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Abstract

This paper studies robust Ramsey policy problems in a general discrete-time linear-
quadratic framework when the Ramsey planner faces three types of ambiguity. This
framework includes both exogenous and endogenous state variables. In addition,
the equilibrium system from the private sector contains both backward-looking and
forward-looking dynamics. We provide recursive characterizations and algorithms
to solve for robust policy. Applying our method to a basic New Keynesian model
of optimal monetary policy with persistent cost-push shocks, we find that (i) all
three types of ambiguity make optimal monetary policy more history-dependent
but for different reasons for each type; and (ii) they deliver qualitatively different
initial responses of inflation and the output gap following a cost-push shock.
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1 Introduction

The standard framework of Ramsey policy problems typically adopts the rational expectations
hypothesis. Under this hypothesis, a Ramsey planner (or the Stackelberg leader) and
a private sector (or the follower) share common beliefs about the state of the world
and these beliefs coincide with an objective probability model of the state of the world.
The rational expectations hypothesis has benefited economists and policymakers by not
only providing sharp predictions but also achieving simplicity through imposing internal
coherence of models. Given the possibility of model misspecification, however, rational
expectations can be seen as a particularly strong assumption since it is extremely difficult
to achieve a coincidence of beliefs among diverse agents with different levels of knowledge
about the true models. Following Hansen and Sargent (2001, 2008) and Anderson,
Hansen, and Sargent (2003), one can view economic models as an approximation of the
real world. Economic agents do not know the true models and their models may be
misspecified. They are averse to model ambiguity and want to seek decision making that
is robust to model misspecifications.!

The goal of our paper is to study how the Ramsey planner designs a robust policy in
the presence of model ambiguity. In a Ramsey problem, there are two types of agents,
the Ramsey planner and the private sector. One has to consider who faces ambiguity and
what the agents are ambiguous about. In this paper, we follow Hansen and Sargent (2012)
and consider three types of ambiguity. For all these types, only the Ramsey planner faces
ambiguity.? Type I ambiguity refers to the case where the Ramsey planner has a concern
for robustness about both the exogenous shock processes and expectations of the private
sector. The planner chooses a robust policy based on the same distorted beliefs used
by itself and the private sector. For type II ambiguity, the Ramsey planner does not
trust its approximating model of the exogenous shock processes, but the private agents
trust this approximating model. Finally, for type III ambiguity originally suggested
by Woodford (2010), the planner fully trusts its approximating model of the exogenous
shock processes. But it does not have full confidence about the private agents’ beliefs. An

important implication of these three types of ambiguity is that types II and III generate

!The Hansen and Sargent approach is related to decision theory on ambiguity. Maccheroni, Marinacci,
and Rustichini (2006a,b) and Strzalecki (2011) have provided axiomatic foundations. See Gilboa and
Schmeidler (1989) for an alternative approach based on the maxmin expected utility model.

2See Karantounias (2013) for the modeling of the case where the private agents face ambiguity but
the policymaker does not.



endogenous ex post belief heterogeneity, while type I does not.

To solve the three types of the robust Ramsey problems corresponding to the three
types of ambiguity, we adopt a recursive formulation using the recursive saddle point
method of Marcet and Marimon (2011). The key idea is to incorporate the Lagrange
multiplier associated with the forward-looking constraints as a state variable. For the
robust Ramsey problem, we also incorporate the planner’s belief distortion (formally,
the Radon-Nikodym derivative) as a state variable. For type I robust Ramsey problem,
we show that the value function has a homogeneity property so that we can reduce the
dimension of the state space. By suitably transforming the problem, we characterize
the robust policy using the standard linear-quadratic method. In particular, we prove
that the robust policy is a linear function of the predetermined state variable and the
Lagrange multiplier, like in the standard Ramsey problem with rational expectations.

For types II and IIT robust Ramsey problem, we can also reduce the dimension of
the state space by defining a belief-adjusted Lagrange multiplier as a state variable.
However, we cannot transform types Il and III robust Ramsey problem into a standard
linear-quadratic form. In particular, the robust policy does not have a linear solution.
We have to use a nonlinear solution method. We apply the second-order approximation
around the non-stochastic steady state to derive numerical solutions. We implement this
method using the Dynare software.?

We apply our methods to a basic New Keynesian model of optimal monetary policy
with persistent cost-push shocks. We solve for robustly optimal monetary policies under
three types of ambiguity and compare these policies with the standard optimal policy
under rational expectations. In order to compare the three types of robust policy
quantitatively, we have to calibrate the robustness parameter consistently in the three
types of robust Ramsey problem. We use the same detection error probability for
discriminating between the approximating model and the endogenous worst-case model
associated with a particular robustness parameter in each of the three types of robust
Ramsey problem to calibrate this parameter.

Following Hansen and Sargent (2008), we compute the detection error probability
using likelihood ratio tests. Since type I robust Ramsey problem yields a linear solution,
we can use the Kalman filter to obtain the likelihood function. For types II and III

robust Ramsey problem, however, we cannot use the Kalman filter since solutions are in

3See Adjemian et al (2011).



a nonlinear form. Instead, we use particle filtering to compute the likelihood.

We find that all three types of ambiguity make the robustly optimal monetary policy
more history-dependent than in the case of rational expectations, in line with Woodford
(2010), Hansen and Sargent (2012), and Kwon and Miao (2012). Woodford (2000) points
out that optimal commitment monetary policy under rational expectations is history-
dependent. That is, it not only depends on the current state of the economy but also
responds to past states. The intuition is that a history-dependent policy can affect the
expectation of private agents, and thus improving the performance of monetary policy.
Why does optimal monetary policy under ambiguity become more history-dependent?
Economic intuitions behind this feature are not the same across the three types of robust
Ramsey problem. In type I robust Ramsey problem, increased history-dependence comes
from the fact that the central bank (henceforth, CB) is concerned about the distortion of
both the cost-push shock and the private sector’s beliefs, generating ex post homogeneous
distorted beliefs. In types II and III robust Ramsey problem, the CB’s incentive to
better manage the expectations of the private sector is a major source of more history-
dependent monetary policy. Under the worst-case beliefs, the CB and the private sector
have disparate expectations so that the CB is more cautious to affect the private sector’s
expectations. Reflecting the CB’s caution, the robustly optimal monetary policy becomes
more history-dependent.

While these three types of ambiguity share the property that inflation dynamics
become more history-dependent, their implications for prices are different. Under the
rational expectations hypothesis, optimal monetary policy implies the CB undoes all the
effect of a cost-push shock and thus prices go back to the original level. However, this no
longer applies to types II and III robust Ramsey problem. We find that the CB adjusts
inflation more than under rational expectations and hence prices go below the original
level in the long run. In these two types of robust Ramsey problem, the fact that the CB
and the private sector have heterogeneous beliefs makes the dynamics of the price level
deviate from that under rational expectations. By contrast, in type I robust Ramsey
problem, both the CB and the private section share the same distorted beliefs about the
cost-push shock, causing prices to go back to the original level in the long run.

