ect the density f in this limit. Moreover, the roots
i satisfy
_ . 2(s 9.

1- ' 2 2

so that the density of workers across markets is exponential

f(l::s)= Meﬁzﬂ“ b, (56)
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Using this expression foff , rest employment can be written as:

& =1 716 20 D) 4 2 e 1(r !_): (57)
L 1 2 1 2
We now turn to the existence and uniqueness of equilibrium. mequilibrium can be

constructed by re-writing equations(41) and (42) to de ne two implicit functions of s:

5 V(L1(S); La(s);8) = V; (58)
1
V(! La(s);9)f (i La(s);s)d! = vt (59)
La(s)
An equilibrium can be described by a solutiors to
La(s) = Lo(9): (60)

To prove this, note rst that ! () are continuous and increasing. These properties follow
from Lemma?2, recalling that is a decreasing function o§. We then argue that

g+ 2 =1 <l;qg+1 2 and lim!y(s)> lim (s): (61)
sl1 sl1

If sis small,f declines only slowly in! , while v is asymptotically proportional to € . Thus
ifs q+ % 2 the integral on the left hand side ofequation (42) does not converge for
all ! ,(s), while ass! g+ % 21,1'1 . On the other hand,! ; is nite for any s. At
the other end of the range, as ! 1 , the density f puts almost all its weight at! . This
implies that the left hand side ofequations(58) and (59) would converge to the same value
if 14(1)=1,(1). Butsincev > v, we must have! ;(1 ) < !,(1 ). The existence ofl
solving equation (60) then follows from the intermediate value theorem. We sumnmie this
argument as follows.

Proposition 5.  There exists an equilibrium pair (;s ) for the random search model with
= ( 1) 2=2and ! 0. Moreover,s>q+ ?2=2.

X

For the case wherdy = 0, so there is no rest unemployment, and = 0, there are further
simpli cations of the equations G8) and (59), available in a Mathematica le. In this case,
the left hand side of both equations is proportional ta&-, hence taking the ratio gives

L a9+ (9 2(9)
v 1+ 2 a(s)+ 2(s)’

where the notation emphasizes that the roots; for f and ; given by equation (71) are

1+

(62)

<I<
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functions of , which depends ors as inequation (39). The right hand side ofequation (62)
converges tal ass goes to its lower bound, and it converges to 1 asgoes tol . Moreover,
a lengthy algebraic argument shows that this ratio is decrsang in s everywhere. Thus, since
v=v 1, there is a unique solutiors , and hence a unique equilibrium. It is immediate that
the equilibrium value ofs is decreasing in the search cost, and since! ; is increasing, the
value of! decreases too. Notice that if instead) > 0, the equilibrium value ofs, say s(q),
is just s(g) = s(0) + g. Clearly, b =0 is not required, if log(a) !, the equilibrium is the
same. To summarize

Proposition 6. If = ( 1) 2=2, ! 0, andh is low enough that there is no rest
unemployment, there exists an unique equilibrium pair!(s ) for the random search model.
As the search cost increases, the equilibrium values o§ and ! decrease. The search
unemployment rateUs., =L is increasing in the utility from searchbs.

6 Quantitative Evaluation

The goal of this section is to use our model to understand thele of search and rest unem-
ployment in the U.S. economy. We focus on the limit of the ecomy discussed above, i.e.
we assume that , = (1) 2=2 and that ! 0, and consider mostly the directed search
case. Because we have closed-form expressions for the uneynpent and labor force partic-
ipation rates, comparative statics are relatively straigtiorward. It is also straightforward to
see how various parameters a ect other variables of intefiesncluding the stochastic process
for wages, as well as measures of job creation and destruetio

There is a literature on 'switchers and stayers' that we nd mformative to quantify
whether unemployment spells are best describe as searchmmgresting. In particular we
refer to the evidence inMurphy and Topel (1987 from the March Current Population Sur-
vey and inLoungani and Rogersor1989 from the Panel Study of Income Dynamics (PSID).
The idea is to classify the unemployment spells as stayersthe worker is employed in the
same industry before and after the intervening spell, and bérwise as a switcher. The two
papers classify switchers and stayers in a similar way, balsen whether the workers switched
two-digit industry, and nd that workers who switch two-digit industries account for about
a quarter of all unemployment spells, while stayers accoufir the remaining three-quarters.
According to our model, all stayers experienced a spell obtainemployment, while switchers'
unemployment spell ended in search.

We nd interesting to complement the analysis by examining ther properties of economies
that generate di erent breakdowns of search/rest unemplayent. First, we concentrate on
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the implications of this break-down for the persistence andhriability of relative wages across
industries, mostly in the directed search case. Second, weelby consider the random search
case. Third, we analyze the implications for the structuraparameters. Finally, we discuss
the behavior of job creation and job destruction.

6.1 Auxiliary Statistical Model

To connect the model to the data, we nd it useful rst to examine the reduced-form rela-
tionships in equation (38), without worrying about the determinants of the three thresholds
I, rand! 10

To determine reasonable values for these variables, we map enodel to the data. From
1990 to 2006, the unemployment rate in the United States awaged 5.5 percent. The mean
duration of an in-progress unemployment spell was3l years, which in the model with only
search unemployment is implied by =3:2.1!

To pin down the remaining parameters, we need to take a standhdhe nature of a labor
market. A labor market has two de ning characteristics. Fist, the goods produced within
a labor market are homogeneous while the goods produced inedént labor markets are
heterogeneous, as captured by the elasticity of substitain . This suggests modeling a
labor market as an industry. Second, workers are free to movathin a labor market but
not between labor markets, presumably both because of sonpesi city of human capital
and because of geographic mobility costs. To the extent thdiuman capital is occupation,
not industry, speci c (Kambourov and Manovskij 2007, this suggests that a labor market
may be a cross between an occupation and a geographic locatitn the end, our de nition
of a labor market is governed by data availability: we measara labor market as a ve-digit
NAICS industry. Using international trade data, Broda and Weinstein(2006 report median
estimates of the elasticity of substitution between goodd ¢he ve-digit SITC level of about
2:8 (see their Table 1V). We therefore set to 3.12

Rather than take a stand on values of , g, * !, and! ! directly, we observe that

is critical for the volatility and L L for the autocorrelation of wages at the industry level.

10The thresholds are determined by the discount rate and the three leisure values,by, by, and b, in
addition to the parameters that directly enter equation (38), , , g, and

11The empirical duration numbers were constructed by the Bureau of Labor Statistics from the Current
Population Survey and may be obtained fromhttp://www.bls.gov/cps/ . Our choice of years is governed
by the availability of industry wage data.

2This elasticity is in line with the one used in much of the literature that quantitatively evaluates the
Lucas and Prescott(1974 model. Recall that the analog of in a model with diminishing returns at the
labor market level due to a xed factor is the reciprocal of the elasticity of revenue with respect to the xed
factor. If the xed factor is capital, then a capital share of % is empirically reasonable.Alvarez and Veracierto
(1999 set the elasticity of xed factor to 0 :36, Alvarez and Veracierto (200]) set it to 0:23, and Kambourov
and Manovskii (2007) set it to 0:32, in line with values of between 28 and 43.
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Let's rst consider the case with no rest unemployment. That a ects the volatility is
immediate from equation (15). When £ is large, wages are nearly a random walk and so
this year's wage level is very informative about next year,s.e. the autocorrelation of wages
is large. For small values of=, wages hit the bounds frequently within a short period of
time and so are nearly uncorrelated® When there is rest unemployment, log wages follow a
more complicated process. The presence of rest induce pdsiof time with constant wages,
reducing volatility and increasing persistence of wages.

We measure average weekly earnings in indusfryand yeart, w;., for J = 312 ve-digit in-
dustries from 1990 to 2006 from the Current Employﬁment Stadtics (http://www.bls.gov/ces/ ),
all the industries with available data. Letw; Jl le w,: denote the cross-sectional av-
erage of average weekly earnings, which we use to de ate age weekly earningswi;

(wir =w;).** We use the following auxiliary statistical model to computetwo statistics of
interest, "\, and A, as measures of persistence and variability of the industsievages. In
particular we let

logwjt+1  logw; =  (logw:  logwj) + W i+ ; (63)

wheref ;g has mean zero, standard deviation 1, and is independent assandustries. We
let (AW;"W) the estimates of (; ) obtained by running a panel pooled regression with
xed e ect as in Nickell (198)).

