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Abstract

Perron and Zhu (2005) established the consistency, rate of convergence, and the
limiting distributions of parameter estimates in a linear time trend with a change in
slope with or without a concurrent change in level. They considered the dichotomous
cases whereby the errors are short-memory, I(0), or have an autoregressive unit root,
I(1). We extend their analysis to cover the more general case of fractionally integrated
errors for values of d* in the interval (—0.5, 1.5) excluding the boundary case 0.5. Our
theoretical results uncover some interesting features. For example, when a concurrent
level shift is allowed, the rate of convergence of the estimate of the break date is
the same for all values of d* in the interval (—0.5,0.5). This feature is linked to the
contamination induced by allowing a level shift, previously discussed by Perron and
Zhu (2005). In all other cases, the rate of convergence is monotonically decreasing as d*
increases. We also provide results about the so-called spurious break issue. Simulation
experiments are provided to illustrate some of the theoretical results in the paper.
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1 Introduction

Economic relationships are often subject to structural changes. Hence, testing for a structural
break and estimating the break date have been important topics in both economics and
statistics; see Perron (2006) for a review. To test for a structural break, or instability of the
parameters, important contributions include Andrews (1993) and Andrews and Ploberger
(1994). Bai (1994, 1997) showed that the break date can be estimated consistently by
minimizing the sum of squared residuals (SSR) from the unrestricted model and derived the
limiting distribution of the estimate of the break date, which can be applied to construct
confidence intervals (ClIs) for the true break date. Bai and Perron (1998, 2003) considered
statistical inference related to multiple structural changes under general conditions.

In the literature, most of the work assumed that the regressors and the errors are station-
ary. Structural breaks in trend regressors and non-stationary processes are also important
from a practical perspective. Perron (1989) showed that the Dickey and Fuller (1979) type
unit root test is biased in favor of a non-rejection of the unit root null hypothesis when the
process is trend stationary with a structural break in slope. With respect to the problem
of estimating the break date of the change in the slope of a linear trend with or without
a concurrent level shift, Perron and Zhu (2005) (PZ, henceforth) analyzed the consistency,
rate of convergence and the limiting distributions of the parameter estimates when the errors
are either short-memory, 7(0), or have an autoregressive unit root, I(1). We extend their
analysis to cover the more general case of fractionally integrated errors for values of d* in
the interval (—0.5, 1.5) excluding the boundary case 0.5. Our theoretical results uncover
some interesting features. For example, when a concurrent level shift is allowed, the rate of
convergence of the estimate of the break date is the same for all values of d* in the interval
(—0.5,0.5). This feature is linked to the contamination induced by allowing a level shift,
previously discussed by Perron and Zhu (2005). In all other cases, the rate of convergence is
monotonically decreasing as d* increases. We also provide results about the so-called spuri-
ous break issue and show that it cannot occur for all values of d* in the interval (—0.5,0.5).
Simulation experiments are provided to illustrate the theoretical results in the paper.

Work related to changes in trend include the following. Feder (1975) considered esti-
mating the joint points of polynomial type segmented regressions. Bai (1997) and Bai and
Perron (1998) provided inference results with trending regressors. In order to obtain the lim-
iting distribution, the trending regressors are assumed to be a function of ¢/T', say ¢(t/T),

with T the sample size. Deng and Perron (2006) analyzed the consequences of specifying



the trend function in scaled form when a structural break is involved. Bai et al. (1998)
analyzed the limiting distribution of the estimated break date for non-stationary type series
with a change in slope. Chu and White (1992) suggested a testing procedure for a change
in a trend function with stationary errors. Perron (1991) and Vogelsang (1997) considered
testing a structural break in trend when the errors are either stationary or have a unit root.
Vogelsang (1999) devised a test whose limiting distribution does not change depending on
whether the noise component is stationary or integrated. Recently, Perron and Yabu (2009)
considered testing for structural changes in the trend function of a time series without any
prior knowledge about whether the errors are stationary or integrated. Their testing pro-
cedure adopts a quasi-feasible generalized least squares approach that uses a super-efficient
estimate of the sum of the autoregressive parameters o when o« = 1. Harvey et al. (2009)
proposed a generalized least squares (GLS)-based trend break test that is asymptotically
size robust with 7(0) and I(1) errors. The results of PZ and Perron and Yabu (2009) have
been used in Kim and Perron (2009) to provide unit root tests with improved power that
allow for a change in the trend function under both the null and alternative hypotheses.
Fractionally integrated processes have been popular in the economics and statistics lit-
erature, in particular following the introduction of the ARFIMA processes by Granger and
Joyeux (1980) and Hosking (1981). Kuan and Hsu (1998) considered a change in mean model
and showed the consistency and the rate of convergence of the least square estimate of the
break date when the errors are fractionally integrated; see also Lavielle and Moulines (2000).
They found that the convergence rate depends on the order of integration d*. Moreover,
when no such change in mean is present, the estimate of the break date obtained by mini-
mizing the sum of squared residuals supports a spurious break date when d* € (0,0.5). Hsu
and Kuan (2008) showed that the least square estimate of the break date in a mean change
model is not consistent when the errors are fractionally integrated with d* € (0.5,1.5), and
that the spurious feature also occurs. Gil-Alana (2008) executed a set of Monte Carlo sim-
ulations to confirm that both the order of fractional integration and the break date can be
estimated simultaneously by minimizing the SSR considering all possible grids on d* and
break dates T;. More recently, Tacone et al. (2013) provided a sup-Wald type test for a
structural change in trend when the order of integration in the errors is unknown a priori.
The structure of the paper is as follows. In section 2, we review fractionally integrated
processes, fractional Brownian motion and useful related functional central limit theorems.
Section 3 presents the models, the assumptions and a key inequality used throughout the

proofs. Section 4 provides the main contributions related to the limit properties of the



estimates: consistency (Section 4.1), rate of convergence (Section 4.2), limit distributions
of the estimate of the break date (Section 4.3) and limit distributions of the estimates of
the other parameters (Section 4.4). The problem of the possibility of a spurious break is
discussed in Section 5. Section 6 provides brief concluding remarks and an appendix contains

all technical derivations.

2 Fractionally Integrated Processes and Functional Central Limit Theorem

In this section, we briefly define fractionally integrated processes and review results to be
used in subsequent developments. We follow the notation of Marinucci and Robinson (1999)
and Wang et al. (2003).

Definition 1 An autoregressive fractionally integrated moving average (ARFIMA) process
uy 1s defined as
1—=L)"™u =& and & =(L)s (1)

fort =1,2,..., where m > 0 is an integer and d € (—0.5,0.5); L is the lag operator such
that Luy = uy;—q and &, are independently and identically distributed (i.i.d.) random variables

with zero mean and finite variance.

Using this notation, note that the order of integration is d* = m + d. Wang et al. (2003)
derived the invariance principle for m > 0 which includes the non-stationary cases. We

summarize their results insofar as they will be relevant for subsequent derivations.

Lemma 1 (Wang et al., 2003, Theorem 2.1): Let u; satisfy (1) withm =0 and let {1;;j >
0} satisfy

Z|@/}j|<oo and waZ%#O )
j=0 =0
Assume that Eej < 0o. Then, for0 <d < 0.5,
1 (Tr]
K(d)T1/2+d D= Walr), relo], )
j=1
where 2 2
(14 2d)T(1+ d)I'(1 - d)



and Wy(r) is a Type I fractional Brownian motion on D[0,1]. Also, if E|eg|?+9)/(1+2d) < o0,
where ¢ > 0, then (3) still holds for d € (—0.5,0).

Lemma 2 (Wang et al., 2003, Theorem 2.2): Let u; satisfy (1) withm =0 and let {1);;j >
0} satisfy

Zj1/27d|wj| <oo and by = Z% #0. (5)
=0 =0
Assume that Eleo|™@{(22/(0+2d} < oo, Then, (3) holds for d € (—0.5,0.5).

Corollary 1 (Wang et al., 2003, Corollary 2.1): Let u; satisfy (1) with m = 0.
If E|eo|ma{22/0+2d} < oo then (3) follows with by, = 0(1)/¢(1) for d € (—0.5,0.5).

In order to consider general non-stationary fractionally integrated processes, two addi-

tional conditions are required.

e Condition 1: {1;;j > 0} satisfy (2), and Eleo|” < oo where p = 2, for d € [0,0.5);
p=(24¢)/(1+2d) <oo,c>0forde (-0.5,0).

e Condition 2: {¢;;j > 0} satisfy (5), and Eleo|m>{2%/ (120} < o0,

Lemma 3 (Wang et al. , 2003, Theorem 3.1): Let u; satisfy (1) withm > 1. Let Conditions
1 and 2 hold. Then, for 0 <r <1,

1

(Tr] r r T
1 m 2
—_— ;= . Wy(ri)dridry ... drpy,
k(d)T/2+d+m ;UJ /0 /0 /0 a(r1)drydrs r
[T7]

1 T
WZU?;‘/O [Wam(s)]*ds
j=1

'Marinucci and Robinson (1999) defined type I fractional Brownian motions with d € (—0.5,0.5) on
DJ0, 1] as follows:

Uiry) = Wd,m (T) )

Wa(t) = 1) / [(t - )2 — (—5)2)dW (d) + / (t — 5)4dW (s),

o) .
where W (s) is a standard Brownian motion and

1 o 1/2
A(d) = <2d+1 + /0 [(1+4s) — sd]2d5> .