We also show that the initial responses of inflation and output gap to a positive
cost-push shock are different for different types of ambiguity. In type I robust Ramsey
problem, the CB increases the initial responses of both inflation and output. Under the

worst-case beliefs, the CB worries that the cost-push shock is distorted in mean so that



the CB responds more aggressively as if the shock were greater compared to a shock in
the approximating model. In type II robust Ramsey problem, while the CB increases
the initial response of inflation, it decreases the initial response of output. The intuition
is that the CB worries about the unfavorable distortion in the cost-push shock, which
leads to an increase in the inflation response. On the other hand, the CB exploits the
fact that the private sector fully trusts its approximating model. The cost-push shock
in this model is believed to be less persistent than in the worst-case distorted model.
As a result, the CB faces a smaller tradeoff between inflation and output. In type III
robust Ramsey problem, the CB’s initial response of inflation to a cost-push shock is
less sensitive but the output responds more sensitively. The concern for robustness of
the expectations of the private sector makes the CB manage the inflation expectations
more cautiously. This is because a larger response of inflation would increase the extent
to which private agents may overforecast inflation, worsening the inflation and output
tradeoff. This result is in line with Woodford (2010) and Kwon and Miao (2013), who
study type III ambiguity in the timeless perspective instead of the Ramsey framework.

Our paper is closely related to Hansen and Sargent (2012). Hansen and Sargent
study three types of ambiguity in a continuous-time basic New Keynesian model of
monetary policy. One of our contributions is to extend their idea of the three types of
ambiguity to a Ramsey problem in a general discrete-time linear-quadratic framework.
This framework includes both exogenous and endogenous state variables. In addition, the
equilibrium system from the private sector contains both backward-looking and forward-
looking dynamics. Their methods cannot be readily applied to our general framework.
Our main contribution is to provide recursive characterizations and algorithms to solve
for the robustly optimal policy. In addition, unlike Hansen and Sargent (2012) who use
the same value of the robustness parameter to compare solutions in the three types of
Ramsey problem, we make comparisons by calibrating the context-specific robustness
parameter using the same detection error probability. Importantly, our finding of the
differences in impulse responses is unique and absent from their study.

Our paper is also related to Woodford (2010) and Kwon and Miao (2013). Woodford
(2010) studies type III ambiguity using a basic New Keynesian model in the timeless
perspective. Kwon and Miao (2013) generalize the Woodford model to a general linear-
quadratic framework. They all show that robustly optimal policy in the timeless perspective
is linear. However, this paper shows that the robust Ramsey policy is not linear. One

has to use a nonlinear method to derive numerical solutions.



Finally, our paper is related to Hansen and Sargent (2003), Walsh (2004), Giordani
and Soderlind (2004), Hansen and Sargent (2008, Chapter 16), Leitemo and Soderstrom
(2008), Dennis (2008), and Olalla and Gomez (2011). The robust Ramsey models studied
in these papers are similar to our type I problem. These papers introduce perturbations
of the mean of the exogenous shock processes into the backward- and forward-looking
constraints and a quadratic penalty into the objective function. As Hansen and Sargent
(2012) point out, these models admit a better interpretation when described as type I
ambiguity.

The remainder of the paper proceeds as follows. Section 2 presents the general
framework. From section 3 to section 5 we present algorithms for solving robust Ramsey
problems in three types of ambiguity. In section 6, we apply our solution algorithms to
a canonical New Keynesian optimal monetary policy problem with persistent cost-push
shocks. Section 7 concludes. An appendix describes the procedure to compute detection

error probabilities.

2 A Linear-Quadratic Framework

2.1 Uncertainty and Beliefs

Uncertainty is generated by a stochastic process of shocks {&;},-, where ¢, is an n. x 1
vector of independently and identically distributed standard normal random variable.
Let ¢ = {e1,...,&;}. At date ¢, both the Ramsey planner and the private sector have
common information generated by &' and some initial state xo. They may not have
rational expectations in that their subjective beliefs may not coincide with the objective
probability distribution governing exogenous shocks {e;},~,. One reason is that economic
agents view their model as an approximation and thus may be concerned about model
misspecification.

Model misspecification is described by a perturbation to the distribution of shocks.
We follow Hansen and Sargent (2008) to represent probability distortions. Let p ()
denote the standard normal density of ;. Let II and II; denote the induced distribution
over the full state space and the induced joint distribution of €!, respectively. Assume that
a distorted distribution is absolutely continuous with respect to the reference distribution
I1. We can then representing the belief distortion by Radon-Nikodym derivatives.

Let p(elet, zo) denote an alternative one-step-ahead density for e,,; conditional on



date t information. Form the likelihood ratio or the Radon-Nikodym derivative for one-

step-ahead distributions:
P (ele’, zo)
M1 = — 5 -
p(e)
It satisfies the property

By [mia] = 1, (1)

where FE; denotes the conditional expectation operator with respect to the reference

distribution II given date ¢ information. Recursively define a martingale {M,} :
My =my My, My =1 (2)

M; is a likelihood ratio of the joint densities of ' conditional on the initial information
xo or the Radon-Nikodym derivative for joint distributions.

Following Hansen and Sargent (2008), we use relative entropy to measure the discrepancy
between the distorted distribution and the reference distribution. Define the relative
entropy (conditional on date zero information) of the distorted distribution associated
with M, over date t information as Ey [M; In M,]. Define the discounted entropy over an

infinite horizon as

(1 - ﬁ) Ey Z ﬁtMt In M, = BE, Z BtMtEt (mt+1 In mt+1) ) (3)
t=0 t=0

where 5 € (0,1) is a discount factor and we have used (2) to derive the equality.
Model ambiguity is described by a set of joint densities { M}, satisfying the following

constraint: -
BEy Y B'ME; (mysi nmi) <1, (4)

t=0

for some n > 0.

Woodford (2010) introduces a different measure of intertemporal entropy. First,
he defines the conditional relative entropy of a one-step-ahead distribution given date
t information as Fj[my.iInm,,;|. He then defines the expected discounted entropy

conditional on date zero information as

Eqy Z ﬁt [Et (mt+1 In th)] = Ey Z ﬁtmtﬂ Inmygyq. (5)

t=0 j=0



In this case, model ambiguity is described by a set of one-step-ahead densities {m;},-,

satisfying the constraint:
[e.e]

Ey Z B'mypr Inme g < g (6)

t=0

for some n, > 0.

2.2 Three Types of Robust Ramsey Problem

Suppose that the equilibrium system from the private sector can be summarized by the
following form:

1 0 T P ~
|:D21 D22:| [EA:;H}:A{y:}+3ut+{00x}€t+1’ (™
where xy = Z is exogenously given and E, denotes the conditional expectation operator
given date t information based on the common beliefs of the private sector. The private
sector’s beliefs may not coincide with the “objective” probability distribution for {&;},
the reference distribution II. Here, x; is an n, x 1 vector of predetermined variables in
the sense defined in Klein (2000), y; is an n, x 1 vector of non-predetermined or forward-
looking variables, and w; is an n, x 1 vector of instrument or control variables chosen by
the Ramsey planner. We typically use z; to represent the state of the economy, which may
include productivity shocks, preference shocks, or capital stock. Note that z; may include
a component of unity in order to handle constants. The vector y; represents endogenous
variables such as consumption, inflation rate, and output. Examples of instruments u;
include interest rates and money growth rates. The equation for z; is backward looking
and represents the law of motion of state variables. The equation for y; is forward looking
and typically represents the first-order conditions from intertemporal optimization such
as Euler equations.
All matrices in (7) are conformable. For simplicity, we suppose that the matrix on
the left side of equation (7) is invertible,* so that we can multiply both sides of this

equation by its inverse to obtain the system:

Ti41 A;vx Aa:y :| |: Tt :| |: Bac :| |: Cac :|
~ = —+ Ut —+ Et41 8
|: EtytJrl :| |: Ay:v Ayy Yt By O T ( )
4The singular case can be handled by the QZ decomposition method, e.g., Klein (2000) and Sims
(2001).




where we have partitioned matrices conformably.