Clearly, log wages generated by the model do not follow an ARY(as in equation (63),
but instead a regulated BM, or even a more non-linear processthe presence of rest unem-
ployment. We regardequation (63) as an auxiliary two-parameter statistical model useful to
summarize properties of log wages in the data as well as in thedel. Our use of such aux-
iliary statistical model is on the spirit of indirect inference: we believe that all the version of
our models are misspeci ed, but that we can still learn whiclones are better representations
by comparing the statistics ( w; w). Additionally, the value of logw; in (63) is an industry
xed e ect for wages. While the baseline model abstracts onush permanent di erences
in wages across industries, we think that it is much more reasable to assume that there
are other features beyond search frictions that will induceuch permanent di erences. In
appendix Appendix C we develop a version of the model with heterogeneity in humamapital
where the process for the is the same in all industries, but where log wages across cles
of industries di er by a constant.

13Ball and Roma (1999 nd an exact formula for the autocorrelation of annual observations from a re ected
Brownian motion without drift and prove it depends only on LL

M Fluctuations in productivity A may cause uctuations in average earnings. With log utility, such uc-
tuations cause proportional changes in wages but do not a ecthe unemployment rate. De ating by w;
therefore perfectly controls for aggregate uctuations.
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To compare the model with U.S. data, we generate data from astirete time version of
the model, where a time period is one day. For each combinatiof parameters (; * I; !

I;q; ) we do the following. Each day, we add a normal innovation taoy wages and adjust
employment to keep log wages in the appropriate bounds. Weearage the level of wages
during the course of a year in the model-generated data to abh w;; .

We repeat this forT = 17 years andJ = 312 industries, generating one panel for which
we obtain estimates”,, and A,. For xed parameters, we simulate 50 panels (each df =
17:J = 312), to have an idea of the variability of the ", and A, across samples generated by
the model.

6.2 No Rest Unemployment

In this section we focus rst onUs=L and assume there is no rest unemployment, 2 ! .
One can think of the search unemployment rate as depending dour forces. ¥ is the
mean duration of a spell of search unemployment and &=L is decreasing in . g is the
exogenous quit rate and stJs=L is increasing ing. L L determines the average time it takes
a labor market to move from the hiring threshold to the ring threshold, and so is related
to the duration of employment. And  determines how many workers must exit a labor
market at the lower threshold following a one standard devieon productivity shock, and so
is also important for the duration of employment.

To summarize, we match the empirical search unemploymentteaof usUfL = 0:055 and
set =3:2,9=0,and =3. This is consistent with many di erent values of and! I,
each associated with a di erent value of, and A, for the panel ofJ industries. For each
combination of ; ! ! we plot an ellipse centered at the mean value across the 50 glated
panels for (\,; ), and where the horizontal radius (vertical) is the standatt deviation of
“v (") across the 50 simulated panels. The ellipses plotted in redrrespond to 5.5% rest
unemployment rate. We repeat the exercise for di erent targt unemployment rates, 2%, 1%
and 0.5% respectively. We indicate the estimates &f, and 7, for the panel made of 5 digit
US industries with dots, and for robustness we include alsmes based on 2, 3 and 4 digits.

Figure Figure 1 shows that if all unemployment is due to search, wages mearveet too
much, relative to the data. Intuitively, equation (38) implies that the search unemployment
rate depends on the ratio{ ! )= 2, while the frequency of hitting the boundaries depends
ontheratio (! !)=, atleastwhen the driftin wages is small. Thus for small vaks of and
I I, raising both parameters for a given search unemploymentteareduces the frequency
of hitting the boundaries and raises the autocorrelation. A&some point, the negative drift in
wages becomes quantitatively important, however, leavingiost industries with wages near
the lower threshold and again reducing the autocorrelation
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Figure 1: Variation in search unemployment rate, directedesarch. Estimates of the autocor-

relation , and standard deviation ,, from regressing logv;; = ;| + wlogw;: 1+ w jt,
where j; is i.i.d. with mean 0 and standard deviation 1. The solid red @s show the results
with  =3:2, =3, =0, and a 55% unemployment rate with no rest unemployment.

The dashed blue dots with upward sloping hashes show the camdtions consistent with
2% search unemployment; the green dots with downward slogirhashes show a 1% search
unemployment; and the dotted black line shows:8% search unemployment. The four dots
show the empirical averages at the two- to ve-digit NAICS lgels.
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Figure 2: Variation in quit rate, directed search. Estimate of the autocorrelation ,, and
standard deviation , from regressing logviy = ; + wlogw;: 1+ w ji, Where j; isi.i.d.
with mean 0 and standard deviation 1. The solid red dots showhé results with = 3:2,

=3, q=0, and a 55% unemployment rate with no rest unemployment. The dashedue
dots with upward sloping hashes show the combinations costnt with g = 0:06 quit rate;
the green dots with downward sloping hashes showga= 0:12 quit rate; and the dotted black
line showsqg = 0:18 quite rate. The four dots show the empirical averages at ¢htwo- to
ve-digit NAICS levels.

Looking at more disaggregated data is unlikely to reduce thlgap between model and data.
First, the additional dots in Figure 1 show that at higher levels of industry aggregation, the
estimated ", is similar, and the one for %, is slightly lower® Although the data are not
available, it is reasonable to expect similarly modest chges in the autocorrelation and
standard deviation in more disaggregated data. Second, omeght expect a higher elasticity
of substitution in more disaggregated data. For exampleBroda and Weinstein (2009
nd that at the seven digit (TSUSA/HTS) level, the median elasticity of substitution is
about 4. One can prove that changing the elasticity from to °>  shifts the values of
( w; w)in Figure 1down by a factor % . Alternatively, we can reduce the amount of search
unemployment that we ask the model to generate. This alone ds not completely close the
gap between the model and the data, as the ellipses corresgmg to economies with search
unemployment of 2%, 1% and 0.5% show iRigure 1 show.

Allowing for exogenous quits also improves the t of the moddo data, but again only
marginally. Keep the same values of the other parameters asthe baseline, =3:2, =3,

BWe have data for 15 two-digit industries, 75 three-digit industries, and 233 four-digit industries.
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and a 55% search unemployment rate Figure 2 shows that by raising the exogenous quit
rate to 0:18, we close only part of the gap between model and data, achi®y a maximum
of " = 0:83. However, with these parameters, exogenous quits accotor 98 percent of
all unemployment. Still higher values of the quit rate, abog U ;=L = 0:186, are impossible
since they would imply a quit rate higher than the in ow rate into search unemployment. In
any case, we nd a model where exogenous parameters goverthbmemployment incidence
(9) and duration ( ) to be uninteresting.

6.3 Reintroducing Rest Unemployment

Reintroducing rest unemployment improves the model's t fo several reasons: it creates
another source of unemployment; it reduces the standard dation of wages by creating an
interval [!; "] where wages are constant from year-to-year; and it raiseset autocorrelation
of wages because of the persistence generated by labor markeat spend time in this
interval. The last two forces imply that the presence of resuinemployment may permit
more search unemployment without generating unrealistitg low autocorrelations or high
standard deviations of growth rates of average weekly eangjs.

To be concrete, again set =3:2, =3, and q=0, and choose ,! ! ,and"™ ! to
generate a 13 percent search unemployment rate and:2 percent rest unemployment rate.
As explained above this breakdown between search and resteamployment is consistent
with evidence inMurphy and Topel (1987 from the March Current Population Survey and
in Loungani and Rogersorn(1989 from the Panel Study of Income Dynamics (PSID). Ac-
cording to our model, all stayers experienced a spell of rastemployment, while switchers'
unemployment spell ended in searcH.