They explained the difference between Type I and Type II fractional Brownian motion and showed how
those two types are related.



where
Wa(r) ifm=1

for OT"fl e fOT2 Wd(Tl)dTldT2 e drm—l me 2 2.

Wd,m (7’) =

We shall be interested in the case m = 1, in which case

1
k(d)TH/2+d
(Tr]

1 r
W Z'LL]' = /0 Wd<8)d8,
=1

= Wd(r)v (6)

Tr]

[
1 2 " 2
@ d)TZ(dH)Zuj = /0 [Wa(s)]?ds.
j=1

3 The Models and Assumptions

The series of interest, 1, is assumed to consist of some systematic part f; and a random

component u;, namely,
Yo = fi + g

For the noise component u;, we assume Fu; = 0 and that the following two assumptions
hold.

e Assumption Al: For d* € (—0.5,0.5) U (0.5,1.5), uy = A4 ¢, 1,50 where AY =
(1 — L)¥, with L being a lag operator such that L&, = &, ; and A™% = > mil?
with m; = I'(j + d*)/[['(d*)I'(j + 1)], where I'(-) denotes the Gamma function.

e Assumption A2: & ~ I(0). More specifically, £, is such that 7-1/2 21[21] £ =
byW (r) where b7, = limp . T'E(Y), &,)? exists and is strictly positive. Here =
denotes weak convergence in distribution (under the Skorohod topology) and W (-) is

the standard Wiener process.

Remark 1 There are many sets of sufficient conditions to guarantee that the invariance
principle in Assumption A2 holds. For example, it holds when &, is a linear process such
that § = > 2 gciery with Y777 jlej| < oo, where {e;, Fi 1} is a martingale difference

sequence with F,_1 the filtration to which &; is adapted.

For the systematic part f;, we consider two cases studied in PZ with 7(0) and (1) errors.

The first, labelled Model I, specifies that f; is a first-order linear trend with a single change

bt



in slope. In this case, the trend is joined at the time of break and there is no concurrent
level shift. The second, labelled Model II, specifies that f; is a first-order linear trend with a
concurrent break in both intercept and slope. Let A = T /T denote the break fraction with
a postulated break date T3.

e Model I: Joint Broken Trend with Fractionally Integrated Errors: The de-

terministic component f; is specified as
Jo=py + Bt + By By, (7)
where B; is a dummy variable for the slope change defined by

0 i< Ty,
t—1T ift>T1.

Bt:

Hence, the slope coefficient changes from 3, to 8, + [, at time 7). Note that the
trend function is continuous at the time point 77, hence the labelling of a “joint broken

trend”.

e Model II: Local Disjoint Broken Trend with Fractionally Integrated Errors:

The deterministic component f; is specified by
fe =y + Byt + 1,Cy + B, B, (8)
where C} is a dummy variable for the level shift defined by

0 if t <17,
1 if t > Tj.

Ct:

At the break date T7, there are concurrent slope and level shifts. The magnitude of the
level shift is p,, which is asymptotically negligible compared to the level of the series

iy + B111, hence the labelling of a “local disjoint broken trend”.

Throughout, we assume that there is at least a change in slope as stated in the following
assumption. Let the true break date be denoted by T} and let the break fraction be \g =
TT.

e Assumption A3: 5, # 0 and A\ € (0,1).



This assumption is required to ensure that there is a break in slope and that the pre and
post break samples are asymptotically large enough to obtain consistent estimates of the
unknown coefficients. This is a standard assumption needed to derive any useful asymptotic
result. By construction, the true break date 77 increases in the sample size T

In matrix notation, the Data Generating Processes can be specified as follows
Y = Xpoy+U (9)

where Y = [y1,...,yr), U = [u1,...,ur|, X = [x(k)1,...,x(k)r], with z(k), = [1 t B
and v = [y B, Bp), for Model I, while for Model II, z(k), = [1 ¢t C; B and v =
i By 1 B)- Note that the matrix X7, depends on the candidate break date 77, while
Xro depends on the true break date T?. The parameters are estimated using a global least-

squares criterion. The estimate of the break date is
Ty = argmin, Y'(I — Pp, )Y

where Pr, is the matrix that projects on the range space of Xp, i.e., Pr, = Xq (X}, X7y ) 7' X
With X4, constructed using the estimate of the break date Ty, the OLS estimate of v is

y = (X%lel)—lx’ﬁy

and the resulting sum of squared residuals is, for an estimated break fraction A=T, /T,
T T )
SO =i =3 (- a(T)id) =Y'( - Py)Y
t=1 t=1
where Py, is the projection matrix associated with X7 . The limiting distributions of A= Ao
and 4 — v, have been derived by PZ for the dichotomous case with either 7(0) and /(1)
errors.

In what follows, our aim is the following. First, we show that the break fraction Ay can
be estimated consistently by minimizing the sum of squared residuals when the errors are
fractionally integrated. Second, we derive the limit distributions of the estimates. Third, we
show that a spurious break phenomenon can occur even in the case of a break in a linear

time trend when the errors are fractionally integrated.

3.1 A Key Inequality

As in PZ, a key inequality will play a crucial role in proving the limit results. First, by
construction, we have for all T',

S(\) < S(N)

7



or equivalently,
Y'(I - P)Y <Y'(I - Pro)Y.

Using (9), this inequality can be rewritten as
Y'(Pro — Py )Y <0
or equivalently,

(YoX70 + U)(Ppo — Pp, ) (X197 + U)
= Y0 X790 (Pro = Pp, ) Xrovo + 290 X0 (Prp — P )U + U'(Prp — Py )U
= VG(XT{) - Xfl)/(l - Pfl)(XTP - XT])%
+290(Xpp — X3)'(1 = Pp)U + U'(Pro — Py )U
= (XX)+2(XU)+(UU)<0 (10)

where we have made use of the fact that X,T{)PTP = X,T{’ and X,}P(I — Ppo) = 0. Moreover,

it is straightforward to show that
arg min 1, [SSR(T1)] = argmin ¢, [SSR(T}) — SSR(T})]
= argmin, [vo(Xrp — X1y)'(1 — Pr,) (X0 — X1) 70
+270(Xrp — Xn)'(I = Pr)U + U'(Prp — Pr,)U].

We will make use of this result later to derive the rate of convergence of A = T} /T.

4 Asymptotic Results

We consider in turn the consistency, rate of convergence and limit distribution of the esti-

mates, concentrating on the estimate of the break date.

4.1 Consistency

We show that ) is a consistent estimate of Ao when the errors are fractionally integrated with
parameter d* € (—0.5,0.5) U (0.5,1.5). The idea behind the proof is the following. Unless
A —p Ao, the first (non-negative) term in (10) would asymptotically dominate the others. It
means that the key inequality does not hold if A does not converge to A\g, which leads to the

desired contradiction. We start with the following theorem.



Theorem 1 Define

Under the Assumptions A1-AS3, the following results hold uniformly over all generic Ty €
(7T, (1 —m)T] for some arbitrary small m such that N\g € [7,1—m]. First, for d € (—0.5,0.5),
we have for Model I: i) if m = 0:

(XX) =T - TTPO(T)
(XU) = Ty = 7|0, (T**)
(UU) = Ty = TY|O,(T1),

ii) if m=1:

(XX) =T - TYPO(T)
(XU) = Ty = T7|Op(T%**)
(UU) = Ty = T7|0,(T™*).

For Model 11: 1) if m = 0:

(XX) =T - T7P0(1)
(XU) = T2 = TY/*10,(1)
(UU) = |1 = T7|/*H0,(T 124,

i) if m =1

(XX) =|Th - TYPO(1)
(XU) = [Ty = TP PO, (TV**)
(UU) = [Ty = T7|0,(TH).
Note that (XX) is always positive because it is quadratic and (I — Pp) is positive
semi-definite. Given the results in Theorem 1, unless A —, Ao, then (XX) = O(T?),

(XU) = O,(T3*4) and (UU) = O,(T*!) with m = 0. Similarly, (XX) = O(T?), (XU) =
O,(T%/*+) and (UU) = O,(T*?%) with m = 1. Hence, for large T and d € (—0.5,0.5), with

9



some probability, the positive term (X X) dominates the other two terms (XU) and (UU)
such that inequality (10) will not hold with probability 1. Hence, we have a contradiction
since the inequality (10) holds by construction. Therefore, we can conclude that A —p Ao,

as stated in the following theorem.
Theorem 2 Under Assumptions A1-A3, in Model I-II, A 2 \o, Vd* € (—0.5,0.5)U(0.5, 1.5).

4.2 Rate of Convergence

The following theorem shows that the rate of the convergence of the estimate of the break
fraction, ;\, depends on the order of fractional integration d*. It also differs across the two

models being faster with no concurrent level shift.
Theorem 3 Under Assumptions A1-AS, for every d € (—0.5,0.5): For Model I:

O (T34 ifm =0

5\ - )\0 —
O, (T~ ifm=1,

For Model 1I:
O,(T™1) ifm=0

;\ - )\0 -
O, (T4 ifm=1.

Theorem 3 implies that the rate of convergence is slower when allowing for a concurrent
level shift, even if none is present, when d* € (—0.5,0.5). It is, however, the same when
d* € (0.5,1.5). These results accord with those from PZ who considered /(0) and (1)
processes. For Model I and IT with (1) process, A — Ag = O,(T~'/?). On the other hand,
for Model T with I(0) process, A — g = O,(T~3/2) and for Model II with I(0) process,
A—Xo = O,(T~1). PZ (2005) presented an intuitive explanation for the change in convergence
rate induced by introducing a level shift. Briefly, a random deviation from a deterministic
trend function is subject to be captured as if it were a level shift. Hence, it can have an
effect on the precision of the estimate.