The Ramsey planner has the period loss function

]' Iy X x 1 SI
L) = el | G G |00 |+ goireu + e | 3 |
xy
where the matrices R and
Q = |: mea Qxy :|
,xy ny

are symmetric. In addition, suppose that () is positive semidefinite.
If both the private sector and the Ramsey planner have rational expectations, then
they have common beliefs which coincide with II, the probability distribution governing

exogenous shocks {&;}. In this case, the Ramsey problem is given by

{zt,yt,ut}

max — Fjy Z ﬁtL (fty Yt, Ut) ) (9)
t=0

subject to (8) in which the conditional expectation operator E, is equal to Ey, the
conditional expectation operator with respect to II.

There is ample experimental and empirical evidence that documents the violation of
the rational expectations hypothesis. We consider three approaches to the modeling of
the departure from rational expectations in the policy analysis. These three approaches
give rise to three types of robust Ramsey policy problem, corresponding to the three types
of ambiguity analyzed by Hansen and Sargent (2012) in a continuous-time framework. In
these problems, the Ramsey planner believes that the private sector experiences no model
ambiguity. But the planner experiences ambiguity. They differ in what the planner is

ambiguous about and the private sector’s beliefs about the exogenous shocks.

Type 1 Robust Ramsey problem: In this type of problem, the Ramsey planner
has a set of models (probability distributions) centered on the reference model II, or
the so called “approximating model” by Hansen and Sargent (2008). The Ramsey
planner is uncertain about both the evolution of the exogenous processes and how the
private sector views these processes. The planner thinks that the private sector knows
a model that is distorted relative to the planner’s approximating model. To cope with
its ambiguity, the Ramsey planner chooses a worst-case model among a set containing

the reference approximating model, while evaluating the private sector’s forward-looking



equations using that model. Formally, the Ramsey planner chooses {m;} to minimize

and {wy,ys, us} to maximize a multiplier criterion in the following program:®

max min — Fj Z B ML (24, ys, ug) + BOE, Z M, "mysr Inmyq, (10)

{zt,ye,ue} {mes1} 0 0

subject to (1), (2) and

x Ape As x B, C,

[ é:[%tﬂytﬂ] ] N { Aye Ayz ] { y; ] i { B, ] “r { 0 }gtﬂ' 1)

The parameter § > 0 penalizes martingales { M, } with large relative entropies defined

in (3). It may be regarded as the Lagrange multiplier for the constraint (4). Following
Hansen and Sargent (2001, 2008), instead of solving for the constraint problem subject to
(4), we treat 6 as a parameter, which measures the planner’s degree of concern for possible
departures from rational expectations, with a small value of # implying a great degree of
concern for robustness, while a large value of # implies that only modest departures from
rational expectations are considered plausible. When # — oo, the rational expectations

analysis is obtained as a limiting case.

Type II Robust Ramsey problem: In this type of problem, in the spirit of Hansen
and Sargent (2008, chapter 16), the Ramsey planner has a set of models surrounding
an approximating model that the private sector completely trusts. The private sector’s
beliefs are represented by the Ramsey planner’s approximating probability model II. The
Ramsey planner chooses a worst-case probability model from its set of models, while
evaluating the forward-looking equations for the private sector using the approximating
model. Formally, type II Ramsey problem is described by

o0

max min — Fj Z B ML (x4, y;, ug) + 03 Eo M, Z B'mysr Inmy, (12)
=0

{zt,ye,ue} {me41} P

subject to (1), (2) and

Tt41 A:E:E Amy Tt Bx Cx
= + + Et+1- 13
l Ey [yr4] } [ Ay Ayy } l Yt } [ B, " VI (13)
The interpretation of the parameter ¢ > 0 is the same as in type I robust Ramsey

problem.

°See Hansen and Sargent (2001, 2008), Maccheroni, Marinacci, and Rustichini (2006a,b), and
Strzalecki (2011) for interpretations and axiomatic foundations.



Type III Robust Ramsey problem: This type of problem is based on Woodford
(2010). The Ramsey planner is assumed to have a single model of the exogenous
processes {¢;} and thus no ambiguity along this dimension. Nevertheless, the planner
faces ambiguity because it knows only that the private sector’s model is within a set of
probability models surrounding its own model. The Ramsey planner evaluates the private
sector’s forward-looking equation using a worst-case model and solves the following

problem:

max min — Ej Z B'L (x4, ys, ug) + 0 F Z B'myr Inmy, (14)
{zt.yeuet {mea} =0 0
subject to (1) and (11). Unlike in type I robust Ramsey problem, here the parameter
0 > 0 penalizes one-step-ahead densities {m;} with large relative entropies defined in
(5). It may be regarded as the Lagrange multiplier for the constraint (6). Following
Hansen and Sargent (2001, 2008), instead of solving for the constraint problem subject
to (6), we treat 6 as a parameter, which measures the planner’s degree of concern for
possible departures from rational expectations, with a smaller value of 6 implying a
greater degree of concern for robustness, while a large value of # implies that only modest
departures from rational expectations are considered plausible. When 6 — oo, the

rational expectations analysis is obtained as a limiting case.

3 Type I Robust Ramsey Problem

3.1 Recursive Formulation

Following Marcet and Marimon (2011) and Hansen and Sargent (2012), we characterize
type I robust Ramsey problem in a recursive form. First, define the Lagrangian expression
for (10) as

Eo Z BAM; [~ L (24, Yo, up) + BOMy1 Inmy ]}
t=0

o0

—Ey Z ﬁtMt,U;t (Bt [mer1yer] — Ay — Ayyyr — Bywe)
t=0

where ﬁt]\/[tuyt is the Lagrange multiplier associated with the forward-looking equation

in (11) and the law of motion of the state variable is given by the upper block of equation

10



(11), ie.,
Ti41 = Aacac-rt + Aacyyt + Bacut + Cacet-f—l' (15)

Then, introduce a new variable
)\ytJrl = Myt (16)
and rewrite the above Lagrangian expression as
Ey Z BHM, (=L (4, Yo, wr) + B0mygr Inmyy, )
t=0

‘f‘Mt/i;t (Ayae + Ayyye + Byuy) — B M, ;tyt}’

where we have used M; ;1 = Mym,,;. Note that at time zero, we set A,y = ty—1 = 0.