The solid red dots line inFigure 3 shows that the model with rest unemployment can
generate higher values of autocorrelatioh,, for thee same values of 2 when compared with
the model with only search, and the same 5.5% unemploymenttea{see the solid red dots
of Figure 1

To reduce the gap between model and data, we introduce exoges quits. Still xing

=3:2and = 3, we considerq=0:02q= 0:3 andqg = 0:04. AsFigure 3 shows, this
reduces the distance between the data and the model, but &tit does not close the gap.
The highest values of",, generated by the model inFigure 3 are about 0.84 -the center of

181n the model without rest unemployment, we chose to match the mean duration of unemployment. In
the full model it is no longer equal to 1= . Still, we keep  xed at 3:2 for two reasons: it simpli es the
comparison of the models with and without rest unemployment and Loungani and Rogerson(1989 nd that
switchers account for about a quarter of all unemployment sglls and a third of all weeks of unemployment,
which implies that the duration of unemployment spell for a switcher is only slightly longer than for the
average unemployment spell.
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Figure 3: Variation in quit rate with rest unemployment, directed search. Estimates of the
autocorrelation , and standard deviation , from regressing logvi: = ; + wlogw;; 1+

w jit,» Where j; is i.i.d. with mean O and standard deviation 1. All the casesdve = 3:2,

= 3, a 4:2% rest-unemployment rate and a 1.3% serch-unemploymentteéa The solid red
dots show the results withq = 0 The dashed blue dots with upward sloping hashes show
the combinations consistent withq = 0:02 quit rate; the green dots with downward sloping
hashes show & = 0:03 quit rate; and the dotted black line showsy = 0:04 quite rate. The
four dots show the empirical averages at the two- to ve-di¢iNAICS levels.
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one of the ellipse-, while the data for 5-digit industries & ", about 0.90. We will like to
remark that 0.84 is a very large value for the model, and thatrgy stationary model is not
likely to completely close the gap with the data. As it is welknow, the estimate "\, of

in short panels is biased downward. The result ifNickell (1981 implies that if wages are
indeed generated byquation (63) for a sample ofT +1 periods, then estimator ", converges
to: |

2.5 1+ 1117 v

I Wt 1 =
- A Tl

w

asJ!1

AN

For instance, if , =1, "w = (T 2)XT +1) < 1. With our sample size ofT +1 = 17,
this implies A,1 0:82as)!1 . The value of”, estimated on US industries is ®0, quite
larger than 0:82, an indication that in this data set it will be unlikely to reject that relative
industry wages have a unit root.

The pattern of highly persistent relative wages across ingtries is similar to the one found
by Blanchard and Katz (1992 for relative wages across states. They study a panel of rile
wages in manufacturing across US states between 1952-19808ey nd that they are quite
persistent, failing to reject a unit root for 47 out of 50 stag¢s plus D.C. Pooling the 51 states,
including xed e ects, they estimate an AR(4) with an implied half life of 11 years, and an
implied rst order autocorrelation of 0.947

6.4 Random Search and Wages

In this section we examine the behavior of model wages for tiheodel with random search.
Intuitively, it would seem that random search will necessdly increase the persistence of
wages. Recall that in the model with directed search and noselog wages behave as a BM
regulated from below and above. The regulation is what inded mean reversion: if they get
to the upper barrier, wages must re ect down, and when they ¢eo the lower barrier they
re ect up. Instead, in the model with random search and no réslog wages are not regulated
from above, which would then seems to imply that they must nessarily be more persistent.
Yet, there is another e ect that works on the opposite diredbn: random search implies a
stronger negative drift on log wages everywhere, cause byetdownward pressure of random
searchers that arrive to all markets. In particular, for thesame value of , the drift on !
with directed search is larger than the one with random sedrdoy an amount equal tos= .
Recall that the search unemployment rate with random searcbqualsUs=L = s= , thus the
di erence in drifts is larger when the search unemploymentate is high.

"Based upon the numbers reported on the third column on Table 1
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Figure 4: Variation in search unemployment rate, random seeh. Estimates of the autocor-

relation , and standard deviation ,, from regressing logvi: = ; + wlogwy: 1+ w i,
where j; is i.i.d. with mean 0 and standard deviation 1. The solid red ats show the results
with  =3:2, =3, =0, and a 55% unemployment rate with no rest unemployment.

The dashed blue dots with upward sloping hashes show the camdtions consistent with
2% search unemployment; the green dots with downward slogirhashes show a 1% search
unemployment; and the dotted black line shows:8% search unemployment. The four dots
show the empirical averages at the two- to ve-digit NAICS leels.
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Figure 4 for the model with random search is the analog dfigure 1 for the model with
directed search. The general message is the same: searchieosild be a small component of
overall unemployed to be consistent with the persistent of ages as the highest value of,
consistent with a search unemployment rate between 5.5% a6 is considerable smaller
than the data. The dierent ellipses in Figure 4 for a given search unemployment rate are
obtained by varying subject to the constraints q+ 2=2 whereUs=L = s= , which
ensures that this reduced form can be an equilibrium for sonstructural parameters.

Figure 5 shows the result of varying the quit rate between from zero tq = 0:04, with a
search unemployment rate of 1.3% and a rest unemployment eabf 4.2%. The cases with
the higher quit rate marginally help closing the gap betweethe model and the data (note
that the scale of the graph is di erent from the other gures) This is because to keep the
same search unemployment rate with higher quit rate, the dtiof ! becomes less negative
-see equations 39) and (54)- thus reducing the degree of mean reversion in wages. The
organization of the gure is slightly di erent from the other cases. The solid red ellipses
correspond to the case where we setto the boundary value: s = g+ 2=2, the highest
value of consistent with the given unemployment rates and;. Each of the other group of
ellipses are for smaller values of. While the introduction of rest unemployment and quit
rates closes a bit the gap of the model with the data, the dataié displays more persistence
of wages than the frontier that the model can generate. Moreer, the combinations of
parameters for the reduced form that produce statistics céer to the data imply very high
search cost, as explained i®ection 6.5

6.5 Structural Parameter values

In this section we examine the implications from the compason with the data from the
previous sections for the structural parameters of the mote
We rst consider the case of directed search. We use = 3:2, =3, q = 0:04, and

the values =0:12,! | =1:61, and!® ! = 0:55 which that generates ,, = 0:84 and

w = 0:07 as our baseline parameterization. Recall that with thishoice we have a 4.3%
rest unemployment rate and 1.2% search unemployment ratehigh is consistent with the
evidence inMurphy and Topel (1987 and Loungani and Rogerson(1989. Our choice of
the remaining parameters is a compromise between the gap Wween the model and the data
on , and w: our parameterization still implies less persistence andare volatility in
wages than the US data. With these parameters we can back outet structural parameters
consistent with these reduced form parameters. To be cortsist with balanced growth, we
assumeu( ) = log( ). Still thinking of a unit of a time as a year, we set = 0:05. From

Proposition 4, the search and rest unemployment rateswETfL = 0:042 and USU+SL = 0:013,
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Figure 5: Variation in quit rate, random search. Estimates bthe autocorrelation ,, and
standard deviation , from regressing logv;; = ; + wlogw;; 1+ i, where j; is i.i.d.

with mean 0 and standard deviation 1. All cases with = 3:2,
4:2% rest unemployment rates. The solid red dots have the maximm value 2 = 2(s

=3, a 1:3% search and a

q):

for 9 di erent values of g from zero to Q04. The dashed blue dots haves of the maximum
value of , the green dots with downward sloping hashes have3U5, and the dotted black
line have 025 of the maximum value. The four dots show the empirical avages at the two-

to ve-digit NAICS levels.
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then depend only on ratios of the three leisure values, whighins down b=k = 0:97 and
Bl =12,

These numbers reveal two regularities. First, in order to gerate rest unemployment,
b =k must be close to 1. Given all the other structural parametersve requireb =h > 0:66
to have any rest unemployment (seé’roposition 2). This suggests that, while the rest
unemployed must pay some cost to remain in contact with theifabor market, the cost
is small. Put dierently, rest unemployment and inactivity may look quite similar to an
outsider who observes individuals' time use, even thougheltrest unemployed may be much
more likely to return to work.