The results show that the rate of convergence is linearly decreasing as d* increases for
all models except Model II for d* € (—0.5,0.5). The result for this latter case is quite
interesting as the rate of convergence is the same for all d* € (—0.5,0.5). The explanation
for this feature is again related to the contamination induced by allowing a concurrent
level shift, which implies added noise. If the process is stationary, d* € (—0.5,0.5), this

added noise dominates and renders the rate of convergence invariant to d*. If the process

10



is non-stationary, d* € (0.5, 1.5), the noise is small compared to the signal and we are back

essentially to the case with no concurrent level shift.

4.3 The Limiting distribution of the estimate of the break date

Given results about the convergence and the rate of convergence of the estimate of the
break fraction 5\, we can now consider its limiting distribution. The results are stated in the

following Theorem.

Theorem 4 Under Assumptions A1-A83, we have for every d € (—0.5,0.5): 1) For Model I:
a) if m=0,

3/2—d/y . 4rk(d)¢
TN = Xo) = o= )5
b)if m=1,
. Ar(d) [ Wi (r)dr
1/2—d o . Ao
T (/\ )\0) = )\0(1 — /\O)ﬁb

where r(d) is defined by (4),

e 1—X [! 3(1—Xo) [1
¢ = /)\0 dWy(r) + 5 /o de(r)—z—)\O/O rdWy(r)

3200 —1) [*
_M/A (r — Ao)dWa(r),
and
1 1 1=\ 1 1—\ 1
/\ Wy(r)ydr = A Wa(r)dr + 5 0/0 Wd(T)dT——S( T 0)/0 rWa(r)dr
0 0

320 —1) [*
2B /A (= dWalr)ir

2) For Model II: a) if m = 0, define a stochastic process S*(m) on the set of integers as
follows: S*(0) =0, S*(m) = S1(m) for m <0 and S*(m) = Sa(m) for m > 0, with

0

0
Si(m) = Z (1p + Byk)* — 2 Z (y + Bpk)ug, m=—1,-2,...,

k=m-+1 k=m+1
Sa(m) = Z(Mb + Byk)? + 22(/% + Bpk)ug, m=1,2,....
k=1 k=1

11



If uy 1s strictly stationary with a continuous distribution, S* is a two-sided random walk with

drift, and Tl’d(S\ — A) = argmin,,S*(m). b) if m =1, define

1 1 1 1
& ( r, | rWa(r)dr, Wd(r)dr,/ (r—)\O)Wd(T)dr> ,
0 Ao Ao
1 /
52 (0 0 Wd )\0 Wd(T’)dT) s
A
Xo ’
& = [ 16 = 200l O aWa(r),
0
£ = / r—1)(3r —2X — 1)/(1 — X)}|dWy(r),
Ao
[ 4 6 2 6 ]
X A2 Ao Y
6 12 _6 12
Q, — 20N X2 Y
2 6 4 6(1—2X0)
Ao A2 Xo(1-Xo) A2(1-X0)2
6 12 6(1—2X0)  12(3)\3—3Xo+1)
L 22 T3 X2(1—x)? A3(1-20)3
[ 4 12 2 12
2N 22 BY
12 _36 12 36
0, = | 2 AD A3 b
2 2 12 4(270—1) 12(3A2 30 +1)
NN AZ(1=Xo)2 A (Ao—1)3
12 36 12(302—3X0+1)  36(4\3—6A2+4)N0—1)
L X A A3 (Ao—1)3 51— >\0)
Also define Z*(v) as follows: Z*(0) = 0, Z*(v) = Z1(v) for v < 0 and Z*(v) = Zs(v) for
v >0, with
Zy(v) = (B,)*[0]*/3 + v*K(d) B4 +v0?[2650&; — E10Ey], v <0,
Zs(v) = (By)*[0]* /3 + v*K(d) By€s + vo? 2650 &; — E10&], v > 0.

Then, TY/2~4(\ — \) = argmin ,Z*(v).

4.4 The limiting distribution of other parameters

A

We turn to the limiting distribution of the other parameters in the models, that is (ji, B 1 5)
for Model I, and (fiy, fuy, By, 3,) for Model I1.

12



Theorem 5 Under assumption A1-A3, the following results hold for all d € (—0.5,0.5). 1)
For Model I:
TV (g — pf)

T3/2=4(3, — B9 | = £,'%y if m =0,
TS/Q*d(Bb - Bg)
1Yy — )
T3 — 89 | = 518 ifm=1,

Tl/Q*d(Bb — By)

where
(o +3)/ o —3(Ao + 1)/ 3/X5(1 = o)
N7 = | =30 + 1)/A2 33X + 1)/} =3(200 + 1)/A5(1 = Xo) | -
3/A2(1—Xo)  —3(200 4+ 1)/A3(1 = \o) 3/05(1— Xo)?
3A2—2X\g+6Xgr—61 —3(Ao+1—2r)
Ao A5 1 1-20
Yo = /‘i(d) / /\8—>\0-‘;\2>\3r—3r de(T) +/ —)\(2)—3)\01—2)\—22%07"+4T deO,.) ,
0 Y Ao -
—(1—AOig(Ao+37) —2X+4r —2
and
3(1=X0)72+(3M0—2) Aor— A2 3{r2—(14+Xo)r+Xo}
Ao 25 1 1-2o
21 _ /ﬁj(d) / (3_2)\3)7,2_22)\;)2(1—2/\3)T—)\g de(r) + / (/\0+2){r2;(i;r)\0)r+)\0} de(r)
0 2 23 r—)2 Ao -
(1=2o) (3;/\3 2or=2p) 2{r? — (14 Xo)r + Ao}
2) For Model II:
[ 1/2—d(s 0 i r T
T2~ (i — pf) o dWa(r)
T?’/Q_d(B - 50) YrdWy(r
b ) = r(d) fol alr) if m =0,
Ty = i) = T2 43,(Ty = TY) Jro dWalr)
A 1 JE—
I T3/2fd(6b _ 62) | _f/\o (,r A0>de(T)_

13



i T-12=d(f, — 19) ] [ fol Wa(r)dr -
T1/2-d(3 _ 30 !
o=l e |0 O
T2, — 0y — 71243 (T} — T?) f/\ Wa(r)dr
TV24(5, — 5y) Lol = AWl

This implies that [u, is asymptotically unidentified.

Note that except for the unidentified intercept shift fi,, the other parameters, (ji,, BO, Bb),
have the same stochastic order for Model I and II. As noted in PZ, the exact model specifi-

cation does not matter if one wants to make asymptotic inference on these parameters.

5 Spurious Break

In this section, we consider the properties of the least square estimate of a structural break
date when no structural break is present in the data generating process. Nunes et al. (1995)
and Bai (1998) showed that the least square estimator of the break date can lead to a spurious
break date when the errors are integrated, in the sense that the estimate will not converge
to either end of the sample. Kuan and Hsu (1998) considered a change in mean model for a
fractionally integrated process with d* € (—0.5,0.5) and showed that a spurious break can
be estimated if d* € (0,0.5). Hsu and Kuan (2008) confirmed the possibility of estimating
a spurious mean break if the series is a non-stationary fractionally integrated process, i.e.,
d* € (0.5,1.5). Here, we consider the issue of spurious breaks in the context of Model I with

a joint-segmented trend. The DGP is specified as follows; for t =1,...,T,

Ye = i+ Bt + uy, (11)

and
(1 — L)d*ut1t>0 = € (12)

where ¢; ~ i.i.d.N(0,0%). When estimating a one-break model in slope using Model I, the

regression for a candidate break date is
Y=+ ot+vyBy+u, t=1,....T.

The so-called spurious break problem has been analyzed in the segmented regression model
(see, e.g., Nunes et al, 1995). However, we take a global least squares approach. Hence, the

theoretical derivations are different. In matrix form, the DGP is

Y:X()ﬁ‘i‘U,
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and Model I can be written as:
Y =X,T+U.

The OLS estimate of ' is [' = (X}, X7,) ' X7, Y, the OLS residuals are
U=[I-Xg (X7, X)) ' X7, )Y,
and the sum of squared residuals is given by
UU =Yl — Xpy (X}, Xp,) ' X5, ]V
It is straightforward to show that
T, = argn%iln U'U = argrr%iln {U'U - U'U}
= arg max U'Xr, (X, Xry) ' X3, U = arg max Mr(Th).
Let M#(T1) be the normalized version of Mz(T}), that is,

M;(TI) = T_2(d+m)MT(T1)
- T—(d+m)U/XT1 Djjl/?(D;l/?X{FlXTI D;1/2)_1D;1/2X§~1 U (d+m)

where Dy = diag{T, T3 T3} and m € {0,1}. In order to derive the asymptotic distribution
of M}.(T1), we need the following conditions which are similar to those of Nunes et al. (1995)
and Bai (1998).

e Condition S1 There exists a diagonal matrix Dy such that D;l/ 2X§,1 X, D;l/ 22
Q(A), uniformly in A € (0,1) where Q()\) is assumed to be a positive definite matrix
for all A > 0.

e Condition S2 For some o > 0, T*“/QD;UQX'TIU L G(N), where G()) is a stochastic

process having continuous sample paths.