Now, we are ready to write type I robust Ramsey problem in a recursive form:

W(xta)\ytyMt) = max min T(xtayhuta)‘ytnu’yt?Mt)

Yi,ut mt"rl,uyt

+BE W (w451, A1, Myyr) + 0Mymy o Inmy ],
subject to (1), (2), (15), and (16), where

r (l‘t? Yt, Ut, Ayta /‘Lytv Mt)
= —-M,L (fﬂt, Yt, Ut) + Mtﬂ;t (Ay:rxt + Ayyyt + Byut) - BilMt ?/Jtyt'

Note that W satisfied the following linear homogeneity property:
W (z, Ayt M) = M,V (x, )\yt> )
for some function V. We then derive

V (xta )\yt) = max min r (xta Y, Ug, )\yta :uyt) (17)

Yt,ut mt"rl,p“yt

+BE: My 1V (Teg1, Ayes1) + Oy Inmyyq]
subject to (1), (15), and (16), where
r (Itu Yt Uty Ayt ,Uyt) = —L (24, ys, ws) + Mlyt (Ayee + Ayyye + Byuy) — 5_1)\2@%‘

This problem is a Robust control problem with backward-looking constraints. The state

variables are (zy, A\y;) and the control variables are (yt, U, [y mt+1) .

11



As is well known from robust control theory (Hansen and Sargent (2008)), there is a
connection to risk-sensitive control. We now derive this connection. From the first-order

condition with respect to m;,1, we can show that

exp (%V (@ts1, /\yt+1))
Ey [GXP (%V (xt-f—la )‘yt+1))} 7

mii 1 =

(18)

where E; denotes the conditional expectation operator given the state (z, A,). This
equation gives the worst-case density. Substituting it back to the preceding Bellman

equation yields:

V (fﬂt, )\yt> = maxmin r (377&, Y, Ug, )‘yta ,Uyt> + B8Ry (V) (flft+1, )\ytJrl) ) (19)

Yt Ut Myt

subject to (15) and (16), where

—1
Rt (V) (l‘t-{-l? Ayt—l—l) = —fln |:Et exp (7‘/ (I't+1, Ayt+1)):| .

The right-hand side of (19) is the objective function in a risk-sensitive control problem. It
is not a standard risk-sensitive control problem because it involves both maximization and
minimization. However, since first-order conditions are identical for both maximization
and minimization, this problem can be solved using the method described in Hansen
and Sargent (2008). In particular, the decision rule is linear and the value function is

quadratic in terms of state variables.

3.2 Solution Method

Define the new state vector ;" = (27, ;) and the new control vector u;’ = (y},uj, pil,) -

We can then write the state transition equation as
Ty = A'wf + Bluf + e, (20)

where

S ] Rl R R b

Conjecture that the value function takes the following form:

1 1
\%4 (.I't, )\yt) = _éx:/er — id’ (21)

12



where P and d are to be determined. By (18) and (21), the worst-case likelihood ratio

. .
my, satisfies

1 1
m;, ., X exp |:2—982+IC*/PC*€,5+1 + ESQHC*/P (A*x} + B*uf)] :

where oc means “proportional.” Thus, the worst-case density satisfies
* * 1 , 1 v .
Piy1 = Pe41Myyq X €XP _§5t+1 I — 50 PC* ) eiiq

1 .
+el (1 - 50*’}?0*) (01 — C*'PC*) ' C*'P (A*x} + Bfuf)} .

This implies that p,, is also a normal density with mean (61 — C* PC*)™" C* P (A*x} + B*u;)
and covariance matrix (I — 6~ tcv PC’*)_1 . In this computation, we must assume that
the matrix ([ — 9*10*’130*) is nonsingular.

Given (21), we can compute that

R 1, . 1
¢ (V) (33:+1) = —fln [Et exp (2—9372<+1P33t+1 + —%d)]
1 / i R
= —5 e+ Bryg) [P+P(J* (0 — C*PC*)™  CY'P| (A'x} + B*u})
0 1 */ * ! d

Substituting this equation into (19), we can see that the objective function is quadratic.
Given the linear constraint (20), the optimized value will be quadratic and the decision
rule will be linear. This verifies the conjecture in (21). Matching coefficients in the
Bellman equation determines the solution for P, d and decision rules.

Instead of using this method, we solve another robust control problem. To this end,

define the return function as:

1
r*(zy,up) = —ax:’Q*xf — éuf/R*u: — xy'S*uy,
where
Q S, —A /
* anx 0 * it ) e * in Sir —A T
Q:{OO,R: S, RO =B ST=) o
-A, —-B, 0
The new control problem is given by
[e.e] 9 o0
max min F Z Brr* (xf,ul) + §E Z Bhwy wiis, (22)
{ye.ue} {wt-‘rl?uyt t=0 =0

13



subject to

Ty = ATzl + Brup + CF (041 + wip) -

Adapting the arguments in Hansen and Sargent (2008), we can derive the following

result. We omit its proof.

Proposition 1 The decision rule and the value function for problem (22) are of the
following form:®
1
up = —Fuaf, V*(z)) = —th’th - —d*

for some matrices F,, and P and constant d*. The decision rule and the matriz P are
the same as those derived from problem (17) or (19). The solution wy,, to the problem

(22) gives the worst-case mean distortion derived from problem (17),
wi, = (01 — C*PC*)™  CYP (A%} + Bjuj),
where uy = —F,x}.
We use the method proposed by Giordani and Séderlind (2004) to solve problem (22).
Specifically, we rewrite this problem as a linear quadratic control problem:

1 , ~
max - T+ u* R*u! + x*/S*u*) ,
{yt,ut} {wt+17/j'yt} 2 Z ( t t t t

=0
subject to
Tiy = A"zl 4+ By + Cepga,

where

Because the first-order conditions are the same for maximization and for minimization,
we can use a standard method for solving a standard linear-quadratic control problem.

The solution takes the following form:

x| T+ _ Tt Cy
e = [Ayt+1 } _H{/\yt] +{ 0 ]gm’

6Note that d* is not equal to d.

14



u xXr

~k t _ t

u;, = —F l \ } ,
luyt yt
W1

for some matrices H and F.

4 Type II Robust Ramsey Problem

4.1 Recursive Formulation

We follow a similar strategy to derive a recursive formulation of type II robust Ramsey

problem. We first construct the Lagrangian expression for (12):

Ey Z BHM, (=L (24, yo, wr) + BOMygr Iy
t=0
_Mt,ug!t (Et [ytJrl] - Ayxxt - Ayyyt - Byut)}a

where M, is the Lagrange multiplier associated with the forward-looking equation in

(11). We then define A, as in (16) and rewrite the above Lagrangian as

Eq Z BHM =L (4, Yo, we) + BOmy 1 Inmg ]
=0
+ My, (Agoe + Ayyye + Byug) — B~ My Ny}

At time zero, we set Ayo = p,, ;1 = 0.

Now, we can derive a recursive formulation of type II robust Ramsey problem:

W(xta)\ytaMt) = max min r(xtaytauta)\yh:u/yt?Mt)

Yt,ut mt"rl,ll‘yt

+BE W (@441, Aytg1, Mysa) + OMymy g Inmyyq]
subject to (1), (2), (15), and (16), where

r (xta Yt, U, )\yta ,u/yta Mt)
= —ML (v, ys,ue) + Mtﬂg/t (Ayaze + Ayyyr + By“t) - B_lMt—l)‘;tyt‘

Let
w (fty /\yt7 Mt) = M,V (%; )‘yty mt) .
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We the have

Vv (xta )‘yta mt) = max mn r (Ih Y, Ut, Ayh :uytv mt)
Yt Ut 41, Ky

+B8E; [me1V (2441, Ayt+1, M) + Omeer Inmygq ],
subject to (1) and (15), where
r (%; Yty Uty Ayt Hoyg mt) = —L (24, ys,us) + M;t (Ayee + Ayyyr + Byur) — /Bilmt_l)‘;tyt‘
We can reduce the dimension of the state space by defining
gyt = mt_l)‘yt = mt_luym- (23)

Now, the Bellman equation becomes

V (xta gyt) = r;tlii( mglli’%yt r (xta Y, Uy, 5yt7 Myt) (24)

+BE; [mtJer ($t+1,m;rl1uyt) + 0my g In mt+1} )

subject to (1) and (15), where

r (xta Yt Uty E s :uyt) = —L (4, ys, ws) + M;t (Ayes + Ayyye + Byug) — 5715/%%- (25)

Unlike the solution to type I robust Ramsey problem, here the decision rule is not
linear and the value function is not quadratic. One way to solve type II robust Ramsey
problem is to use a nonlinear method to solve the above dynamic programming problem.
Another method is to use perturbation around # = oo or v = 1/0 = 0 (Hansen and
Sargent (2012)).

