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In order to obtain desired results, we must assume that some labour services are 
embodied directly or indirectly in every commodity produced, regardless of the production 
techniques used. In other words, it is assumed that labour is used either in producing the 
commodity itself or in producing some input used directly or indirectly in producing the 
commodity. Since the jth column of the matrix Qt represents the inputs for the inputs, etc., 
required t stages back in producing commodityj, and since labour must enter at some stage, 
it follows that for each commodity j there is an integer t such that the jth component of 
LQt is positive. 

We shall make much use of the following lemma, which is proved by Weitzman (see his 
Lemma 2 in [6, pp. 418-19]). It is stronger than the standard theorem of this type in that 
L need not be strictly positive. 

Lemma 1 (Weitzman). Let Q be any technology matrix and L the associated vector of 
direct labour inputs, and assume that some labour services are embodied (directly or indirectly) 
in every commodity produced. If there exists, a vector of non-negative prices P such that 
P > PQ +L, then the technology matrix Q is productive, i.e. (I - Q) - exists and is non- 
negative. 

Corollary. If S is productive, then the associated technology matrix Q is productive, 
and the associated vector of industry-wide average production costs is given by 

P = L(I-Q)-'. ...(3) 
P is unique and strictly positive. 

Proof. Since S is productive, equation (2) must be satisfied for some P, so that by 
Lemma 1, Q must be productive. Thus equation (2) may be solved for P, and equation (3) 
results. It follows also that P = I"OLQt which must be positive in every component by our 
assumption that every commodity embodies labour. II 

6. SOVIET-TYPE PRICING AND TECHNICAL CHOICE 

Three behavioural rules are incorporated into this model which are intended to be consistent 
with the general framework of Soviet-type economies. These rules are descriptive rather 
than normative, and while they lead to the adoption of optimal production techniques in 
this model, there are other sets of rules which would certainly achieve the same results more 
quickly. The behavioural rules are the following: 

1. The price of each commodity is set equal to its average cost of production throughout 
the producing industry. This implies that the vector of average production costs P, given 
by equation (3), is also the vector of selling prices. 

2. Each time period, the pattern of technique usage is revised as follows. If, during the 
previous period, a technique for producing a certain commodity proved to be profitable 
(or potentially profitable, if the technique wasn't actually in use), then the fraction of the 
commodity produced by that technique may not be decreased. If the technique was 
unprofitable, then the fraction of the commodity produced by that technique may not be 
increased. In addition, if there are any profitable (or potentially profitable) techniques for 
producing a given commodity, the fraction associated with at least one profitable technique 
for producing that commodity must be increased. (Note that while it merely requires good 
bookkeeping to differentiate profitable from unprofitable techniques for those techniques 
actually in use, it requires research-and institutions designed for that purpose-to discover 
potentially profitable techniques which are not currently in use.) 

Let Jtjk denote the profit per unit of production of commodity j earned by technique k, 
i.e. 

7rjk = pj- PQjk - ljk .(4) 
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Let S represent the pattern of technique usage for one period, and let S' represent the pattern 
for the next period. Then, for eachj, the second behaviourial rule is given by the following 
formal relationship: 

Sik _ Sjk when 7rjk>O 

Sjk < S*k when jk -<0 ... (5) 

SI> sjk for some k unless ljk < 0 for all k. 

If a single profitable technique produced the entire output of some commodity, then the 
pattern modification procedure (5) could not be implemented. But this situation cannot 
arise, since, given industry-wide average cost pricing, any one technique producing the 
entire output of a commodity would earn zero profits. 

3. Techniques which continually operate at a loss must eventually be phased out of use. 
Formally, there is a maximum phasing-out time i. If for r consecutive periods 7rjk<0, 
then Sjk = 0 at the end of the r periods. In this model, the phasing-out time is the only 
pace-setter for improvements in the technology. Presumably, the smaller -r is, the faster 
convergence will occur. The size of r is constrained from below by the rate at whiclh the use 
of profitable techniques can be expanded. 

The burden of this section is to show that with industry-wide average cost pricing (3), 
the pattern modification procedure (5) will generate patterns of technique usage which 
converge to an optimal pattern in a finite number of steps. An optimal pattern of technique 
usage is defined as a pattern which simultaneously minimizes the average production cost 
of every commodity. Lemma 2 shows that a pattern is optimal if no technique is profitable 
(or potentially profitable) at prevailing prices, and Lemma 3 supplies the propositions which 
are necessary to the demonstration that such a no-profit situation is reached in a finite 
number of steps. 