Conditions S1 and S2 hold with Assumptions A1 and A2. Note that 7} = arg maxrp, Mr(T7) =
arg maxy, M:(T}) because the normalization factor T-2@*™) does not depend on T;. If Con-
ditions S1 and S2 hold, we have

M;(T1) = M*(N) = G)'QNG(N).

It can be shown that (see, Bai, 1997) A <, arg maxyc(,1) M*(A). Hence, the estimate of the

break fraction \ is a random variable with support in (0,1). Note that this is true for all
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d* € (—0.5,0.5)U(0.5,1.5), which generalizes the results for (0) and /(1) processes in Nunes
et al. (1995) and Bai (1998).

Below, we show that M*(\) — oo as A — {0,1} if d* € (—0.5,0.5). Taqqu (1977) showed
that for d* € (—0.5,0.5), the fractional Brownian motion Wy(t), ¢t € R satisfies the following

law of iterated logarithms:

lim sup Wat) =1 a.s
oo (ct1t2d]oglog t)1/2 o

for some positive constant c. Since W(t) is self-similar with self-similarity parameter 0.5+d,
for any ¢ > 0 it satisfies, Wy(t) < O+, (ct), where £ denotes equality in distribution.

Applying the law of iterated logarithms to Wy(1/t) and self-similarity, we have

t
lim sup Wa(t)

=1 .S.
=0 (ct't2dloglog(1/t))1/2 -5

Then, for d € (—0.5,0],

A
lim sup Wa(3) = lim sup \/c)\2d loglog(1/\) =00 a.s.

A—0 \/X A—0

It is easy to verify that Wy(1) — Wy(\) is also a fractional Brownian motion W,(s) with
s=1—\ Forde (-0.5,0],

Wd(S)

1) —
lim sup Wa(l) = WalN) _ limsup ——= =00 a.s.

A—1 vV 1—A B s—0 \/g

Of interest is the behavior of M*(\) when A gets closer to either 0 or 1.

Theorem 6 Under Assumption A1 and A2: 1) for any d* € (—0.5,0], limsup,_,, M*(\) =
limsup,_; M*(A\) =00 a.s.; 2) for any d* € (0,0.5), limsup,_,; M*(\) =0 a.s..

Theorem 6 implies that no spurious break is estimated if the order of fractional integration
is a value in (—0.5,0.5).

Proposition 1 For « defined in Condition S2, assume o > 2d* with d* € (0.5,1.5). Then,
SUDPxe(0,1) M*(\) = Op(l)-

The proof is similar to that of Theorem 1 in Bai (1998) with Lemma 3 and is omitted.
Proposition 1 implies that M*()\) is stochastically bounded for d* € (0.5,1.5). In the follow-
ing theorem, we show that it is not possible that A — {0,1} in the limit. Note that M*(0)
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and M*(1) are defined without the dummy variable for a slope change B; in the model. After

some algebra, we have

o -ca([vos)
—12 </ Wa(r )(/ rWa(r )dr)+12 (/0 rWd(r)dr) .

Theorem 7 Under Assumption Al and A2, for any d* € (0.5,1.5), M*(0) = M*(1) <
M*(X), for every A € (0,1).

Theorem 7 implies that the maximum value of M*(\) cannot be located at 0 or 1 and the
value that maximizes M*(\) on any subset of [0, 1] is bounded away from 0 or 1 since M*(-)

is not a constant process. Hemce, the spurious break feature applies when d* € (0.5, 1.5).

5.1 Monte Carlo Experiments

We consider simulation experiments to illustrate the issue of a potential spurious break. The

data generating process is specified by

Yr = b+ Bt + uy,
(1 — L)d*ut1t>0 = €4, € ~ ZZdN(O, 0'2).

for t = 1,...,T. Without loss of generality, we set 4 = § = 0 and we consider d* €
{-0.2,0.3,0.8,1.3}. The sample sizes used are T" = 200 and 7" = 2,000. For each value of
d*, the results are obtained from 10,000 replications. We consider estimating the date of a
structural break using either Model I (joint-segmented trend) or Model II (locally disjoint
broken trend).

Figure 1 presents the results pertaining to Model I. Figure 1(a) presents histograms of
the estimates 7) when 7" = 200. For d* € {—0.2,0.3}, the estimates are concentrated at
the two end points (1 and 7") indicating that the estimate of the break date is consistent
and no spurious break feature is present, consistent with Theorem 6. For d* € {0.8,1.3},
the estimates of the break date T} tend to cluster near the middle of the sample, which
falsely indicates that there is a break in the sample. Figure 1(b) presents histograms of the
estimates 7} with 7" = 2000. With this larger sample, the estimates often occur near the
boundaries, though there is no mass at or very near 0 or 1 with d* € {0.8,1.3}. Hence, the

theoretical results are supported by the simulations.
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The corresponding results for Model II are presented in Figure 2. Interestingly, in this
case a spurious break occurs for all positive values of d* even when T° = 2000. Hence, it
appears that simply introducing an irrelevant level shift can alter the results towards having
a spurious break. More work is needed to theoretically assess this feature.

These results reinforce the feature discussed in the literature to the effect that structural
change and long memory imply similar features in the data, and it is difficult to distinguish
one from the other at least in small samples. This suggests the importance of implementing
a proper testing procedure for a structural break which should be robust to any a priori
unknown order of integration. Recently, Harvey et al. (2009) and Perron and Yabu (2009)
suggested testing procedures for a structural change in trend function designed to be robust
to 1(0) or I(1) errors. Iacone et al. (2013) presented a sup-Wald type test for a change in the
slope of a trend function which is robust across fractional values of the order of integration.

These tests are useful to avoid the spurious break problem.

6 Conclusion

This paper considered the consistency, rate of convergence and limit distribution of the
estimate of a break date in the slope of a linear trend function, with or without a concurrent
level shift, when the errors are fractionally integrated with d* € (—0.5,0.5) U (0.5,1.5). Our
theoretical results uncover some interesting features. For example, when a concurrent level
shift is allowed, the rate of convergence of the estimate of the break date is the same for all
values of d* in the interval (—0.5,0.5). This feature is linked to the contamination induced
by allowed a level shift, previously discussed by Perron and Zhu (2005). In all other cases,
the rate of convergence is monotonically decreasing as d* increases. We also provide results
about the so-called spurious break issue and show that it cannot occur in the limit when d*
in the interval (—0.5,0.5). Simulation experiments illustrate this theoretical result.

The results in this paper can be useful for subsequent work. For instance, Lobato and
Velasco (2007) considered efficient Wald test of unit root against a fractionally integrated
process with unknown order. However, their procedure does not allow a break under both
the null and alternative hypotheses. Accordingly, an interesting avenue would be to extend
the Kim and Perron (2009) unit root testing procedure that allows a structural change in the
trend function under both the null and alternative hypotheses. Just as the results of Perron
and Zhu (2005) and Perron and Yabu (2009) were useful to achieve this task, one could use
our results and those of Iacone et al. (2013) to extend the test of Lobato and Velasco (2007).

This is currently the object of ongoing research.
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Appendix

We consider the proofs of Theorems 1-4 for Models I and II separately, for ease of exposition.
Note first that all limit statements are taken as 7" — oo.

A.1 Results for Model 1

Model I can be represented in matrix notation as

Y = XTl’Y + U
231
= |:L t BT1:| 51 +U
By

where YV = (y1,...,yr), U = (uy,...,ur), Xy, = (x(Th)1,...,2(T1)7) with z(Ty), =
(1,t,B;) and v = (uq, 81, 58;)"- Note that the matrix X7, depends on the candidate value of
the break date T;. In the proof, we only consider the case Ty > TP. It is straightforward to
apply the same arguments to the case where Ty < T7. For Ty > T}, let

0 if1<t<T?
) =9 A TV <t<T
1 T <t<T.

and for Ty = T7, let

- 0 if1<t<T?

(t) = w(t) =
1 T <t<T.

With this notation, we can write
(X7o — Xy )y = By(Th — TV )y

Note that 7,([T'r]) converges to a continuous function f;, () over [0, 1] defined by, for A > A,

falr) =9 58 ifdg<r<A
1 ifA<r<i1,

and by, for A = )\,
0 ifo<r<i

fTb(T) - be(r> -

1 ifrx<r<l.
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Pertaining to the proof of Theorem 1, we first consider the term (X X). We have
(XX) =70(Xpp — X1y)'(1 = P )(Xgp — Xy )79
= (I = TY)*Byiy(I — Pry )iy

where the second equality holds because the first two columns of (XTlo — Xr,) are zeros by

construction. Note that 7;,(I — Pr, )iy is the sum of squared residuals from a regression 7, on
[t t Bp]. Define
ST :22([ - PTl),Zb-

Next, consider the continuous time least-squares projection of the function f;, (r)on[1 = fg(r)],

where f5(r) = (r—A)1,2x. Let [&@ B3 ] denote the estimates of the coefficients and let Sx
denote the resulting SSR. From the definition of a Riemann integral, T-1S; — S., where

S= [ (fa) -0 Br—ds) o

~

Suppose that & = 5 = 0. It is easy to show that Sy, > 0 from the definition of f; () and
fB(r). Otherwise, we have

min{\,\o} . . 9 min{X,\o} R
sooz/ (falr) = a = Br— () dr:/ (é+ Br)’dr > 0
0 0

where the equality holds because of the definition on f;, () and fg(r) and the fact that both
A and \g are bounded away from zero. Hence, 0 < S, < 0o and Sy = O(T'). Accordingly,