4.2 Solution Method

Set up the Lagrangian expression for (24):

r (%; Yty Ut fyta Myt) + BE; [mt+1V ($t+17 mt_Jrlllu’yt) +0myy1 In mt-l—l]

—¢t (Etmt+1 - 1) - Etflxtﬂ ($t+1 — Ay — Aa;yyt - Bacut) )
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where ¢, and £, are the Lagrange multipliers associated with (1) and (15). First-order

conditions are given by’

Mopr s 0= B[V (2o, mitipy) — mii Vo (2o, mih ) + 0 (1+ nmeq)] —

Yo 0 0= —Lo (w4, ys, u) + A;yﬂyt - ﬂ_lfyt + A;cyEtfxtJrl?
up 1 0= —L3 (24, yr, u) + B;Hyt + B:;Etéxt—f—lv
e+ 0= Ayezi + Ayyyr + Byuy + BEV; (flft+1, m;rlﬂiyt) )
Tey1 2 0= Pme Vi (th+1,m;31ﬂyt) — &ty
Envelope conditions are given by
Vi (flft, fyt) = —Li (@, yu) + A;xuyt + EtA;chact-i-l:
Va (‘rhéyt) = _5_1%-

Leading (32) by one period and substituting it into (26) and (29), we obtain
miy s 0=0 [Vi+1 + ﬁ_lmt_Jrlll'L;tyt—f—l +60(1+1In mt+1)} — &,
e+ 0= Ayexy + Ayyyr + Byuy — Eryrya.
Taking one period lag in equation (30) and using (31), we obtain
Tye1 1 0= By (—Ly (@4, ye, we) + Aty + Er AL i) — Eure
Using (33) and (1), can can derive

exp (=5 [V (2041, Epeir) + B7'€n19e1])
By exp (_% [V (Zt+1’ fytﬂ) + ﬁilgq;t-‘,-lyt-‘rl}) '

my1 =

We then obtain a system of 8 equations, (15), (23), (27), (28), (34), (35), (36), and

V; =T (‘rh Y, Uy, éyt? :uyt) + ﬁEt [mt—i—l‘/;—f—l + emt-i-l In mt+1] )

for 8 variables ¢, yi, s, gy Epps Eyrs Muv1, and Vi, The predetermined variables are x;

and ;. The other variables are nonpredetermined. We can use Dynare to solve for a

second-order approximate solution.

"By definition of L, we can compute

Li(x,ye,u) = Quae + Quyyr + Sz,
Lo (zt,yt,ut) = Quyyr + Q;:yxt + Syut,
Ls (z¢,ys,ur) = Ruy+ Shay + S@/,yr
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4.3 An Equivalence Result

The following proposition shows that Type II robust Ramsey problem is equivalent to a

standard Ramsey problem with recursive utility or risk-sensitive utility.
Proposition 2 Type II robust Ramsey problem is equivalent to the following problem:

max Vj
{zt,yt,ut}

subject to (13), where V; satisfies
‘/t - _L (xta yt7ut) + BRt (V;-i-l) ) fOT’ CL” t Z O
We omit its proof. The basic idea is to define V; as

Vi = —L(z4,y,u) + min B (Eymip1Vigr + 0myy Inmyyq)

{mit1:Evmep1=1}

= —L(xy,y,ue) + PRy (Vi) ,

where the second line follows from a straightforward computation. By a dynamic programming
argument (e.g., Hansen and Sargent (2008) and Maccheroni, Marinacci, and Rustichini
(2006a)), Vp satisfies

Vo= min  — Ey Z B ML (24, ye, ur) + 08 Eo M, Z Brmyer Inmyy.

m:
o+l t=0 t=0

Therefore, we obtain Proposition 2.

5 Type III Robust Ramsey Problem

5.1 Recursive Formulation

Form the Lagrangian expression for problem (14):
Eq Z o {—L (@, Yo, we) + Omyyr Inmyyq — :U’;;t (Bt [mer1ye] — Ayoe — Ayyye — Byut)} )
t=0

where Btuyt is the Lagrange multiplier associated with the forward-looking equation in

(11). We then define A, as in (16) and rewrite the above Lagrangian as

Ey Z 5t{—L (@, Yp, ur) + Oy Inmyq + M;t (Ayere + Ayyyr + Byuy) — ﬁilA;tmtyt}a
t=0
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At time zero, we set Ao = p, 1 = 0.

Now, we can derive a recursive formulation of type III robust Ramsey problem:

V (xta )\yta mt) = mnax min r (xta Yt, U, )\yta Heyt s mt)
Ye,ut M1, Py

+E; [BV (@441, Ayes1) + Omp Inmyiq],
subject to (1) and (15) where
r (xt, Yty Uty Ayt [yt mt) = —L(z,ys, us) + //yt (Ayzxe + Ayyyr + Byuy) — ,B_Ithmtyt.
We can reduce the dimension of the state space by defining
Syt = Mudyt = Myl 4. (37)

Then, the Bellman equation becomes

Vv (‘rh éyt) = max min r (‘rta Yty Ut, éyt? :uyt) (38)

Yt,ut mt+1,ﬂyt

+Et [BV (xtJrl, thuyt) + th“ In th} ,
subject to (1) and (15), where
r ($ta Yty Uty Ayt oyt mt) = —L (@, s, ue) + “;t (Ayxxt + Ayyy + By“t) o Bilg/ytyt'

Comparing this Bellman equation with that for type II robust Ramsey problem, we find
that the period return function is identical. But the continuation values are different
because the belief-adjustment is different as revealed by (23) and (37).