Second, to generate a strong autocorrelation in wages, weedethe search cost to be
large, here equivalent to 12 years of inactivity® Indeed since > 1= , the leisure value of
rest unemployment must actually be negative. A strong autaxrelation in wages requires a
large region of inaction! !, but this implies that the wage in the most productive labor
markets is much higher than the wage in less productive marse In order for workers to be
willing to endure such an unproductive market, the cost of mang must be large. This is
essentially the contrapositive oHornstein, Krusell, and Violante's(200§ nding that when
search costs are small, search models cannot generate muelyevdispersion. Introducing
other mobility costs, such as market-speci ¢ human capitalmay alleviate this issue.

We brie y consider now the case of random search. As display@ Figure 5to match the
variability and persistence of industry wages with B% search and 2% rest unemployment
rates the model requiresy between 3 and 4% and a value of close to the boundarys =
q+ 2=2. This is because, as shown iRroposition 5 when's converges tog+ 2=2, the
value of drawing a randomly selected wage diverges to in ijitand hence it will require an
arbitrarily large search cost to rationalize it as an equitirium. The logic is as follows: xing a
given search unemployment rate we are xing the drift of wagenence we can concentrate on
the e ect of the variance of option value. Higher means that industries that experience
favorably shocks have higher wages, while industries thakgerience adverse shocks, are
a ected less, since due to the exit of workerd, re ects from the lower bound! . Thus, as

2 reach the boundary value 2U =L @)= the right tail of the wage distribution across
industries gets so thick so that the value of search divergés 1 .

For instance, keeping = 0:05, =3, and = 3:2, we setq=0:03 and ? = 0:04%,

which is half of the maximum value 26 @)= to obtain a search and rest unemployment

8The exact value of is sensitive to our choice of . With = 0:13 and other parameters unchanged,
the statistics ( w; w) are very similar, while rises to 17. More generally, the high value of is mainly due
to the high autocorrelation in wages, not rest unemployment If we calibrate the model to match a 55%
search unemployment rate with no rest unemployment, =3, = 3:2, no exogenous quits, and the highest
attainable value of , = 0:59, the required search cost is = 2:3. Calibrating the model with exogenous
quits, it is higher still.
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rates of 13% and 42% respectively. These values requite "' = 0:094 and imply an average
value of (AW; y) = (0:822 0:035) -one of the ellipses ifrigure 5. The structural parameters
corresponding to this case have a search cost just belows 7 years of inactivity.'® While
this is smaller than the 12 years obtained in the case of dited search, it is still a very high
value.

6.6 Job Creation and Destruction

We can use the model to measure gross job creation and job dastion rate at the industry
level. Following Davis, Haltiwanger, and Schuh's(1996 analysis of rms, we de ne the
number of jobs destroyed in a labor market betweety and t; as the decrease in the number
of employed workers in that labor market between those datesr zero if the number of
employed workers increased. Job creation is de ned symmietilly. The gross job destruction
(creation) rate is then de ned as the total number of jobs ddsoyed (created) across all labor
markets divided by employmentE.

The job creation and destruction rates are easily computedumerically. Consider a
labor market that has a log full-employment wagd at to. Using Monte Carlo, we nd
the job creation and destruction rates att;; these rates depend oh but are independent
of the number of workers in the market. We then take a weightedverage of job creation
and destruction rates, weighting by the fraction of employé workers at each value of ,
e minft £09f (1) wheree ™! 109 gccounts for rest unemployment in markets with < P,

When there is no rest unemployment, jobs are destroyed only keep! regulated above .
The instantaneous job destruction rate is then given big in equation (36). Moreover in the
directed search case, once a job is destroyed, it is only reated if the market experiences
a series of shocks that brings back to!. Over annual frequencies, this probability is
negligible if == is large enough to give a plausible autocorrelation of eamjs. Thus we
would expect the job destruction rate over a time horizort to be roughly equal to Nst.
Unreported simulations support this intuition.

In the full model, jobs are also destroyed when workers becemest unemployed, which
is easily reversed. This makes the job destruction rate a amave function of the amount of
elapsed time. The red line shows job destruction (and job @ton) in the calibrated model
with search and rest unemployment; the concavity is clearlyisible.

We can compare this nding with data on job creation and job dstruction at the industry
level. We use the Current Employment Statistics measure of anthly employment for 387
ve-digit NAICS industries from 1990 to 2006 and adjust the dta to eliminate multiplicative

19)f instead, we would have chosen a value on the frontier 2! 2(s ¢)=,then !1  with bs! 1
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Figure 6: The solid red line shows the job creation and destrtion rate from the model with
undirected search. The parameter values are in the text. Theots show job creation and
destruction for ve-digit industries at di erent frequencies.

seasonal factorg® Figure 6 shows a clear concave pattern in these measures as well. Ie th
data, the ratio of job destruction at annual and quarterly fequencies is 4. For job creation,
the ratio is somewhat higher, 2. According to the calibrated model, the ratio of job creatin
or destruction at annual and quarterly frequencies shouldeb32.

It is worth noting that the model signi cantly overstates the incidence of job creation
and destruction at the industry level. It is unclear how to reoncile model and data along
this dimension. For example, reducing the elasticity of suitution to = 2 reduces the
annual creation and destruction rates only marginally bele 4 percent. One possibility is
lowering the target for search unemployment and raising th&arget for rest unemployment,
keeping the total unemployment rate constant. Since rest @mployment is rapidly reversed,
it contributes to unemployment incidence but has little e ect on longer-term measures of
creation and destruction. For example, set the target for th search unemployment rate to
0:7 percent and for the rest unemployment rate to :8 percent. Also reduce the quit rate
to q=0:02, since higher values are inconsistent with such a low seamunemployment rate.
Then the annual job creation and destruction rates are abou:6 percent, with little e ect
on the curvature in Figure 6.

20The data show net employment growth, which is easily introdwced to the model by making households
increase in size over time. We nd the existence of signi cah seasonal factors intriguing. It would be hard to
get workers moving in and out of the labor force seasonally wén doing so entails time-consuming search. It
is easier instead to move between employment and rest unenmgtment. Incorporating seasonal uctuations
in the value of leisure into the model goes beyond the scope tifis paper.
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Our nding that job creation and destruction at the industry level increase less than
linearly with time is consistent with the ndings reported sveral datasets for rms and
establishments, as we document iAppendix A.8.

7 Concluding Remarks

In this paper we provide a tractable characterization of twoversion of the Lucas-Prescott
search model, one with directed search and one with randomaseh. Our characterization
features a separation between optimization and aggregatiohat we nd useful for the eval-
uation of the model. We use this separation to argue that we padistinguish economies
between economies with di erent amounts of search and reshemployment. For instance,
in Section 6we show that rest unemployment helps explain why wages are persistent
yet some workers cycle frequently between jobs. It also helgxplain why job creation and
destruction are such concave functions of elapsed time.

We are not the rst to use the separation between the determation of optimal deci-
sion rules, and its consequences for aggregation to comparedel with data. Others have
fruitfully used the same idea in di erent contexts: evaluaing the magnitude and e ect of
adjustment cost as evidenced by the statistical propertiesf observable outcomes such as
rm's investment in Doms and Dunne(1998 and rm's employment in Caballero and Engel
(1993, among several others. Not surprisingly, the tractabily of the characterizations in
these papers, like in ours, comes from assuming the the ungierg shocks follow a random
walk.