(XX) = (T, = TY)*B,0(T).
Next, we consider the term (XU). We have
(XU) = ’YI(XTlo - X5)'(I = Pr,)U
= By(Th = V)i (I = Pr,)U

Define ]?;b (r) as the projection residuals from a least-squares regression of f;, (r)on [l r  fg(r)].
By the properties of orthogonal projections and the result for (X X), we have

/01 Fo (r)dr = /01 (Falr) — &= Br = dofs(r)) dr =0

and )
lﬁﬁvazsmzom

uniformly over all A. By the functional central limit theorem (FCLT) and the continuous
mapping theorem,

1~
T - B)U = k() [ Fu(ndWar) itm =
0
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Similarly,
1 o~
TSI = POU = wld) [ FOWar)dr im0 =1,
0

where x*(d) = [b3T(1 — 2d)Eeg] /(1 + 2d)I'(1 + d)['(1 — d). We deduce that

ol /0 £ () AWa(r)] =0 and E] /0 o (1) Wa(r)dr] =0,

Var/ o (1) dWy(r / / P (7) Fr, (0) E[dW g (w)dWy (1))
= Oéd/o /0 \u — T|2d71f7b(r)f[b(u)dudr = "f;b||?i, itm=20

where oy = 2d(d 4+ 1/2) and 'H is a Banach space, and

Var/ be rYWy(r)dr] = / / be be VE[Wa(r)Wy(u)|dudr
/ / be be |u]2d+1—|—]r]2d+1—|u—r\2d+1)dudr

- / / Fo ) T ) (20 (20 — o — 721
0 0
=0,(1), ifm=1
uniformly over all A € [r,1 — 7]. Therefore, fol JA%, (r)Wa(r)dr = O,(1) and

O, (T4+1/2 if m =0,
wi-pyr={ 7
O,(TH3/%)  if m = 1.

Hence, we have
By(Ty — TY)O,(THY2)  if m =0,
By(Ty — TY)O,(T4+3/2) if m = 1.

Finally, we consider the term (UU). Define Dy = diag(T%+/2 T4+3/2 Td+3/2) with d €
(—0.5,0.5). We have

(UU) =U'(Prp — Pr,)U
- U{XT{) (X’ir{JXTf)_lXérf - XT1<X§’1XT1)_1X,T1}U
= U(Xgo — XTl)D_l[D_lX’TOXToD_l]_nglX’TloU
+UXr, D' D' X, X, D)7 D3 X7, Xy — X X
X D' [Dp' X0 Xpo D] Dt X0 U
+ UXrp, Dy Dy X, X0y DY) 7 Dt (X — Xy )'U.

(XU) =
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Applying the FCLT for d € (—0.5,0.5) and m = 0,

T
T—(d+1/2) Z ur = K(d)Wy(1),

T~ 32N "ty = k(d)[Wa(1) — /0 Wa(r)dr] = k(d) /0 rdWy(r).

Also, from Lemma 3 with m = 1.

T 1
T (d+3/2) Z Uy = /-i(d)/ Wy(r)dr
t=1 0

T 1
T~ (d+5/2) Ztut = n(d)/ rWa(r)dr.
0

t=1
In addition, it is easy to show that

T

T_ t—Tl —>/ r—A
tT1+1
T3 Z t—TIt—>/ r— N)rdr,
t=T1+1
T
T2 (t—T1) —>/ r—A
tT1+1

We next consider each term in (UU).

1. D7' X}, X7, D' and D7'X, oXTODT are O(T2?) uniformly in .

2. When m = 0, D' X/, U and D, 1X’ U are O,(1) uniformly in A, and

TS K(d)Wa(1)
D;leTlU = T—(d+3/2) 23“21 tuy = fol rdW(r)
T35 (= Tw fA r— N)dWy(r)

When m = 1, D;lX{plU and Dy, 1X’ U are O,(T') uniformly in A, and

T—(d+3/2) Zle Uy fo Wy(r)dr
TD' XU = T-(@+5/2) Sy, = fo rWa(r)dr
T~ (d5/2) ZtT=T1+1<t —T1)uy f)\ r—= a(r)dr
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3. U'(Xqo — X7, )D7'. Tt suffices to consider the third column of (X0 — X1,) because
the first two columns are zeros. We have

T T
T By — Bry) = TR (= T)uy + TN 1Y) Y
T0+1 T1+1

= |Ty — T?|0,(1) for m € {0,1}.
4. D7 X)X — X, XTo]D . As noted earlier, it suffices to consider the terms in which
Br, and Bpo are 1nvolved
BBy — By, Br, = |11 — 17 |0(T7)
Biot — Byt = |7} — T7|0(T7)
Biot — By =Ty - TY|O(T)
Hence, we have
D7 [ X7, Xy, — XjoXqo] Dyt = [Ty = TY|O(T~0429), - for m € {0,1}.
Based on the results 1-4,
Ty — TP|O, (T~ 1+ itm=0
N AL
Ty — TR0, (T*2) ifm=1
This completes the proof of Theorem 1 for Model 1.

A.1.1 Proof of Consistency (Theorem 2)

From the proof of Theorem 1, we know that for Model I, if m = 0,
(XX) = (17 = Th)*B,0(T)
(XU) = By(TY = T) O, (T'/?)
(U0) = | = Th|O,(T~+24).

and, if m =1,

(XX) = (17 = T1)*80(T)
(XU) = B,(T7 = T1)O,(T***)
(UU) = T — T1|0, (T4
We consider the proof for m = 0 (the proof for m = 1 is similar). Suppose that A 5 Ao

Then, the results above imply that (XX) = O(T?), (XU) = O0,(T%?*%), and (UU) =
0,(T?) for d € (—0.5,0.5). Therefore, for sufficiently large T, the term (X X) dominates
the others with some probability. It implies that the key inequality (X X)+2(XU)+(UU) < 0
cannot hold with probability 1. Since this inequality is valid for all 7', we have a contradiction.
Hence, we can conclude that —p Ao-
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A.1.2 Rate of Convergence (Theorem 3)

Consider the set

V(e)={Ty:|Th —T7| < €T, Ve > 0}.
From the consistency of T} in Theorem 2, Pr (Tl € V(e)) — 1 as T'— oo. Hence, it suffices
to consider the behavior of S(T}) for all T} € V(¢). Consider another set V.(¢) defined by

Vie) = {Ty:|Ty —T°| < €T and [T} —T?| > CT~V/2+d+m
Ve > 0,¥d € (—0.5,0.5),m = {0,1}}.

Note that Vi(e) C V(e). Since S(T}) < S(T?) with probability 1, we can claim that T ¢
V.(€) by showing that for each n > 0, there exists a constant C' > 0 such that

Pr < min {S(Ty) — S(T})} < O) < (A1)
Th€Ve(e)
Equation (A.1) implies that a minimum cannot be obtained in the set V.(e¢) and that
Ty — TP| < CT~Y?+4+™ must hold with an arbitrary large probability. Equation (A.1)
is equivalent to
Pr ( min {(XX)+2(XU)+ (UU)} < O> <n

Tl EVc(€)

Based on results derived in Theorem 1, we can apply the following normalizations. If m = 0,
then

(XX) __[L-TIPGO) | CTPHROM) )
|T1 _ Tl()|T1/2+d o |T1 _ T10|T1/2+d T—1/2+dT -
(XU) _ |T1 - TlolﬁbOP(Tl/}i_d) -0 (1)
|T1 _ T10|T1/2+d ’Tl _ TP’T1/2+‘1 p
UU) __h-mo,rey
|T1 _ Tl()|T1/2+d |T1 _ Tl()|T1/2+d PA=/e
If m =1, then
(XX) L -=TPB0(T)  CTVPHB0(T) _
— 70|T3/24d — 70[73/2+4 1/2+d =aC +o(1)
Ty — TO|T Ty — T°|T T1/2+dT
(XU) _ |T1 _ TP‘BbOP(T3/2+d) =0 (1)
T, — TP]T3/2+d Ty — T10|T3/2+d p
uvu Ty — T2 O, (T**2d
o) Lo

Ty — TO|T3/2+d Ty — TO|T3/2+d
where a is a positive constant. Here, we simply use the fact that [Ty — TY| < €T and

Ty — T?| > CT~Y2+d+™ in V (¢). Therefore, Equation (A.1) is satisfied for all € > 0 if we
choose a sufficiently large C' > 0.
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A.1.3 Limiting Distribution of the estimate of the break date

Consider first the case with m = 1. Define the set D(C) = {T} : |T} — T?| < CTY?*4} for
some positive number C, and mp = T-Y279|T, — T?|. We are interested in the stochastic
orders of the other parameters. We analyze

arg min r,ep()[SSR(Th) — SSR(TY)].