5.2 Solution Method

Set up the Lagrangian expression for (38):

(24, yt, ut7£yt7:u’yt> + E, [V (xt—l—lvmt-f—llu’yt) + Omyr Inmy | — ¢y (Eymeq — 1)
_Etgz/vt—i—l (xtJrl - Axxxt - Amyyt - Bx”t) )

where ¢, and £, ; are the Lagrange multipliers associated with (1) and (15). First-order

conditions are given by
M1 2 0= By Va (Tepr, Merapiy) +0 (14 Inme) — ¢y, (39)
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Ye 1 0= —Lo (m¢, 4, uy) + A;/y:uyt - ﬁilgyt + EtA;cyExtJrl?
uy 0= —Ls (xt, Yt Ut) + Bg//:uyt + B;;Etgxt—i—l?
fye 1 0 = Aoy + Ayyye + Byuy + BE My Va (T1, magapiy,) |
T 0 0= SV ($t+1, mt+1ﬂyt) — Satg1-

Envelope conditions are given by

‘/1 (l‘t? gyt) - _Ll (‘rta Y, ut) + A;/;t/‘byt + A,xxEtfact-i-l? (44)
Vs (fta gyt) = _ﬁ_lyt- (45)

Leading (45) by one period and substituting it into (39) and (42) yields:
M1 0= 0 (1 +1nmyp1) — pyYeer — Gy, (46)
Py 0= Ayezi + Ayyyr + Byug — Eymyy1yri (47)
Taking one period lag in (43) and using (44) yields:
Te1 €y = B (=L (@, Y ue) + Appbtyir + A B i) - (48)
Using (1) and (46), we can derive

exXp (eilu;tyﬂrl)
Ey [GXP (Qillu’q;tyt-i-l)] '

M1 = (49)
We then obtain a system of 7 equations (15), (37), (40) (41), (47), (48), and (49) for 7
variables @y, i, Ui, gy, Eups &y and myyr. The predetermined state variables are
and ;. The other variables are nonpredetermined. We can use Dynare to solve for a

linear approximate solution or a second-order approximate solution.

6 Applications to Monetary Policy

In this section, we apply our general theory to the study of robustly optimal monetary
policy in a basic New Keynesian model. The objective function of the central bank (or

CB) under rational expectations is given by

1

max ——F Ik |:7T2 + May — x* 2], 50
s =50 > 9 |+ N ) (50)
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where 7, and x; denote inflation and the output gap, respectively, [ is the discount factor
of the private sector and A is a weight the CB places on the stabilization of the output
gap variability. Here, 2* > 0 denotes the distortion in the objective of the CB towards
a positive output gap. A positive x* implies that the CB has a pro-growth bias.
Under rational expectations, the CB faces the following New Keynesian Phillips Curve
(hereafter, NKPC):
T = Kkxy + BB + 2. (51)

where (3 is a discount factor shared with the policymaker. Here, z; denotes the cost-push

shock which is assumed to follow an AR(1) process:
2= pyz-1 + 0.6, & ~N(0,1), (52)

where p, € [0,1) denotes the AR(1) coefficient and o, > 0 represents the standard
deviation of a new innovation in cost-push shocks. Here, ¢, is an independently and

identically distributed standard normal random variable.

6.1 Robust Ramsey Policy

Now, consider robust Ramsey policy. We use the methods introduced in Sections 3-5 to
derive this policy for the three types of robust Ramsey monetary policy problem. For

type I ambiguity, we can derive the first-order conditions:

T = /3_1 (:U’t_lu’t—l)7 (53)
po= =2 (), (54)

where p, is the Lagrange multiplier associated with distorted NKPC:
Ty = Ky + BE [myamea] + 2 (55)

The above first-order conditions are the same as in the case of rational expectations. The
difference is that the distribution of the shock process is distorted. Substituting (53) and
(54) into (55), we obtain a difference equation for f,. Unlike in the case of rational
expectations, type I ambiguity causes the expectation in this difference equation to be

distorted. Under the worst-case distribution, the density is given by

exp (%V (Zt+17 Mt))
Ey [exp (FV (241, 1))
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where V' is the value function for type I ambiguity. This means that the CB attaches
more weight to states when continuation values are low. As we show in Section 3.2, V
is quadratic, m;,; is a normal density, and type I robust policy is linear in the state
variables z; and p,. The state variable p, encodes the history and generates history
dependency of the optimal monetary policy.

For type IT ambiguity, the first-order conditions are given by (54),

Ty = /3_1 (e — &), (56)

¢y =PV (Zt+17 §t+1) + &1 + B0 (1 +Inmygq), (57)

where u, and ¢, are the Lagrange multipliers associated with (51) and (1), respectively,

and &, is the belief-adjusted Lagrange multiplier defined as

E=mi .y, t>1, &= Pog—1 = 0.
Here, V' is the value function for type II ambiguity. Using (1) to eliminate ¢, yields

exp (=07 [V (241, &41) + 876 men])
E;exp (—6’71 [V (Zt-i—h §t+1) + 671§t+17rt+1}) '

This equation implies that the CB puts more weight on the states with low continuation

miy1 =

values. Type II robust policy is a nonlinear function of the state variables, the shock z;
and the belief-adjusted Lagrange multiplier &,.

Substituting (56) into (51), we obtain a difference equation for &,. To solve this
equation, we need to know the belief distortion represented by the density m;, which in
turn must be solved jointly with the value function V.

For type III ambiguity, the first-order conditions are still given by (54) and (56), but
where p, is the Lagrange multiplier associated with the distorted NKPC (55) and

ft =Mmyply_q, t =1, 50 =p_y=0.

We can solve for the distorted belief as

exXp (Q_l,uﬂtﬂ)
Ey [GXP (e_lﬂtﬂ-t—i—l)} '

Equations (54), (55), (56) and (58), together with the definition of &, determine my, z,

my, &, and p,. We can eliminate 1, and represent the type III robust policy as a nonlinear

(58)

M1 =

function of the predetermined state variables z; and &,.
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Note that equation (58) implies that when the Lagrange multiplier i, is positive, the
CB’s concern for robustness causes it to assign higher probabilities to more inflationary
states. Similarly, when p, < 0, the CB worries that less inflationary or more deflationary
states are more likely than under its approximating model. Clearly, the above equations
imply that type III robust policy is nonlinear. This is different from the linear robust
policy in the timeless perspective studied by Woodford (2010) and Kwon and Miao
(2013).

6.2 Calibration

To illustrate the quantitative impact of a concern for robustness, we take the same
parameter values as in Woodford (2010) and Kwon and Miao (2013): 5 =0.99, x = 0.2,
A =0.08, z* = 0.05.8 Also we assume that p, = 0.5 and o, = 0.02.

Now the only remaining parameter to be calibrated is #, which measures the degree
of concerns for robustness. We apply the detection error probability method proposed by
Hansen and Sargent (2008). The detection error probability gives the probability that
an econometrician cannot correctly deduce the true data generating process (DGP) after
observing a series of data, especially when she has two competing candidates of the DGP.
If two models (or DGPs) are almost identical, the detection error probability is close to
50%, which implies that there is roughly a 50-50 chance to make an error about which
model generates an observed series of data. In other words, it is almost impossible to
differentiate the two models. The detection error probability becomes close to zero when
two competing models are very different so that the econometrician can almost always
detect the true DGP. Specifically, the detection error probability can be computed using
log-likelihood ratios:

%Pr (logm > 0’W> + ; Pr (logi—A > 0’14)
where L4 (Lw) denotes the likelihood of model A (W). One can consider A represents
an approximating model and W represents the worst-case model. Pr(:|A) denotes the
probability conditional on the hypothesis that model A is a true one.

For type I robust Ramsey problem, the detection error probability can be easily
computed using the Kalman filter since the solution is linear and the shock process

is Gaussian.” Since we solve type II and type II robust Ramsey problems using the

8Hansen and Sargent (2012) also used similar values.
9See Giordani and Séderlind (2004) for detailed information.
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second-order approximation method, solutions to these types are not linear any more.
Not surprisingly, it is generally very difficult to find the exact likelihood even if the
shock process is Gaussian. Therefore, we approximate likelihoods using particle filtering.
The particle filter enables us to evaluate the likelihood numerically via the sequential
Monte Carlo algorithm when a model is non-linear and/or non-Gaussian. Ferndndez-
Villaverde and Rubio-Ramirez (2007) show that particle filtering can be used to calculate
likelihoods of DSGE models when solved with non-linear methods, particularly in their
case, a second-order approximation. More recently, Bidder and Smith (2010) apply this
method to compute the detection error probability. Appendix A details our computation
procedure.