One important question is the empirical counterpart of the madel rest-unemployment. In
this paper, besides of using the implied properties for wagjewe have used whether workers
change industries after an intervening spell of unemployme Nevertheless, a more direct
link to measure rest is desirable. Workers on a temporary lays experience a situation
similar to the model rest-unemployed, since they are waitinfor conditions in the industry
to improve. Interestingly, Katz and Meyer (1990 and Starr-McCluer (1993 have found that
the hazard rates of workers on temporary layo are more stragly decreasing as a function
of unemployment duration, as compared to other unemployedorkers. While the current
version of the model does not have an explicit characterizah of who gets rest unemployed
{ since workers are indi erent between rest and work, our exnsion inAlvarez and Shimer
(2009 does. In that paper we develop a model where workers are nadi erent between
rest and work, and where seniority is used to determined whar work. We use this model
to revisit the e ect of unionization on unemployment. Such amodel has a well de ned
hazard rate as function of unemployment duration for restquemployed workers, that share
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some of the same properties than the ones estimated Kytz and Meyer (1990 and Starr-
McCluer (1993 . Moreover, we think that in that version of the model the idati cation of
rest unemployed workers and workers in a temporary layo isujte descriptive. While that
model is more complicated on the determination of the thresids!; ! the same separation

between optimization and aggregation applies, and exactihe same expressions used
are obtained.
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A Appendix

A.1 Density of Productivity X

Consider a labor market with initial productivity Xo. Let f,(%;Xg) denote the steady state
density of log productivity, x  logx, across all such labor markets. This solves a Kolmogorov

forward equation:
2

foO6x0) = xF 206 %x0) + 2F20% x0)

at all x 6 xo logxe. The solution to this equation takes the form

8

£, (% Xo) < Di(xo)e™* + Di(xo)e?* if %< logxo
%, X0) =
X - D#(xo)e€™* + D3(x0)e?* if x> logXo;

where v < 0< ~, are the two real roots of the characteristic equation

= X~+

2
X _2.
=~ 64
5 (64)
For this to be a well-de ned density, integrating to 1 on (1 ;1 ), we require that D1(xo) =
D3(xo) = 0. To pin down the remaining constants, we use two more coitébns: the density is
continuous atx-= log Xo; and it integrates to 1. Imposing these boundary conditiondelivers

8
< 22 g2(x logxo) jf x < logXo

fx( %)= * 2 (69)
: ;Nizej(x logxo) if % > logXo:

With this notation, we can rewrite equation (6) as

Z,7Z, .
w=A el DXf (% Xo)dxdF (Xo) ; (66)
0 1
The interior integral converges if r+ 1< 0< -+ 1. The de nition of ~ in

equation (64) implies these inequalities are equivalent to conditiond). With this restriction,
equation (66) reduces toequation (7).

A.2 Proof of Lemma 1
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Stokey (2009 proves in Proposition 10.4 that for all! o 2 ['; '],
8

2e1!o+ 2! le1!+ 2l o 2e2(!_ 1) 1e1(!_ 1)
ifl 1<l g
(+a+ )2 1) ewrz errz
'(I,'O;!_z |):
E 261!0+ 2! 1e1!_+ 2l o zez(! M) 131(! 1)
if | | |-
(+a+ N, nelrd enra ot b
(67)
where ; < 0< , are the two roots of the characteristic equation
2
tor =+ 2 (68)
Forlto<!, (!l )= (L5 Handforto> 1, (Mt D)= (15 0).

That v is continuous follows immediately fromequations(18) and (67). In particular, the
latter equation de nes , as a continuous function.

We next prove that the distribution ( ;! o;!; !)is increasing in each of o, ! , and! in
the sense of rst order stochastic dominance. This followsdm di erentiating equation (67)
with respect to each variable and using simple algebra. Onarc verify that an increase
in ! strictly increases | (!;!'g;; ') forall! 2 (I;!'). This therefore strictly reduces
('t 1) fort 2 (4 1). Similarly, an increase in! strictly reduces (! ;! ;! 1) for
all ! 2 (1 1), which also strictly reduces (! ;!q;!; ') for! 2 (I; I'). Finally, an increase
inlowhen!q2 (4 ') reduces | (!;!1o)l; ) for! 2 (4! o) and raises it for! 2 (1 o;!).
Once again, this implies a stochastic dominating shift in .

Since the return function maxh ;€ g+( g+ )v is nondecreasing in , weak monotonicity
of v in each argument follows immediately fromequation (18). In addition, the return
function is strictly increasing when! > logh, and so we obtain strict monotonicity when
the support of the integral includes somé > logh, i.e. when! > logh.

A.3 Proof of Proposition 1

We start by proving the result whenh < b; and deferb b until the end.
First, dene ! to solvev(! ;! ;! ) = v. When! is regulated at the point! , it is
trivial to solve equation (16) to obtain
¢ +(q+ v _
+q+ o
This point is depicted along the 45 line in Figure 7. Lemma 1 ensuresv is continuous
and strictly increasing in its rst three arguments. Moreoer, for any ! < | | we can
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logh; T 1 -

Figure 7: lllustration of the proof of Proposition 1whenlk < b;.

make v(! ;!; 1) unboundedly large by increasing , while we can make it smaller thanv
by setting! = ! . Then by the intermediate value theorem, for any < ! | there exists
a(!l)>"! solvingv((L)L (1)) v. Continuity of v ensures is continuous while
monotonicity of v ensures it is decreasing. In addition, because the periodum function

s(!) maxfh;e g+(qg+ )vis bounded below but not above! lim,,;  (L)is nite.
Thus ()2 (! ;! )forany!< ! . Figure 7illustrates this function.
Similarly, dene ! to solvev(! ;! ;! )= v. Again solveequation (16) to obtain

e +(g+ )v

= v

+q+ -
Sincev<v,! <! [ while equation(10) implies! =logh. Forany!> ! | we can make
v(L;5; 1) approach 2% < v by making L arbitrarily small, while we can make it bigger
than v by setting! = ! . Then by the intermediate value theorem, for any > | | there

existsa (!) <! solvingv((!); (!);!) v. Continuity of v ensures_is continuous
while monotonicity of v ensures it is decreasing. Thug ') <! forany!> !

An equilibrium is simply a xed point ! of the composition of the functions . The
preceding argument implies that this composition maps [;! ] into itself and is continuous,
and hence has a xed point.

To prove the uniqueness of the xed point wherly < b;, we prove that the composition
of the two functions has a slope less than 1, i.e.{(!)) ') < 1. To start, simple
transformations of equation (67) imply that the cross partial derivatives of the discounted
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occupancy function satisfy

1 2e( it )t a1t ) a2t ) gilt 2o gilot 2l
o (tos s 1) = 5 <0
(ewr 2t erra)*( +q+ )
g1t 2)L @20t 1) g1t ') @ilot 2! et'+ 2lo
o (Uil 1) = —22 - >0
) (er:r 2 errx)"( +q+ )

where the inequalities use the fact that all the terms in parghesis are positive. Then use
integration-by-parts on equation (18) to write
Z,

SO sy (g 1y

vl 1) = F g

where the period return functions(! ) is nondecreasing and strictly increasing far> logh,
and is the discounted occupancy function. Taking the crosgartial derivatives of this
expression gives . (! ;5 1) > 0>v i1 (Y oy 1), In particular,

vih;Eh)y>viE yandy (LG D) >v (8 )

Now sincev, ,(! o;1; ') > 0 from Lemma 1 these inequalities imply

| =11 .-
V(L D+ v (5GE Dvig(L L D+ w5 )
In particular, this is true when evaluated at any pointf!; ! gwhere! = (!)and! = (!).

Implicit di erentiation of the de nitions of these functio ns shows that the rst term in the
above inequality is  q! ) and the second term is _q! ), which proves q (!))_q!) < 1.

Next we prove proportionality of the thresholdse and e- to the leisure valuesh, b,
and bs. From equations(10) and (11), v and v are homogeneous of degree one in the three
leisure values. The function makh ;e g+ (g+ )v is also homogeneous of degree 1 in the
leisure values ance' . By inspection ofequation (67),  is una ected by an equal absolute
increase in each of its arguments. Then the integral iequation (18) is homogeneous of
degree one in thdds ande and €. The result follows fromequation (17).

Finally we considerhy Iy, so the period return functions(! ) hb+(qg+ )vforall! . This
impliesv(! ; 1 ;!) vforall! and!. Then an equilibrium isdened byv(!; 1 ;!)=v.
As discussed above, the solution of this equationis 2 (I ;1 ).
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A.4 Proof of Proposition 2

First, set b = 0. By Proposition 1, there exists a unique equilibrium characterized by
thresholds !, and ! . We now prove that e°. To see why, observe that for all
b b, the equations characterizing equilibrium are unchangeddm the case ofp = 0
because lodp ! o, and hence the equilibrium is unchanged. Conversely, fold > b, the
equations characterizing equilibrium necessarily are chged, and so the equilibrium must
have logh > !y, .