For Ty € D(C), we have |T} — T?| = O(T*/?*%). Hence, (X X) = [T} —TY|?O(T) = O(T*%),
(XU) = |T1 = TP|O,(T¥*+) = O,(T**!) and (UU) = |Ty — TY|O,(T*+*) = O,(T*>+).
Then,

arg min 7, e poy[SSR(Th) — SSR(TY)] = arg min 1, e pioy[(X X) + 2(XU) + (UU)] /T
— arg min e oy (X X) /T2 4 2(XU) [TH 4 0,(1)].
hence we only need to consider the first two terms. Note that on the set D(C), |\ — Ao| =

O(T~Y/?+4) for d € (—0.5,0.5). Using this fact, we can derive the following results that will
subsequently be applied:

1 1/2 (1— Xo)?%/2
T* D XY Xp, Dyt = 1/2 1/3 (1= X0)%(24 Xo)/6| +o0(1)
(1=20)%/2 (1= 20)*(2+ X0)/6 (1= X0)?/3
= X, +o(1),

and the inverse is T72/(D3' X), X7, D7) ™ = 3,1 + o(1) with

(Ao +3)/ Ao —3(Xo+ 1)/ 3/25(1 = Xo)
S = =300+ 1)/A2 3(3Xo + 1) /A3 —3(2X0 + 1)/A3(1 = \o)
3/A(L—Xo)  —3(2h0 + 1)/A5(1 = Xo) 3/A0(1 = Ao)?

We have

(XX) = B;(Byp —Bp)'(I - Pr)(Brp — Br)
= B3{(Bry —Br) (B — Br)
—(Brp — By,)' X, Dy (Dy' X7, X, D) 7 Dy ' X7, (B — Bry )}

The second term in (X X) is such that
T (Brp — Byy)'Xp, Dyt = |T1 = TY| T 24T 1244 Xy Dy !

=mr |1 - X % —(1730)2 +o(1)
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where mp = T—1/274| Ty — T?|. Using the results above,

T2 (Byro — Br,) Xp, D7 (D' X Xy DR ™1 = my [_1—2Ao 3 =2) 2%530_-;3)] +o(1)
(A.2)

Hence,

(1 — )\0))\0

Tﬁ272d<BTIO - BT1>/XT1 (X’}lXTl)ilx'}l (BTlo - BTI) = |: 4

] m24+o0(1)  (A.3)

and

T_Q_Qd(BTl0 - BTl)/(BTf —Bp) = T_2 2d|T T0| Lylb

= (1 — Xo)m> + o(1)

Combining (A.2) and (A.3), we obtain

1— X)X
T2 By — Byy)'(I — Pr,)(Bgp — Bry) = [(4—0)0} m7 + o(1)
Now,
(XU) = VO(XT{) - XT1),(I - PT1)U = 5(BT10 - BT1)/(I - PT1)U'
We have,
T2 By — Byy)'U = [Ty = TY|T 247732 U
1
= mrk(d) / (1 —r/N)Wy(r)dr + o,(1),
A
T7272d(B - B /X X/ X —1X/
ya T1) T1( T TI) U
= T2 (Byo — Byy)' X1, D7 (D7 1X' X DY) "D XU
=T~ (Bgo — By, ) X, Dp' T D' Xoy Xy, DY) ' T 1D 7 XU,
and

T 1D 1Xl lU T— T—1/2 dzu T—3/2 dztu T—3/2 d Z t—Tl)

t=T1+1
/
3/2 dzu T—5/2 dZtu T—5/2 d Z t— Ut+0p(1)
t=TP+1
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Hence, for d € (—0.5,0.5) and m = 1, we have
T 2GZ(BTO - BT1> (] PTI

= /‘Q(d){ Wd r)dr—

3(1 - /\o / W 2A(:(Alo_ )\0)) / (r = Xo)Wa(r)dr}Bymz + 0p(1)

= k(d)Bymzr Wd( )dr + 0p(1),

Ao

where W (r) is the residuals function from a continuous time least-squares regression of
Wa(r) on {1,7, (r — Xg)1,=x, }- Therefore,
My = arg min e pioy (X X)T272 4+ 2(XU)T 72" 4 0,(1)]

, Ao(1—A o
= axgmin e m3B 22 an(dmis, [ Wir)dr] +o,(1)
Ao

by the continuous mapping theorem. Note that the objective function does not change if
Ty — TP < 0. We can conclude that

f/\ W (r)dr
>\0(1 —X)By

Next, consider the case with m = 0. Define my = T2+ T} — T?| for this case. Note that

T 1/2- U = k( on dWy(r). For (X X), we have the same results as for m = 1. For (XU),
we have:

mh =T V27T, =T = —

(XU) = 5b(BT{) _BTl)/([_PT1)U
= T Y2748, ma, (I — Pp)U
= TV mgdy P Byma Ty Xy DR (Dpt X Xy DY) Dt X U

= Bymrk(d) {/}\0 dW(r)

fol dWa(r)

fol rdWy(r) +0,(1)
S (r = 20)dWa(r)

2 Ng — A2+ 3r —3r\ X2+ XN —3
_ Bymrn(d) [ / 0 = A0 £330 gy 1) 4 / 0220 =37) i ] 4 0,(1)
0 Ao

20 2(1 — )\0)
= Bymrk(d)C + oy(1).

Ao—1 3(1=X) 32X\ —1)
a { 2 20 22o(1 — AO)}

27



For (UU), we know that U is an I(d) process with d € (—0.5,0.5). It is easy to show
that U'(Xpo — X1,) Dyt = [Ty — TP|O,(T7Y), D;lX’TPU = 0,(1), and D;lX’T{)XTlngl =
O,(T7%%). Hence, (UU) = |T} — T?|O,(T~*72) which is dominated by (XU) asymptotically.
The optimal m7. is therefore given by

: —4r(d)C
mi = T3 (N = \)) = ———— 2
T ( 0) ,Bb)\()(l - AO)
A.1.4 Limit Distributions of the Other Parameters
The OLS estimates of the regression coefficients v is
g = (X%lel)’lX'TlY
= (X5 Xp,) 7 X5 Xoyo + (X5, Xp) ' XL U
=0+ Dy (Dr' Xj X, D) ' Dyt X (Xp — X,)70
+ D;l(D;lX%lXTlD;l)—lD;lX’TA1 U.
Hence,
Dr(§ = o) = (D7 X3, X3, D7) D7 X5, (X0 — X, )y + D' X5, UJ.
First, for m = 0,
D' X4, (Xag — Xi v + D X5 U
D' X% BTy — T7[iy + Dt X7 U
— DXL BT — TOTYR T L D U

= mpf, TV DIXE

Iy + D;lX,},lU

1— X oy dwa(r)
—4f€(d)€ 1_)\2 1
= —— fmialo} d
— 2 1
(020 S, (1 = Xo)dW(r)
322 —2X0+6Xor—6r —3(N\o+1-2r)
Ao )\g 1 1-Xo
3_ 2, 3. )2 _ rtdr
— K(d) /0 Ao )\OJ;?éAO 3 de(,,,) 4 /)\0 b 3/\01_2)\—&(;2/\0 +4 de(T)
—(1— 2 -
=(1=20) (o+3r) AOigW*?’ ) —2Xg + 4r — 2

= 20.
Since T~%(D3' X4, Xq, DY)~ 5 5271,

T*'Dr(§ —7) = Z, ' Zo.
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Second, for m =1,
T7'Dr(§ — ) = (D7 X3, Xp, D7) T DR XG (Xqo — Xy )y + T D7 X3, UL
Then, we have
T Dy' X5 (Xpo — Xg )vo + T Dy XDy X5 By| Ty — Tty + T Dy X3, U
= D' XL BTy — TP\ T T2 4 T2 D XE U
= mpB,T DXL T + T DR XL U

1
1 /\io Jo Wa(r)dr
= —k(d) [ W;(d)dr 2(1+0Ao> + k(d) [ rWalr)dr
Ao
2(1-A\ 1
M) S (7 = X)Wadr(r)
3(1=A0)r?+(3X\0=2)Aor =23 3{r?—(1+Xo)r+Xo}
Ao A5 1 1-Xo
_ H(d) (3—2>\g)r2—22/\;2(1—2>\(2))r—>\(2) de(T’)—l—/ (A0+2){r211(1\+>\0)r+>\0} de(T)
0 )2 T2i r—)2 Ao o
(=20 B hor—20) 2{r? — (1+ Xo)r + Ao}
= Zl-
Therefore,

T2 Dp(5 —7,) = 15,

A.2 Results for Model 11

We now consider results for Model II. The proofs of the consistency is similar to that for
Model I. In any event, the relevant bound will be derived in the proof of the limit distribution.

A.2.1 Consistency (Theorem 2)

From Theorem 1, for m = 0:

(XX) = (17 - T)*B0(1)

(XU) = By(TY — T1)**H10,(1)
(U0) = |17 = To| /0, (T V2),

and for m = 1:

A A

(XX) = (17 - Th)’B0(1)

(X0) = (17 = T1)*0,(T"/**)
(U0) = |17 = T|0,(T*2).
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The proof of consistency is similar to that for Model 1. Suppose that A % \. Then, with
m =1, (XX) = O(T?), (XU) = O,(T%*%) and (UU) = O,(T*?%) for all d € (—0.5,0.5).
Hence, with some positive probability, (X X ) dominate the other two terms, so that this
result cannot be compatible with the key inequality (10). Hence, we have a contradiction

and conclude that A 2 ).

A.2.2 Rate of Convergence (Theorem 3)
We consider the set

Vi) = {Tv:|T =T <€l and |T) — T > CT™d+1/2),
Ve > 0,Yde (—0.5,0.5),m = {0,1}}.