We calibrate 6 such that the detection error probability is approximately 10% for
each type of robust Ramsey problem. We use simulated time series of 150 periods and
simulate 1,200 times to calculate the detection error probability.’® Also we use 100,000
particles to evaluate the likelihood. Note that since type I ambiguity yields a linear
solution, we use the Kalman filter to obtain the likelihood function in a state space

framework. Table 1 shows calibrated values of 6.

Table 1: Calibrated values of 8
Type I Type I1 Type I1I
0.0069 0.7611 0.0151

6.3 Numerical Results

Figures 1-3 plot the impulse responses of inflation and the output gap following a positive
unexpected one standard deviation cost-push shock for the three types of robust Ramsey
problem and the Ramsey problem under rational expectations with 6 = oo.

An important finding is that optimal monetary policy becomes more history-dependent

when the policymaker faces model ambiguity irrespective of its type. More history

ONote that there is a tradeoff between accuracy and speed as the number of particles increases.
Exploiting Matlab parallel computing with 32 cores, it took about 40 minutes for 1,200 simulations
using 100,000 particles to compute the detection error probability corresponding to a single value of
0. Bidder and Smith (2012) use as many as 160,000 particles. We also checked the detection error
probability corresponding to our calibrated vaule of € using 160,000 particles but the difference between
the two results was negligible.
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Figure 1: Impulse responses of inflation and output under type I ambiguity.
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Note: Dashed lines represent impulse responses under rational expectations. Solid lines plot impulse
responses under type I ambiguity. The time period is quarterly.

dependent monetary policy implies that it takes a longer time for the policymaker to
return inflation and the output gap to their steady state levels. Although monetary
policy becomes more history dependent for all three types of ambiguity, there are subtle
differences in reasons behind this result. For type I ambiguity, the CB faces ambiguity
about both the shock process and private agents’ expectations. As we show in Section 6.1,
the private sector’s expectations in the difference equation for i, or the commitment value
are distorted under the worst-case beliefs. This makes the robustly optimal monetary
policy more history dependent than that under rational expectations.

For type II ambiguity, the CB does not suffer from ambiguity about private agents’
beliefs but it does not trust its approximating model of the exogenous shock process. The
CB believes that the cost-push shock is more persistent than under rational expectations,
causing the robust monetary policy to be more history dependent. Note that even though
the Ramsey policymaker fully trusts the private sector’s beliefs, its concern for robustness
leads to a change in the policy rule for inflation as shown in (56). Type II ambiguity
generates endogenous belief heterogeneity. The state variable that encodes the history
is the belief-adjusted Lagrange multiplier associated with the NKPC. The evolution of
this state variable explains the more history dependence of Type II robust policy.

For type III ambiguity, the CB fully trusts its approximating model of the shock
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Figure 2: Impulse responses of inflation and output under type II ambiguity.
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Note: Dashed lines represent impulse responses under rational expectations. Solid lines plot impulse
responses under type II ambiguity. The time period is quarterly.

process, but is uncertain about agents’ beliefs. More history-dependence comes from
the CB’s concern for robustness of agents’ beliefs. This can better manage agents’
expectations as Woodford (2010) argues. The state variable that encodes history is
the belief-adjusted Lagrange multiplier associated with the distorted NKPC. Like type
IT ambiguity, type III ambiguity also generates endogenous belief heterogeneity. But
the belief adjustment and the evolution of the belief-adjusted Lagrange multiplier are
different.

Even though all three types of ambiguity share the common feature of making
monetary policy more history dependent, the implications for the price level are not
the same across all three types. The left panel of Figure 4 plots the impulse responses
of the price level under type I ambiguity (solid line) and under rational expectations
(dashed line). The robust policy for inflation implies that once a cost-push shock hits
the economy, it is optimal to undo all the changes in the price level so that it returns to
its steady state level. This implies that type I robustly optimal monetary policy is price
level targeting, just like in the case of rational expectations. The middle and right panels
of Figure 4 plot the impulse responses for types II and III ambiguity. The robust policy
indicates that in response to a positive cost-push shock the CB adjusts the inflation

rate to a degree so that the price level goes below its original level. This implies that
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Figure 3: Impulse responses of inflation and output under type III ambiguity.

x 102 Inflation Output gap

14

12 - —
—0.005 |-

10 —

—0.01

—0.015

—0.02

—0.025 |-

Pz —0.03 -

—4 —0.035
o

Note: Dashed lines represent impulse responses under rational expectations. Solid lines plot impulse
responses under type III ambiguity. The time period is quarterly.

under types II and ITI ambiguity, price level targeting is not an optimal policy any more.
Note that our finding is in line with Woodford (2010) and Kwon and Miao (2013). The
difference is that they find this feature of monetary policy under type III ambiguity in
the timeless perspective instead of the Ramsey framework as in this paper.

Figure 5 shows the initial responses of inflation and output gap for various values
of the robustness parameter §. The inverse #~' describes the degree of concerns for
robustness or ambiguity aversion. The initial responses under rational expectations
correspond to ' = 0. Note that when @ is smaller than around 0.3, the solution reaches
the breakdown point pointed out by Hansen and Sargent (2008) and hence we restrict
solution for type II problem in a small interval.

An interesting and important finding is that different types of ambiguity deliver
different initial responses to a positive cost-push shock. For type I ambiguity, the
initial responses of inflation and the output gap are larger than those under rational
expectations. Since type I ambiguity is related to the overall model misspecification, in
the worst case scenario, the CB worries that the cost-push shock is distorted in mean so
that the CB responds more aggressively as if the shock were greater compared to that
in the approximating model. At the same time the CB concerns that the private agents’

expectations are distorted to a higher level too.
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Figure 4: Impulse responses of the price level.
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Note: Dashed lines represent impulse responses under rational expectations. Solid lines plot impulse
responses under three types of ambiguity. The time period is quarterly.

For type II ambiguity, the initial response of inflation is also greater than under
rational expectations. The difference between type I and type II lies in the initial response
of the output gap. While type I ambiguity makes the initial response of the output gap
greater than under rational expectations, type II ambiguity leads to a less responsive
output gap. The intuition is the following: The CB worries about the unfavorable
distortion in the cost-push shock, leading to an increase in the inflation response. On
the other hand, the CB exploits the fact that the private sector fully trusts its model and
in its model the cost-push shock is believed less persistent than under the CB’s distorted
beliefs. As a result, the CB faces a smaller tradeoff between inflation and output.

Finally, for type III ambiguity, the CB’s initial response of inflation to a positive cost-
push shock is less sensitive but the initial response of the output gap is more sensitive.
The concern for robustness of the expectation of the private sector makes the CB manage
the inflation expectation more cautiously. In other words, the CB puts in more effort to
stabilize inflation and the inflation expectation since it worries that the private agents’
inflation expectations are biased upward. In this case, the CB faces a larger tradeoff
between inflation and the output gap. This result is in line with Woodford (2010) and
Kwon and Miao (2013). In these papers, they focus on the linear class of policy rules
in the timeless perspective. Our research shows that their findings are still valid in the

Ramsey framework.
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Figure 5: Initial responses of inflation and output

Note: The horizontal axis represents the degree of concerns for robustness # 1. The case of
6~ = 0 corresponds to rational expectations.