Lemma 2. Suppose that for the pattern of technique usage S* and associated price 
vector P*, we have 7r1* < Ofor all jk, i.e. 

Pj < P*Qjk+ lik 

Then for any productive pattern of technique usage S and associated price vector P, P* < P. 

Proof. Choose any productive pattern S. We have 

YkSjkPj' < FkSjk(P k Qjk + lijk) 

and since EkSjk = 1, it follows that 

PJ < P*(kSjkQjJ)+kSjk1jk. 

Since this equation is valid for every J, we have, by the definitions of Q and L, that 
P* _ P*Q+L, or 

P*(I-Q) < L. (6) 
Because S was assumed to be productive, the corollary to Lemma 1 implies (I -Q)- 
exists and is non-negative. Therefore, equation (6) implies that P* ? L(I- Q)'. But 
L(I - Q)- is exactly the price vector P associated witl pattern S, and the lemma is proved. 11 

Lemma 3. Let S be a productive pattern of technique usage and assume that prices are 
set equal to average costs P as given by (3). Let S' be a pattern of technique usage for the 
following period satisfying the conditions of pattern modification (5). Then 

(a) S' must be productive. 

(b) P' < P, where P' is the vector of average production costs associated with S'. 

(c) If industry j has a profitable technique at prices P, then pJ < pj. 
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Proof. Consider the product (S'k-Sjk)Trjk. By (5) the two factors in this product can 
never have opposite signs, so that (SjSk - SJk)jk > 0 for all k. It follows that 

k(SJk-Sjk)7Jk ? 0 

so that 

1kSjknjk-XkSjknjkk _ 0 . (7) 

But given industry-wide average cost pricing, industry-wide average profit 1kSjk7jk, must be 
zero. Therefore, (7) becomes 

YkSjkfjk >- 0, ... (8) 

i.e. the average profit given the new pattern of technique usage and the old prices is non- 
negative. Thus, prices must be at least as great as average costs; i.e. 

P 2 PQ'+L'. .. (9) 

Therefore, by Lemma 1, (I - Q')' exists and is non-negative. 
We set P' = L'(I-Q')-'. We have that P' = P'Q'+L', so that P' must be a vector 

of average-costs associated with the pattern of technique usage S'. Thus S' is productive 
and (a) is proved. From (9) we have that P(I - Q') > L', and since (I - Q')1 is non- 
negative, it follows that P _ L'(I - Q')' = P' and (b) is proved. 

Since P' ? P we have 
Pe = P'Q' + L < PQ' +L' 

so that 
PJ <? kJk(SPQjk + ljk) = ksSk(P - 7rjk). 

Recalling that XkSJk = 1 and EkSjkTjk = 0, we have 

P- PJ > -kSjkOjk = Xk(SJk Sjk)TCjk ... .(10) 

If we assume that industry j has a profitable technique at prices P, then (5) implies that the 
right-hland side of (10) is strictly positive, and (c) is proved. 11 

Theorem. Let the following conditions be considered as given: 

(i) an initial productive pattern of technique usage; 

(ii) industry-wide average cost pricing as defined by equation (3); 

(iii) the modification each period of the pattern of technique usage according to rules (5); 
and 

(iv) a maximum phasing-out time of r periods for techniques showing continual losses. 

Then the pattern of technique usage will converge to an optimal pattern in afinite number 
of periods with industry-wide average production costs decreasing monotonically. 

Proof. Let S(O), S(1), ..., S(t)... be the sequence of patterns of technique usage generated 
by (5). By Lemma 3, each S(t) is productive and the sequence of corresponding prices, 
P(0), P(1), ..., P(t), ... is monotonically decreasing. Since each P(t) must be non-negative, 
the sequence {P()} must converge. Let P be its limit. If for some T, P(T) = P, monotonicity 
implies that P(t) = P for all t> T. From Lemma 3 (c) it follows that no technique is profit- 
able given prices P and by Lemma 2, S(T) must be optimal. Thus, if the limit prices P 
are actually achieved (i.e. for some T, P(T) = P, then the theorem is true. 

It remains only to rule out the possibility that the limit prices P are not achieved. 
Let ifjk be the profits associated with technique jk at prices P. 

The theorem follows from the proof of the following four propositions. 

(a) If 7ijk < 0, technique jk is phased-out in finite time. 