Next we prove thatbh=h = B(; +g+ ;; ). Againwith b =0, combineequations(17)
and (18), noting the discounted local time function , integrates to ﬁ and use the
de nitions of v and v in equations(10) and (11):

h

Trgt . € 1(';1olo!g)d! and
1 o

gt =, € ekt

Since , is homogeneous of degree zero in the exponentials of its angunts (seesquation 67,
this implies e-° and € © are homogeneous of degree 1lin Moreover, ; depends on + g+
, , and by equation (68) and so the density , in equation (67) depends on these
same parameters. It follows that the solution to these equiains can depend only on these
parameters and the parameters on the left hand side of the al®equations. In particular,
this proves
e*=hB(; +a+;; )

Sinceb = e-°, that establishes the dependence &f on this limited set of parameters.
Obviously B is positive-valued. ByProposition 1, ! o < logh and soB < 1. We nally

prove it is decreasing in . Since aects! and! only through v, to establish that B is
decreasing in it suces to show that the ! and! that solve equations(17) and (18) is
decreasing inv. This follows because( !) is increasing inv and ( ! ) is una ected, where
these functions are de ned in the proof oProposition 1 A decrease inv then reduces the
composition . Since the slope of this function is less than 1, it reduceshie location of
the xed point ! and hence raise$ = ( !).

A.5 Derivation of the Density f

We use a discrete time, discrete state space model to obtaimet Kolmogorov forward equa-
tions and boundary conditions for the densityf . Divide [!; ! ] into n intervals of length
I =(! !)=n. Let the time period be t=( != )2 and assume that when < !, it
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decreases with probability%(l + p) where p= I= 2, when! > ! it increases with
probability %(1 p); and otherwise! stays constant. Note that for! <! (t) < !, the
expected value off (t+ t) !(t)is t and the second moment is? t. As n goes to
in nity, this converges to a regulated Brownian motion withdrift and standard deviation .

Now let f,(!;t) denote the fraction of workers in markets with log full emmyment
wage! at time t for xed n. With a slight abuse of notation, letf,(! ) be the stationary

distribution. We are interested in characterizing the denty f(!') = lim w For
P20+ I I'], the dynamics of! imply
fait + D= (q+ ) 1) 3@+ Pfa L)+ 3@ pPfa + Lt) : (69)

In any period of length t, afraction (g+ ) t of workers leave due to market shut downs and
idiosyncratic quits. Thus the workers in markets with! att+ tareafractionl (gq+ ) t
of those who were in markets at I at t and had a positive shock, plus the same
fraction of those who were in markets at + ! att and had a negative shock. Now impose
stationarity on f,,. Take a second order approximation té,(! + !)andf,(! I') around
I, substituting t and p by the expressions above:

|12 |2 |2
fal)= 1 (a+ )— fall) —fo()+ Tfr??!)
] 2 2
) (@+ a(t)= 1 (a+ )—5 f o)+ Efr?(i!)
Taking the limit as n converges to in nity, “¢2 1 f (1) solving equation (22).

Now consider the behavior of , at the lower threshold! . A similar logic implies

fabt + =@ (a+ ) 32 p fa(L+ L)+ L) N

The workers at! att+ teitherwereat! + ! orat! att;inboth cases, they had a negative
shock. Moreover, in the latter case, a fraction I I of the workers exited the market
to keep! above! . Again impose stationarity but now take a rst order approximation to
fo( + 1)at!;the higher order terms will drop out later in any case. Reptang t, p,
and T"with the expressions described above gives

)= 1 @ ) 1 — fal) 1 b 18

Again eliminating terms in f (1) and taking the limitas n!1 |, we obtain w o)
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solving equation (23).
Now consider the behavior of , at the upper threshold! :

fait + =L (q+ ) D3+ p a0l L)+ fait)L+ D+ the=L:

Compared to the equation at the lower threshold, the only sig cant change is the last term,
which re ects the fact that on average a fractionL o=L workers enter at the upper threshold
when a new market is created. Recall also that markets are deyed at rate per unit
of time and hence tL =L is the fraction of workers added to the upper threshold due to
newly created markets. Impose stationarity and take limitgo get

|2 I I |2

)= 1 @+ )y 1+ —5 fal) 1+ 5 1) + —5 Lol

Eliminate terms in f,(! ) and take the limit asn ! 1  to obtain f”(!’) I (') solving

equation (24).

A.6 Exit Rates from Labor Markets

A worker exits her labor market if the log full-employment wage is! and the market is hit
by an adverse shock, if the labor market closes, or if she ciitin the discrete time, discrete
state space model, the rst event hits a fraction% m p) of the workers who survive in
a labor market with! = 1:

Ns t (1 (a+ ) z(1  p) Ma()L+(g+ ) tL

Reexpress !, [ and pinterms of t,take thelimitasn!1l |, and usefn) (') i),
to get equation (36).

A.7 Proof of Lemma 2

Taking limits of equation (67) we obtain

1o L) 2L 1) ()
% 2 26 1 if1 1<l
(+ag+ )2 1)
(gl )= (70)
E 2ez(' ') el(!o L) lez(!o )
iflg ' 1 ;

( +a+ )2 1)
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where ; < 0< , are the two roots of the characteristic equation

2
+0+ = 4+ — 2 71
q 5 (71)
Of course, is a decreasing function o from equation (39). The remainder of the proof

follows the structure of the proof ofl as is omitted.

A.8 Job Creation/Destruction by elapsed time in other datas ets

Davis, Haltiwanger, and Schuh(1999 report a quarterly job destruction rate for manufac-
turing establishments of 5% and an annual destruction rate of 18%2* Using the same
data set, Schuh and Triest(2000Q report 27:4% job destruction at a ve year horizon.Faber-
man (2003 studies all private sector establishments in 53 Metropdtin Statistical Areas in
ve states. He reports 67% job destruction at quarterly frequencies and 14% at annual
frequencies. Using microdata from the Job Openings and Lab®durnover Survey, Davis,
Faberman, and Haltiwanger(2009 report a monthly job destruction rate of 1:5% and quar-
terly job destruction rate of 31%. From the Business Employment Dynamics survey of all
private establishments, they report %% quarterly job destruction and 137% annual. Each of
these papers nds similar curvature for job creation. The sbng reversibility of job creation
and job destruction, consistent with rms having easy acceasto a pool of rest-unemployed
workers, appears to be a robust empirical fact.

2LOur model is inconsistent with annual job destruction less han half as big as quarterly job destruction.
There is a signi cant seasonal component inDavis, Haltiwanger, and Schuh's(1996 data which may explain
this nding.
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B Additional Appendixes not for Publication

B.1 Derivation Hamilton-Jacobi-Bellman

This appendix proves that ifv(! o) is given by:
Z !
v(lo) = R() (15! od! (72)

for an arbitrary continuous function R( ) and where the local time function , () is given as
in Stokey (2009 Proposition 10.4:

8
2e1!0+ 2! lel!+ 2l o 2ez(!_ 1) lel(!_ 1) ‘
% il 1<t
(+a+ )2 1)ewrz ei*z
1 (1sto) = (73)
E e 1! o+ 2! e 11+ 2lo e 200 1) e 1t )
——— — iflg ! I
(+q+ )2 1)ewr2 evtz
where ; < 0< , are the two roots of the characteristic equation + g+ =+ 72 2 then
2
( +g+ V(o) =R(lo+ vo)+ EVOQ! 0):
Proof. Di erentiating v with respect to! o we get
Z,
v{(! o) = R(') u,(!;!od!
z,
VO?! 0) = R(I ) T 0(! )l o)dl + R(' 0) lim 0(! y ! 0) ||#|;n 1 0(! y! 0)
! "o T# o
where we use that , is continuous but , , has a jump at! = !,. Then
2
( +q+ V(o) VvYo) iVOQ! 0)
Z
! 2
= R(') ( +qg+ ) «(';'o) no(to) > wooto(slo) dl

;R(I o) !Ii"r!no 1" 0(! o o) !liipo 1" 0(! o o)

Using the functional form of |, we have, forl <! g
C(ito)=etomy(l) e omy(l)
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where

zez! 2e2(!_ !) 1el(!_ !)