Given the results in Theorem 1, if m = 0:

(XX) T3 = TPPB,0(1) 03/2-d 32 3/2-d 2
T, — T0|3/2+4 = T, — TO[3/2+ = |Ty — TYPP*74620(1) > C3/*71320(1) = aCy + o(1),
(XU) L =TPPEB0,(0) _ ) o
|T1 _ T1O’3/2+d - |T1 _ Tl()‘3/2+d - P( )’
UU) =Ty
Ty, — TOP/2+d — Ty — TO3/2+d = op(1),
and if m = 1:
(XX) __|L=TIPROM) | CTHB00) _ oy
Ty, — TO|271/2+d B Ty, — TO]2T1/2+d T1/2+d B ’
(XU) _ |T1 - T10|2BbOP(T1/2+d) -0 (1)
|T1 _ T10|2T1/2+d |T1 _ T10|2T1/2+d LA
uvu T, — T?|O, (T 24
U) L =T0T)

|T1 _ T10|2T1/2+d - |T1 _ T10|2T1/2+d
for Vd € (—0.5,0.5) where a is a positive constant. It is easy to show that
Pr ( min {S(T1) — S(T})} < 0) <
T1€Ve(e)

for any € > 0 if we choose a sufficiently large C' > 0. This completes the proof.

A.2.3 Limit Distribution of the Estimate of the Break Date

Given the results in Theorem 3, we work on the set Do(C) = {1} : |T} — T?| < TeC} if
m =0 and D,(C) = {1} : [Ty — T?| < TY?*4C} if m = 1, for some positive C. In other
words, for A = T1 /T, |A — Ao| = O,(T~+%) with m = 0 and |A — \o| = O,(T~?*9) with
m = 1. In matrix notation, Model II can be expressed as

Y:XTl’}/+U
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with
XT1: t t CJT1 BT1

where ¢+ = (1,...,1), t = (1,2,...,7), Cp, = (Cy,...,Cr), By, = (By,...

Y= By Byl For Ty > T,

HTO<t<T,
CTIO_Cle

0 otherwise,

and
0 t—TY) TP <t<T
B —Br, — (T = 17)Cr, =
0 otherwise.
When Ty < T7,
-1 TP <t<T)

0 otherwise,

and

—(t—=T9 fT0<t<T
By — By, — (T1 = T7)Cr, = ( 1) e
0 otherwise.

We shall use the following notations. For T > Ty,

7
G =T0) = Y [+ Byt =TV,
t=T1+1
7

h(Ty = T7) = Z [y, + By (t = T7))

t=T1+1

and for TY < T,
Ty

ga(Ty = TY) = Z [, + Byt = T7)],

t=T0+1

T

ho(Ty = TY) = > [y + Byt — TV

t=TP+1
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We first consider the term (X X). Noting that (T} — T?)(I — Pr,)Cp, = 0, we have

(XX) =v0(Xg0 — X7,)'(I = Pr,)(X70 — X1,)70
= [(Cro — Cr)pyy + (Byp — By, — (Ty = T7)Cry ) 8)|' (I — Pry)
X [(Cro — Cry )iy + (Bpo — By, — (Th — 17)Cr)5,)]

Ty
= > A1)
t=TP+1
Ty T
- Z [k + By (T — Tlo)]x(Tl)::DF(D;lX/TlXﬂD;)ADEI Z 2(T0) iy + Byt = T7))]
t=TP+1 t=TP+1

where Dy = diag(T"/?4,T3/%+d T1/2+d 73/2+d) Note that for T} > T?,

T
Y [y + Byt = T)a(Th)i D!
t=TP+1
T
=T Z [y + Byt = TO[T? ¢T3 0 0]
t=T0+1

ST S (4 Byt TN T 0 ()

t=TP+1
T -T7
=TV N+ Bkl (k+T)/T 0 0]
k=1
T —T9
=T 2 gL TY/T 0 0| +T2 " [, + k[0 k/T 0 0]
k=1
Ty — 17|

STVl TYT 0 0]+ [gofT V2
= O,(|gplT/271).

70 10 0

where the last step follows from the fact that |7y, — T?|/T 2 0 on both Dy(C) and D;(C).
Also,
(D7' X3, X1, D)™ = Op(T*).

Hence, the second term in (X X) is such that

WG(XTP - XT1)IPT1 (XTlo - XT1>70 = Op(ggT_l) = 0p<h2)
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because |A — Xo| = O (T74) if m = 0 and |A — N\o| =
d € (—0.5,0.5). Therefore,

O,(T~Y/2+4) if m = 1 where

h2 + Op(h2)
hl + Op(hl)

if Ty > 10

(XX) =
it ) <TY

This implies that
(XX) =Ty = TYPO(1)

since p, is fixed. Consider now the term (XU). For m = 1, we have

(XU) =7(Xgp = Xpy)'(I = P )U

Ty
= Z [y, + Byt = T7)]uy
t=T0+1
T
—[ D I+ Byt = T))a(Th); D7 (D7 X3, Xy D) ' Dy Xay U
t=TP+1

We consider each term of this expression.

L. When 77 < T, let u; = ugo + vy Then,

T T —T79
TNy + Byt = TD)ue = T2 [y + Byklugo,
t=TP+1 =
T =T
=T gugg + T2 3 iy + Bybfo
k=1

= g2k(d)Wa(Ao) + 0,(g2)-

2. T* D' X} Xq, Dyt = Q7' + o(1), where

[ 4 _ 6 2 6 ]
Ao A2 Ao A2

_ 6 12 6 12
DYDY A A3

Ql — s

2 6 4 6(1—2X0)
Ao A 2o(1-20) A2 (1—=Xo)2
6 12 6(1—2Xg)  12(3A3—3Xo+1)
A2 A3 AZ(1-Xo)2 A3 (1—=X0)3
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and

N
1 1 (1-X20)%  (1-X0)%(2+X0)
Ot = 2 3 2 6
1= 58 1oy, O
(1=X0)?  (1=X0)%(2+X0) (1—Xp)? (1=X0)3
L2 6 2 3 i

3. T7'D7' X, U = k(d)&,, where

&

fol Wy(r)dr
fol rWa(r)dr

fo)‘o Wy(r)dr

o, (r = M) Wa(r)dr |

using integration by parts.

4. When TY < T,

I
LJO

[ = r)dWy(r)
Jo HEdWy(r)

0 2

D01 = M) dWu(r) + [ (1= 7)dWa(r)

)2 N2 (12
¢! 2>\0) de(T) +f)\10 (1=Xo) 2(1 Xo) de(T)_

T
T2y, + By (t — T Xr, Dy

t=TP+1

ST N 4 By~ T /T 0

t=TP+1

T -T7

=Tl Xg 0 0+ T 2> [+ Bpkl0 k/T 0 0]

k=1

=T 172l N 0 0]+ o0,(gT172%).

Combining the results 1-4, we obtain that

(XU) =

T2 gar(d)Wa(Xo) = g2[l Ao 0 0]ur(d)é; +0,(1)}

= TV2Hg(d){Waho) = [1 Ao O 0]4& +0,(1)}
= TV gor(d)s + 0, (T gy).

After some algebra, we have

Ao
§3=Wa(ho) = [1 Ao 0 0%¢, Z/O (

3’/"2 — 2/\0T

3 ) dWq(r).
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We can show that when T > Ty,

7
T2 N [y + Byt — TD)uy = gis(d)Wa(Xo) + 0,(g1)
t=T1+1
and
77
T2 N [y + Byt — T)x(Ty); Dyt =T [l A 1 0]+ 0,(n T 2.
t=T1+1

Hence,

(XU) _ T1/2+dg1/€(d)f4 + 0p<T1/2+dgl)
where

£ = / (= 1)(3r — 22 — 1)/(1 — Ao)2]dWa(r).

Ao
These results imply that

if TO < T
(XU) = TV*k(d) 9253 ! g 0,(1)
91£4 if Tlo > T1

and
(XU) = | = TYPO,(TV*).
We finally consider the term (UU). We have

(UU) = UI(PT{) - PTl)U
= U'(Xpp — X1,) D7 (D3 X Xop D)™ Dy XU
+U' Xy, Dy (Dy' X g0 Xpo D)™ D [ X7y Xy — Xipo X
X DN (Dy' X Xpo D)™ Dy XU
+ U'Xp, D (D7 X, X0y DY) 7 DEH (X — Xy )'U
We first have

1
T2 (Cg = Cx,) = w(d)(T) = T0) [ Walr)dr +0,(1),

Ao

T—3/2—dU’(BT(1) — BTI) = H(d)(Tlo — Tl) /1 TWd(T)dT + 0p(1).

Ao

Hence,
U'(Xgo — X, ) D' = (Th = T7)[5(d)€5 + 0,(1)]
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where &, = [0 0 f/\lo Wy(r)dr f/\lo rWy(r)dr]. For the second term in (UU), we have

Dy X0, Xy — Xpo Xpo] Dt = —(T7 — TO)T 205

with ) )
0 0 1 1— Ao
0 0 o LG
Sy = ?
1 Ao 1 1—Xo
11— 58 1) (1-M)2
Hence,
THQdU'XTlDiFl(Dle/T{)XT{’D?l)_IDEI[X,TlXTl — X0 Xr9]
x Dyt (D3 X Xpo D) " Dt XU
= —(Ty =TT 'K (d) €120, + 0,(1)]
where _ )
_4 12 _2 _ 12
N3 A2 A3
_ O-1 -1 _ | X ) ) )
=020l = _02 120 4(2>\371) 12(3,\3—03,\0+1)
PYAPY] A3 (1=20)? A3 (ho—1)
12 36 12(302—3X0+1)  36(4\3—622+4N0—1)
L ¥ X N (Ro-1)? Y ICEE

Collecting the results above, we have
(UU) = (Ty = T)T*'62(d) 26501 — €128, + 0,(1)).
This implies that with m = 1,
(UU) = Ty = TY|O,(T™*9).