(b) If ifjk>0, technique jk is phased-out in finite time. (Actually it will follow from 
this theorem that ifjk < 0 for all jk.) 

2D-43/3 
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(c) There exists an integer T such that for all jk, s(T)jk > Oimplies lfjk = 0. 

(d) P(T) = P. 
Given 1fjk<o, there is an integer to such that 7r(t)Jk <0 for t> to. It follows that for 

t> to + ' (where r is the maximum phasing-out time) s(t)jk = 0 and (a) is proved. 
Proposition (b) is a consequence of (a) and the fact that average profits must be identi- 

cally zero in every time period. Given 1iJf>0, there is a 3>0 and an integer to such that 
lt(t)jk> 3 if t> to. Suppose 3k is not phased out in finite time. Then there exists t1 > to 
such that s(tl)jk >0. By (a), for any s >0, we can choose an integer t2 > tl such that 
'9(t2)jk> - for any k such that s(t2)jk>O. Set s equal to s(tl))k3. We have 

XkS(t2))k7r(t2))k> S(t2)k3 + (1 -S(t2)Jk)(-S(tl)1k3) = 
[S(t2))k-S(tl)lk] + S(tl))kS(t2))kb3 

Furthermore, s(t2)jk>s(tl)jk by (5). Thus 1ks(t2))k7c(t2)Jk>0, a contradiction since this 
sum represents average profits and must equal zero. The supposition is therefore false and 
(b) follows. 

Proposition (c) follows directly from (a) and (b) and the fact that there are a finite, 
number of techniques. 

Proposition (d) is implied by the fact that for this T we have s(T)jk0Tjk = 0. Therefore. 
for each j, 

0 = 1kS(T)jkijk = 1kS(T)jk(Pj 
- 

PQjk ljk) 

= P- PykS(T)jkQjk -ks(T)jkljk 

Thus -P = Q(T) +L(T), so that P must be the unique price vector associated with S(T) 
In short, P = P(T), and (d) and the theorem are proved. 11 

7. SUMMARY AND CONCLUSION 

In the Soviet Union prices are based on industry-wide average production costs (including 
normal profits). Such prices will not automatically balance supply and demand, nor will 
they lead producers to select socially optimal output assortments. We have shown, how- 
ever, that when profits are used to guide the choice of productive techniques in a linear 
model, industry-wide average cost pricing does lead eventually to the selection of an 
optimal technology. This suggests that profits (or potential profits) based on industry-wide 
average cost prices can serve the Soviet authorities as a useful measure of the comparative 
efficiency of different productive techniques. In this framework, scarcity pricing is not a 
requirement for efficient technological choice. 

APPENDIX: THE MODEL AND THE LITERATURE 

From an abstract point of view, the model constructed and explored here is a generalization 
of models that have been examined in the activity analysis literature by Malinvaud [3, 
Part IV] and by Weitzman [6], under the heading " Activity Iteration ". 

Unlike the present model, those of Malinvaud and Weitzman were not intended to 
describe the dynamics of any existing economy. Instead, they were intended to explore the 
properties of certain methods for producing optimal plans. Their models postulate an 
economy which produces a fixed number of goods. At any stage in the planning process, 
exactly one production activity is selected for each of these goods, and prices are set equal 
to the cost of production given the use of the selected activities. In the next stage of the 
planning process a new set of production activities (one activity for each good) is selected 
in accordance with the profits determined by the prices of the previous stage. 

In the model presented here, many techniques for producing the same good may 
operate simultaneously in any convex combination. Nevertheless, this model retains 
many of the characteristics of the Malinvaud and Weitzman models. In particular, 
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the result that in this model industry-wide average cost prices do not rise when output 
quotas are shifted toward profitable techniques has a genesis parallel to the analogous 
result for Weitzman's model, and in its demonstration (Lemma 3 (a) and 3 (b)), I borrowed 
freely of Weitzman's methods and made use of one of his results (stated in Lemma 1). 

In this particular model there is no reason to expect convergence unless sufficient 
movement toward profitable techniques is assumed to occur in each time period. The most 
natural assumption of this sort, that the use of at least one profitable technique in each 
industry increases by at least a certain fixed amount, seems to permit non-convergent 
oscillation in the pattern of technique usage. However, the requirement that techniques 
operating at a continual loss have to be phased out of use in finite time, proved to be 
sufficient to guarantee convergence and that it occurs in a finite number of time periods. 
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