T GG der s e
R e e
Thus forall ' <! :
(+q+ ) «(t:lo) no(ti!o) 72 noto(! 1)
= (+9q+ ) (1)2—26”%(!) (+a+ ) (2)2_262!0h2(!)20

2 2

where the last equality follow from the de nition of the roots ; . Hence
Z

) 2

| R(!) ( +q+ ) !(!;!0) " o(!;!o) ? " o!o(!;!O) d! =0:

Using a symmetric calculation forl >! ¢ we have:

Z ! 2
R(!) ( +q+ ) !(!;!0) " 0(!;!0) ? " 0!0(!;!0) dl =0:
Next, di erentiating (! ;! o) when! <! gandwhen!>! gandlet! ! !, from below

and from above, tedious|but straightforward|algebra, giv es:

i . i . - 12
!“..r!no I 0(! o 0) !“;!no 1l 0(! ! O) = ?
Then use the expression for the roots:; , = ( + g+ )=( 2=2). Putting this together

proves the result.

B.2 Market Social Planner's Problem

In this section we introduce a dynamic programming problem kose solution gives the equi-
librium value for the thresholds!; ! . This problem has the interpretation of a ctitious social
planner located in a given market who maximizes net consum&urplus by deciding how many
of the agents currently located in the market work and how manrest and whether to adjust
the number of workers in the market. The equivalence of the lstion of this problem with
the equilibrium value of the labor market participant has tre following implications. First, it
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establishes that our market decentralization is rich enolgto attain an e cient equilibrium,
despite the presence of search frictions. Second, it givesadternative argument to establish
the uniqueness of the equilibrium values for the thresholds and ! . Third, it connects our
results with the decision theoretic literature analyzingnvestment and labor demand model
with costly reversibility.

The market planner maximizes the net surplus from the prodtion of the nal good in a
market with current log productivity x and| workers, taking as given aggregate consumption
C and aggregate outputY. The choices for this planner are to increase the number of
workers located in this market (hire), payingv to the households for each or them, or to
decrease the number of workers located at the market numbers), receiving a payment v
for each. Increases and decreases are non-negative, andpitiees associated with them have
the dimension of an asset value, as opposed to a rental. We M1{(x; 1) be the value function
of this planner, hence:

Z 1

M) = max E e (U S0e(t): 1(t) + val(t) dt  vdly(t) + vdl (t) x(0) = %;1(0) = |
hil 0

subject todI(t) = ql(t)dt+ dI,(t) di(t) and dx= ,dt+ ,dz: (74)

The I, (t) and I (t) are increasing processes describing the cumulative ambah\hiring" and
\ring" and hence dly(t) and di (t) intuitively have the interpretation of hiring and ring
during period t. The term ql(t)dt represent the exogenous quits that happens in a period
of length dt. The planner discounts at rate + , accounting both for the discount rate of
households and for the rate at which her labor market disappes.

The function S(%;1) denotes the return function of the market social planner peunit of
time and is given by

1

7dy+ b(l E)+ lv:

Z EAe*

S(%1) = max uqC) i

< | <

The rst term is the consumer's surplus associated with the grticular good, obtained by
the output produced by E workers with log productivity x. The second term is value of the
workers that the planner chooses to send back to the housethoteceivingv for each. The
third term is the value of the \sale" of all the workers if the market shuts down. Setting
g= = b =0 our problem is formally equivalent to Bentolila and Bertola's (1990 model
of a rm deciding employment subject to a hiring and ring cos and to Abel and Eberly's
(1999 model of optimal investment subject to costly irreversiblity, i.e. a di erent buying
and selling price for capital.
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Using the envelope theorem, we nd that the marginal value céin additional worker is:

Y (AeX) 1
|

S ( 1Dx+logA)+logY logl +log uYC)

S61)=max  udC) T (75)

where the functions( ) is given by s(! ) = maxfe ;hg+ v and is identical to the expression
for the per-period value of a labor market participant in ourequilibrium, except that v is
in place of @+ )v. This is critical to the equivalence between the two problem

To prove this equivalence, we write the market social planne Hamilton-Jacobi-Bellman
equation. For eachx; there are two thresholds,l(¥) and I(¢) de ning the range of inac-
tion. The value function M (') and thresholds functionsf I( ); I( )g solve the Hamilton-Jacobi-
Bellman equation if the following two conditions are met:

1. For all x, and | 2 (1(>¢); (%)) employment decays exponentially with the quits at rate
g and hence the value functiorM solves

( + IMOg1) = S0l aMel)+ M (1) + ;MM(X;I): (76)

2. For all (%;1) outside the interior of the range of inaction,

2

(+ MO+ alMC6l) M%) EXMM(X;I) S(%1); (77)

v=M(l) 8  1(%),andv=M(xI)8 1% (78)

Equation (78) is also referred to asmooth pasting SinceM (%; ) is linear outside the range
of inaction, a twice-continuously di erentiable solutionimplies super-contact or that for all
X

0 =M% 1) = My (x; [(x)): (79)

According to Veri cation Theorem 4.1, Section VIII in Fleming and Soner(1993, a twice-
continuously di erentiable function M (;1) satisfying equations(76), (78), and (79) solves
the market social planner's problem.

If M is su ciently smooth, nding the optimal thresholds functi onsfl();I()g can be
stated as a boundary problem in terms of the functioM, (x; ) and its derivatives. To see this,
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di erentiate both sides of equation (76) with respect to | and replaceS; using equation (75):

( 1Dx+logA)+logY logl

(+ +gMi(xl)=s +log uyC)

qiMy (% 1) + XMH(X;I)+§MKH(X;I): (80)

If the required partial derivatives exist, any solution to he market social planner's problem
must solve equations(78){( 80). Moreover, there is a clear relationship between the value
function v(! ) in the decentralized problem and the marginal value of a wker M, in the
market social planner's problem:

Lemma 3. Assume that 6 1 and that the functions M( ) and v( ) satisfy

logY +( 1)(logA + %) logl

M,(%:1) = v(! ), where! = +log uqC) (81)

and that thresholds functionsfI( );1( )g and the thresholds leveld!; ! g satisfy

logl(x*) =log Y +( 1)(*+log A) (! logu¥C)) (82)
logl(*) =log Y +( 1)(x+log A) (! logu¥C)): (83)

Then, M() and f1();1()g solve equations(78){( 80) for all x and | 2 [I(>);[(*)] if and only
if v()andf!; ! gsolveequations(17).

Proof. Dierentiate equation (81) with respect to xand | to get

2
M0 )= V() — M) = v08)  — 1 andMy(el) = v()

Recall that a solution ofequation (17) is equivalent to a solution toequations(19), (20), and
v(!) = vandv(l) = v. The equivalence betweerquation (17) and equations(78){( 80) is
immediate, recalling the de nitions of and

This lemma has important implications. First, it establishes, not surprisingly, that the
equilibrium allocation is Pareto Optimal. Second, since # market social planner's problem
is a maximization problem, the solution is easy to characte. For instance, since the
problem is convex, it has at most one solution and hence thewlprium value of a labor
market participant is uniquely de ned, for givenuYC) and Y. The fact that v is increasing
is then equivalent to the concavity ofS(x; ). Finally, notice that Proposition 1 in Section
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4.3 we establish existence and uniqueness of the solutiondquation (17) only under mild
conditions ons( ), i.e. that it was weakly increasing and bounded below. Prasition 1 can
be used to extend the unigueness and existence results of liberature of costly irreversible
investment to a wider class of production functions. Currdly the literature uses that the
production function is of the form x® |# for some constantsa, and a, with 0 <a, < 1, as
in Abel and Eberly (1999. Proposition 1 shows that the only assumption required is that
the production function be concave irl, and that the marginal productivity of the factor |
can be written as a function of the ratio of the quantity of theinput | to (a power of) the
productivity shock x.

C Heterogeneous Industries

In this section we extend the model to include heterogeneiiyn households human capital.
We specify the heterogeneity so that in equilibrium industes can be divided into di erent
classes, with the ones attracting the high human capital h@eholds paying higher wages. In
particular, the stochastic process for the wages of a highbuman capital industry class is
a scaled up version of the one for an industry class with lowéuman capital. Otherwise
industry classes are identical, in particular they have thesame process fof! g for the full
employment log wage (measured in utils) and hence the samdues of thresholdd ,! , rest
and search unemployment rates, and job destruction rates.his version of the model justi es
our xed e ect treatment|removing industry means in logs of the US industry wage data
in Section 6.1

We turn to the description of the model. Households are inded by one of theK human
capital types, denoted byhy satisfying 0< h 1, hy < hysq, for k =1;2;:::;K, and hy = 1.
For notational convenience we usby = 0. Recall that industries are indexed byj which
belong to [Q=1]. The economic meaning of typé&, human capital, is that such household
can work in any industry labelledj 2 (0;hy]. We let Hy denote the CDF of households'
human capital types, so that there areH, households with human capitah;  hy, and there
are Hy Hy Hyg 1 household with human capital typehy for k = 1;:::; K.