7 Conclusion

In this paper, we study three types of robust Ramsey problem corresponding to three
types of ambiguity pointed by Hansen and Sargent (2012) in a general linear-quadratic
framework. We provide recursive characterizations and algorithms to solve the robust
Ramsey policy. We apply our methods to a basic New Keynesian model of optimal
monetary policy with persistent cost-push shocks.

There are three main findings. First, robust Ramsey monetary policy for all three
types of ambiguity generates more history dependence than under rational expectations.
Second, in response to a positive cost-push shock, the price level eventually returns to
But the sign of the

initial price level effect is eventually reversed for types II and III ambiguity. Third,

the initial level for type I ambiguity and rational expectations.

the initial response of inflation is more aggressive for types I and Il ambiguity than

for rational expectations, but it is less aggressive for type III ambiguity. The initial
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response of the output gap is more aggressive fort types I and III ambiguity than for
rational expectations, but it is less responsive for type Il ambiguity.

Our type III ambiguity corresponds to that studied by Woodford (2010) and Kwon
and Miao (2013), who study linear robust monetary policy in the timeless perspective.
We show that robust Ramsey monetary policy is nonlinear, but the general properties of
robust policy (history dependence, price level dynamics, and impulse responses) found
in their papers are still valid in our Ramsey framework.

Our analysis highlights the importance of modeling who faces ambiguity and what
the policymaker is ambiguous about because different types of ambiguity generate very
different policy responses to shocks.

For future research, it would be interesting to study micro-founded models of robust
policy. Adam and Woodford (2012) solve an optimal monetary policy problem under
type IIT ambiguity with a micro-founded model. They use linear approximation methods
to solve the model. It would be interesting to study different types of ambiguity in a

micro-founded model with non-linear solutions.
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Appendix

A Computing Detection Error Probabilities
We can write the solution to a robust Ramsey problem in a state space representation:

St = F(Stfla €t>7
gt = G(St),

where s; and g; denote unobservable hidden states and endogenous variables at time t,
respectively. F'(-) and G(-) are system and observation functions, respectively, which are
possibly non-linear. Here, £; denotes a system innovation. To apply the particle filtering
algorithm, we assume that the endogenous variables are observable with measurement

eIrors:

ye = G(s¢) + vy, (A.1)

where v; is a measurement error.
Note that according to Bayes’ theorem the likelihood of y* = {yo, 1, ,v:} under
the hypothesis of 6 € O is given by

t

Py 0)=p(yo; 0 H (v | 9715 0), (A.2)

where p(yo; ) denotes a prior probability which is assumed to be known. Generally,
one cannot compute the likelihood analytically. The key idea of the particle filtering
algorithm is to approximate the likelihood through Monte Carlo simulation.

More concretely, note that one can rewrite the last term of (A.2) as

p(yk}y’“139)=/p(yk!sk;9)p(sk]y’“1;9) dsy,

which can be approximated using discrete samples:

1 N

p(yk}y“;@)%NZp(yk!82;9)19(83;}1/'“’1;9)-

i=1

Now let {w!, 52}5\;1 be a swarm of particles such that s! is randomly drawn from
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p(si | si_y: 0) and also the importance weight w; is computed recursively ** by

4 . wt
wiZP(yk!sz;H)TfU{ :
1

It is important to notice that {w?, 32}5\;1 is a discrete approximation to the distribution

p(yk}sk;Q)P(sk}ykfl;e)

which is justified by the law of large numbers as the number of particles N increases.

Thus, one can find that the likelihood function can be approximated by
XN
p(y |yt 0) = N;wi-

Notice that if one resamples si ]Erom {wi, 8};}?;1 with replacement one can update a
swarm of particles to {N -1 Si}jzl. This procedure is called the sampling importance
resampling.!?

To sum up, we implement the particle filtering algorithm using the following procedure:

FOR t =2: T, given a swarm of particles {w}, si}ﬁil, draw s; , ~p (s | si; 0).

i i i iy 1
Update wi,, = p (yt—l—l } St41 s ‘9) w (P wy) -

Compute the conditional likelihood Ly = N7' >~ wy, 4.

. . N . . N .
2 2 J J 3 2
Resample {wt+1, St+1}i=1 from {wtﬂ, St+1}j:1 with replacement such that s; ; ~

. . N .
- 7 7 7 _ —1
7.9.d. {wtﬂ, St+1}i=1 and wy, , = N,

"By using ¢ (s}€ | yk’l) as the importance sampling distribution of p (s}€ ‘ yk) one can find that the
importance weight wj can be expressed recursively:

oo Pyt p(ue]si)p (s ] sion) p(sios [971)

7 7
dGE D) " a6 sy v a (G, [v2) x whoap (o | 54)

Since ¢ (s}C | yk_l) can be chosen arbitrarily, one can easily sample si such that
) 1
sp iid q(se |y*71) = q(s |y ) = NZ%(S)’

where ¢ (+) is the Dirac delta function.
12There are various approaches to resampling but in this paper we follow an algorithm called systemic
resampling suggested by Kitagawa (1996).
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o =1+ 1.

e END FOR.

While implementing particle filtering, an issue needing our caution is that in type
IT robust Ramsey problem, the worst-case shock process is different from the reference
process. Note that for type III, the shock process is not distorted but only the beliefs
of a Ramsey planner about private agents’ expectations are distorted. To derive the
worst-case distribution, Bidder and Smith (2012) generate Monte-Carlo simulations and
compute the one-step-ahead likelihood ratio, m;,1(ss41). Then they draw the distorted
shock according to the distorted probability. The problem is it makes the computing time
very long. Instead we take a more simple and practical way to draw distorted shocks. By
the second-order approximation we can express m;,; in terms of state variables. Then

we can compute the conditional mean of distorted shock by

Et[mt+1€t+1] = ki [Gm (St7 €t+1) €t+1] (A-3)

where G, (-) denotes decision rule for m;,; given s;. Note that the distortion in mean
at time ¢ 4+ 1 depends on state variables at time ¢ and a innovation shock e;,;. Thus the

After finding the conditional mean, we generate the worst-case shocks for each state by
randomly drawing a number from the normal distribution N (E; [ms1€:41],1). In other
words, we simply assume that the worst-case distribution distorts only the mean of the
shock process. We confirm this assumption by Monte-Carlo simulations following Bidder
and Smith (2012). We find that the variance of the worst-case shock is not different
from that of the reference shock process and we cannot not find any significant difference
between two distributions except for the mean. The gain from reducing computing time,
however, is very significant.

Finally, the likelihood can be computed as

T
Lyr; 0) =[] L
t=1

In order to implement particle filtering, we first generate a set of simulated time series
using the solution to the robust Ramsey problem. In our model, there are three hidden
state variables (z, 1, ;) and two observable variables 7m; and z;. We assume that the

measurement error of each observable variable follows a normal distribution with the
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standard deviation of 20% unconditional counterpart of each variable, i.e.,

wl=eeos el [~ (B 3)
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