Define my = (Ty — TY)T~'/?79, 1t is easy to show that both h; and h, are asymptoti-

cally equivalent to 7°%/2%34(3,)2|ms|?/3 and both g; and g, are asymptotically equivalent to
TH2dm2.3, /2, therefore

T23UXX) = Bilme P /3 + 0,(1),

k(d)ym7.By&5 + 0p(1) it my >0
R(d)m7Byls+0p(1)  if mp <0
T334 UU) = mopk(d)?[2650.€, — €,08,] + 0,(1).

2732 73(XU) =
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Define Z*(v; Ao, By, k(d)) as follows: Z*(0) = 0, Z*(v) = Z1(v) for v < 0 and Z*(v) = Z5(v)
for v > 0, with

Z3 (03 Mo, By, 6(d)) = (By)*[0]*/3 + v?r(d) By&s + vk (d)*[26,0€; — E10E1] + 0,(1),
Z3(v3 Mo, By, k(d)) = (By)*[0]*/3 + v?(d) By&s + vk (d)*[26,0€; — E1D0€] + 05(1).

By the continuous mapping theorem, we have

m} = (Tl — Tlo)Til/zid = argminvZ*<U; )‘07 607 'Ii)'

Now, consider the case with d € (—0.5,0.5) and m = 0. The following argument applies to
the set
Do(C) = {Tl : ’Tl - T{)‘ < TdC}

and accordingly we have |A — \o| = O,(T~'*%) for A = T} /T. As in the case with m =1,

hi+op(h) Ty <TO

(XX) =
ho + Op(hg) if T > T10
If 1y > 17,
T
(XU) = Z [y, =+ Byt — T7) )y
t=TP+1

T
—{ ) [+ Byt = TO)a(T1); Dy Y (D' X Xy DE) ™ Dy X7, U

t=TP+1

We next consider each term of (XU).

1.
T -T7
Z [y + Byt = T7)Juy = [k + Byk]up 1o
t=TP+1 k=1
Ty —T? Ty —T?
= tyUkyo + By Z Fupsro = Op(|Ty — TYY**).
k=1 k=1
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T

>+ Byt = T)a(1), Dyt

t=TP+1

Ty
=T fuy + Byt =TI /T 0 0]
t=T9+1

T, —T79

=T y + BMIL (k+T)/T 0 0]

Ty —T9 T -T7
=T N [y + BRI K/T 0 0]+ T3 [, + Bkl A 0 0]
k=1 k=1

= 0,(1T, — TYPT 279,

3. (D7' X, Xy, D7)~ = O0,(T).
4. DF'XE U = 0,(1).

Since we search in a set for which [T} — T?| < T¢C for some C' > 0 and |\ — \g| =
Op(T™%), 75(Xgo — X3,) Pr,U is dominated by v4(Xq9 — X7, )'U asymptotically. Hence,
(XU) =Ty = TYP*H0,(1).

We can derive the results for 77 > T} in a similar way. In sum,

S tpo [ty + By(t = TD)ug +0p(1)  if Ty > 77
(XU)=¢ 0 if Ty = 70
0 .
Sl + Byt = TJue +0,(1) i Ty < TY.
Next, consider the term (UU). We have

max{Ty,TY}
T71/27dU/<CT10 o CTl) _ T71/27d Z Uy
t=min{T7,T0}+1
max{T1,T{}
— T*1/27d’T1 o Tl(]ll/2+d|T1 - Tl()|71/27d Z Uy
t=min{T},T{}+1
_ Tfl/2fol’T1 - T1O’1/2+d0p(1)-
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and
T*3/2*dU/(BTP i BTl) _ T*l(Tfl/2delBT{) . T71/27dU,BT1)
= Tﬁl‘Tlo — T1|Op(1).

Hence,
U’(XT{) — Xp,)D7' = |Ty — T10|1/2+d0p(T—1/2—d)'

Then following the same arguments as for Model I, we have
(UU) = [Ty = | /2H0,(T 1210, (T*) 0, (1)
_ ’Tl - Tl(]|1/2+d0p(T71/2+d>.

Following Bai (1997), we define a stochastic process S*(v) on the set of integers as follows:

Si(v) ifr <0
S*(v)=4 0 if v =0
Sa(v) ifvr>0
with
0 0
Sl(y): Z (ﬂb+ﬁbk)2_2 Z (Mb+/8bk)uk’ V:_17_27"'a
k=v+1 k=v+1
Sa(v) = (Mb‘i‘ﬁbk)z_QZ(Hb‘i‘ﬁbk)Uk, v=12,....
k=1 k=1

Under the assumption that u, is strictly stationary and has a continuous distribution, the
rest of the proof is similar to that of Bai (1997, p.592) and, hence omitted.

A.2.4 Limit Distributions of the Other Parameters

As for Model I, we use the facts that

Dr(§ — 7o) = (D7' X} X7 D" )M DR XL (X9 — X, )y + D' X5 U,

and
—2d/ =1 v/ —1\—1 _
T7*Y D7 XleﬁDT ) =Q1 4 0(1)
where
4 _6 2 6
Ao A3 Ao A2
5 & _s B
0 = Ap Ao Ap A5
1=
2  _ 6 4 6(1=2X0)
Ao A2 Xo(1-Xo) A2(1-Xo)2
6 12 6(1-2Xg)  12(3A\3—3Xo+1)
L X2 22 A2(1—x0)? A2 (1—X0)3
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Hence, we obtain

T_QdDT(’AY —%Yo)

1— X o dwa(r)
. 1=(o)? LrdW,
= Q| BT =TT 4 R(d) folr ) +0p(1)
1— X ., dWa(r)
% i Ja (= Xo)dWa(r)
0 oy dWa(r)
. 0 L rdW,
= B, [Ty — TV|T%/>~ + r(d)Q;? folr alr) + 0,(1).
1 f)\o de(T’)
0 [y (7 = Ao)dWa(r)|

Note that the limiting distribution of /i, depends on that of |T , — T?]|. Similarly, it is easy
to show that, when m =1,

T_1_2dDT<“AY — %)
fol W(r)dr
Jo TWa(r)dr
on Wy(r)dr

_f (r — Ao)Wa(r)dr

=BTy = TPT V>4 || + w(d)Q + 0p(1).

o = O O

Proof of Theorem 6: Consider first the case with d* € (—0.5,0.5). After some algebra,
we have

Mi(T1) = M*()

= (2w - C wa ([ ramao)

+ ﬁ%(l) </:(r - A)de(r)) - % (/01 rde(r)) (/:(r - A)CZVch(7°))

2

4 30 ( / 1 rde<r>)2 ¥ ﬁ ( / - A)d%(r)) ]
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We can write f)\l (r — N)dWy(r) = =AWy(1) + AWy(\) + f)\l rdWy(r). Then

M*(A)

= P - A ) ([ o)

)\2

—ﬁm(l) (Wd(l)l__v‘;d()\)> +)\2(16_ A)Wd(l) (Alrde(r)>

[ ) (45

_ % (/Olrde(r)> (/: rde(T)) + % (/Olrde(r)>

ﬁ (—)\Wd(l) + AW () + /Al rde(r)>2]~

2

+

Since the last term is quadratic, it dominates the other terms if it diverges. Note that

2

ﬁ (_,\Wd(l) + AW,(N) + /Al'r’de('f’))

_ 3 W) = Wa(N) 1 o
_A3(1—A>2( Mo Taoge A dWa( >)- (A4)

By applying the law of iterated logarithms for a fractional Brownian motion, we can show
that limsup,_,; M*(\) = oo a.s. for d* € (—0.5,0]. Furthermore, note that

2

ﬁ (—)\Wd(l) +AW(N) + /: rde(r))

3 (1) — Wa(N) 1 gy, ?
_)\3(1—/\)< A +(1-A)/A AWl >>’

Using the iterated law of logarithms for d* € (0,0.5), we obtain

Wd(s)

lim sup Wa(l) = Wa(N) = lim sup
A—1 1-A s—0

=00  a.s..

Hence, this shows that limsup,_,; M*(\) = oo a.s. for d* € (0,0.5). On the other hand,
when A\ — 0, we can apply the law of iterated logarithms to the quadratic term only for
d* € (—0.5,0] because the order of A is not sufficient for the law of iterated logarithms to

hold with d* € (0,0.5).
Proof of Theorem 7: Consider the case with d* € (0.5,1.5). With the functional central
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limit theorem in Lemma 3, it is easy to show that
Mz (Ty) = M*(N)

_ ﬁ(d)[% (/01 Wd(r)dr)z 6“; Y (/01 Wd(r)dr) (/OlrWd(r)dr)
i (f wat) ([ =)
2A+ D (/ W ) (/ )dr) 4 3(3AA+ D) (/01 rWd(r)dr>2
+M1 e (/( Wl >d)21-

Then, for any A € (0,1),

M*(A) = M*(0) = M*(A) — M*(1)

: FA((/W ))f’ R AED

The inequality holds because M*(-) is not a constant process. This completes the proof.
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Figure 1: Histograms of the estimate of a break date T; for Model I
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Figure 2: Histograms of the estimate of a break date 7} for Model II