We are looking for an equilibrium where households of tyd® work on industries of type
j 2 (hg 1;h¢]. Welet hy hy hy ;1 the industries that will hire workers of typek. In
this equilibrium we can talk of both household and industrig of type k. For workers to sort
themselves across industries in this way, it requires thatages are increasing in industry type.
To obtain this pattern fo wages we will assume that the ratio ohouseholds to industries is
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lower for higher labelled industry classes:

Hy+1 < Hi

: 84
o~ he s (84)

fork=1;:; K 1.

We usel  for the fraction of households of typek that are located in industries of that
class, andLqy for the fraction located in newly created industries withinthe k class. Thus
Ly H is the number of households of human capit& located in industries, i.e. working or
in rest unemployment.

Households with di erent human capital will have di erent consumption, and hence dif-
ferent marginal utility. Letting Cy be the consumption per household for those with human
capital k we have that the log full-employment wage for household of e k follows:

logY +( 1)log(Ax(t)) loglk(t)

(1) +log uYCy) (85)

wherel(t) is the number of workers of typek in per industry of classk. We will characterize
an equilibrium where the process for ¢ are identical across industries.

Proposition 7. Let (L ;! ;! ) be the equilibrium values for the model without het-
erogeneity and utlity function is log, u(C) = log(C). Furthermore, assume that > 1 and
that the distribution of human capital satis es condition equation (84). Then, there is an
equilibrium for the model with heterogeneity with ;! ;! «) =(L ;! ;! ) for all k.

Proof. For the processes$! ((t)g to be identical across industries, the di erence in the log
of the marginal utilities must be compensated by a di erencén the level of the employment
per industry |, so that two industries in di erent classesk and k° created at the same time,
and with the same history of shocks% up to time t will have

log(lk(t))  log(lke(t)) = (logu¥Cy) logu{Cio)) ;

This means that there must be a number > 0 such that the number of workers located in

k industries must satisfy
Hk Lk: hk

86
(uqCy)) (89)

forallk=1:::K.
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The boundary behaviour of the distributionf evaluated at the upper bound gives:
2 .
?fo(!) + — ()= —=; (87)

which gives the same solutioﬁ‘L‘J—?kk for all k. The requirement that at the upper bound log
full-employment wages must be equal tb gives
L o Z1 lg !
LkL—I'( He = hg . Y WCy) (Axo) ‘e ' dF(xo)

heY uXCy) (AXo) ‘e '; (88)

Combining equation (87) and equation (88) we have:
!

=Y 2 2 (AX O) 1e ! (89)
-fq!) + - f(!)
which gives an expression foy and
Total output in the economy will be consumed by all househot] so:

X
Ck Hk =Y (90)
k=1

In each industry classk we can solve for the productivity consistent with [(!;Y; C ) as:

1

1 le' T

x= (L5Y:C¥) % Y WC)

(91)

Then using the production function, output in a market in sud an industry class, withl
workers and log full-employment wagé is

L el 1 \
b (LY;Cy)=Y 1 minf1;e =hg : 92
Q: ( ) TN by (92)
Using this notation, we can writeequation (28) as
|
X L on . . . a
Y = QIGt); (Gt)!Git)Y;G)  d
k=1 Dk 1
X Zn ! '
k HyL HyL . AGt)
= Q —— L)Y G %dj
k=1 Dk 1 k k hy
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The second equation follows becausg(; (;!;Y; Ck))*1 is linear (equation 27. To solve
this, we change the variable of integration from the name othe marketj to its log full-
employment wage! and number of workerd. The quantity H—;kLk is the average number of
households per industry in industry clask. Let f{!;1 ) be the density of the joint invariant
distribution of workers in markets (;1 ), as discussed irSection 4.4 Notice that under our

hypothesis this distribution is the same for alk. Then

X Z,7Z, 1 -1
Y = hy Q H:]Lk; Hr:Lk;!;Y;Ck HlkLk ;1) did!
k=1 10 k k —h "
R R, R
Sincef (1) = 01 1—f‘(!;| ) dl, wherelL = 01 , f(5;1)dld!, we can solve the inner integral
to obtain
|
X Z, —1 T
Y = he Q H;Lk; Hrk]Lk;!;Y;ck F()d
k=1 L k k

without characterizing the joint density f~ Using equation (92) and simplifying,

|
X FZy

Y = ALY e minfl;€ =hg f (! )d! : (93)
k=1 u(Cy

Finally, we describe the budget constraint for each houseldotype in steady state. This
constraint can be written asCy = Wy Ly(1 UL: ), where Wy is the average wage of typ&.
Using that the rest unemployment rate will be the same acrodgpe k and that the labor

demand inequation (85) has slope 1=, we can write the budget constraint as:

Urk L He ¥

= W, L(1 =
Ck kL ( Lk) h

Lk (94)
for k =1;:::K and for some number > 0 to be determined.

Now we have a system of R + 3 equilibrium objects are fCy;Lg;Y; ; gin 2K +3
equations: equation (90) equation (89), equation (93), K versions ofequation (86), and K
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versions ofequation (94). We can write this system as:

1=
Cc = L H Le; k=1;:5K (95)
hi
Hi Lk
= ——— -~k=1;::K 96
UO(Ck) hi ( )
= Y ©7)
X
Y = Hy Cy; (98)
k=1
X H L
v = k k; 99
1k:1 uYCi) >
where
|
: Z
14 ! !
2 (AXo) e and ; € minfle =hg *f (! )d!

-fq!) + — (1) |

If utility is log, we replace uqCy) = 1=C,, in equation (99), and using equation (98) we

obtain !
X X
HiCx = Le( HCx) 1

k=1 k=1
Guess thatLy = L for all k so that this equation become& = L = 1= 4, which is the same
equation than in the log case without heterogeneity.

Combining equation (96), equation (97), equation (98) and Ly = 1= ; to obtain:

1= X 1=
Ck = 71 2 hk Hj Cj
Hy

fork =1;::;K. Dening ¢ logCy we can write this system as:
!

1 1 X .
&=(T)x ~%+ ~log Hj € (100)
j=1

where

h
% log( 1 2)+log —Hi

for k = 1;:::; K. We regard the left hand side okquation (100 as de ning an operatorT :
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mapping R¥ into itself. We notice that
Ti(c) T(c) Ta(o) (101)

for all c2 RX where [
(Th)(Qk = }%+ }Iog o H; e
j=1
where% maxi-1...x f%g and whereT, is de ned analogosly with the smallest instead.
It is immediate to see thatg, = Ll%is the unique xed point of T,,. Analogoustly, we have
that ¢ = ilg/ois the unique xed point of T;. Now we can restrict the domain ofT to the
following K dimennsional compact setK = [ilg/o;ilo/]f< . Using equation (101)) it is easy to
show thatT : K! K . Finally, we verify that T satisfy the Blackwell's su cient conditions for
a contraction. That T is monotone is immediate. ThafT discount follows from the following
inequality for a > O:
|

1, 1 X cra 1
(T)(c+ @)k = =% + —log H; e = —a+(T)(o
i=1

P . . :
where we use that szl H; = 1. Hence, T is a contraction of modulus ¥ and hence it

has a unique xed point onK.
Using the computed values o€, and equation (98) we nd Y. Using the value ofY and
L in equation equation (96) we compute . From equation (95) and equation (96) we obtain:

Finally, we must check that a typek household prefer to work on industryk to other
industriesj =1;:::;;k 1. Since in the constructed equilibriumL and Us,« are the same for
all k we just need to verify that C, > C , for all k = 2;::;; K. This follows immediately
from equation (95 and the assumptionequation (84).
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