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Enhancing aperiodic stochastic resonance through noise modulation
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We show that the conventional stochastic resond¢® effect for aperiodic signals in a model
neuron can be enhanced by modulating the intensity of the input twigeh could be introduced
artificially in bioengineering applicatiopsvith either the input signal or the unit’s output rate signal.

We analyze SR enhancement theoretically and numerically. We discuss how this work provides the
theoretical foundation for the development of an optimal noise-based technique for enhancing
sensory function. ©1998 American Institute of Physid$$1054-15008)00303-9

Stochastic resonance(SR) is a phenomenon where the could be maximally enhanced. Several groups have consid-
response of a nonlinear system to a weak signal is en- ered enhancing SR through the use of uncouplexhd
hanced by the presence of noise. SR has been observed incoupled® networks of nonlinear elements. Previously, we
a broad range of different systems. Here we focus on SR showed that a simple summing network of independent non-
in excitable systems, such as neurons. It has been shown linear units could enhance and broaden the range of SR and
that noise can serve to enhance the response of a sensory ASR® Here we focus on enhancing ASBnd hence SRin
neuron to a subthreshold input signal. This points to po- a single nonlinear unit. Specifically, we demonstrate that the
tential bioengineering applications where noise can be ar- SR effect in a single excitable unit, such as a sensory neuron,
tificially applied to improve sensory function. Given the  can be enhanced by modulating the input noise intensity with
possible practical benefits of SR, it is of interest to devise the input signal or the unit's output rate signal through feed-
methods that could enhance the SR effect. Here we show back. This effect exploits a cooperative effect between addi-
that such an enhancement can be achieved in a neuronal tive SR and multiplicative SK!-1°
model by modulating the intensity of the input noise with The use of feedback in this way might be used in bio-
either the input signal or the unit’'s output rate signal. logical systems. For instance, it has been found that the re-
sponse variance of some neurons in the cat’s visual cortex
increases with the mean response amplittfdenother mo-
I. INTRODUCTION tivation for this problem comes from bioengineering. On the
basis of earlier studies>"®it has been suggested that noise-
Stochastic resonand8R)" is a phenomenon where the pased techniques could be used to improve the function of
response of a nonlinear system to a weak signal is enhanc%urophysiological sensory system.g., the touch-
by the presence of noise. SR has been examined theoreticallysation system and the proprioceptive systéffith such
and experimentally in a wide variety of physitaind techniques, noise would be introduced artificially into sen-
biologicaP* systems. SR was originally proposed for SYS-sory neurons in order to improve their abilities to detect ar-
tems with periodic input signafsput recently, it was shown pitrary subthreshold signals. Noise would be the means of
that SR-type dynamics can be characterized in systems witfhoice for such purposes since most sensory neurons adapt
aperiodic '”F_’Ut_sg-_g This general type of behavior was away DC inputs but do not adapt away the effects of noise. It
termed aperiodic stochastic resonar@sR).*® (Recently, s possible with bioengineering sensors to measure the input
Neiman et al!! showed, using linear response theory, thatstimulus to a sensory neurda.g., the change in joint angle
ASR is equivalent to conventional SRihese developments jn the case of a proprioceploras well as the output rate
together have pointed to the possible beneficial effects ogigna| from a sensory neuron.
noise on the dynamics of nonlinear systems, e.g., these re- Here we show how such information can be utilized to
sults have suggested that SR-type dynamics could be e¥ptimize the response of a sensory neuron to arbitrary sub-
ploited in the design of signal-detection devices and techyreshold stimuli. We provide the theoretical foundation for

niques.Given the ubiquity and possible practical utility of {he development of an optimal noise-based technique for en-
SR-type dynamics, it is of interest to explore how the r€-hancing sensory function.

sponse of a nonlinear system to an arbitrary weak signal
Il. CORRELATION MEASURES

We consider two cross-correlation measures for charac-
terizing SR-type dynamicd®
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Co=(S()R(t+ 1)), (2.1  With the addition of thermal noise, the system can be induced
to change states. This change of state, which we call a firing

S(HR(t+7) event, could be the escape of a particle from a potential well

C,= (2.2 or the generation of an action potential by a neuron. The

[S*(O]YL(R(D) ~R(1))*]"2 firing rate of the system will be a function of both the noise
where S(t) is the zero-mean input signaR(t) is the re- intensity and the input signal.
sponse of the system characterized by the mean transition For concreteness, we demonstrate ASR enhancement for
rate, the overbar denotes an average over time, and ttibe FitzHugh-NagumdaFHN) neuronal model, which we
angled brackets denote ensemble averages over the noise digite in the forn?
tribution. GenerallyR(t) is formed by lowpass filtering the . s 1
output pulse train of the neuron. These measures are defined €V~ —v(v = ) —WHAr—y() + (D), CHY
as the maximum of their respective correlation functions for .
a fixed time lagr, which allows for inherent delays in the ~ W=V~ W 3.2
system. BotiC, andC, are scalar measures of the coherenceyheree is a small parameter,(t) is a voltage variablay(t)
between the input and the output. They are applicable for als a recovery variableAr= —5/(12y/3) is a threshold volt-
types of input signals, periodic and aperiodic. For the speage, y(t) is the input signal, and(t) is a white, zero-mean
cific case of a periodic input, the meas@g corresponds t0  Gaussian noise term with an autocorrelation function
the transferred signal strength a@g corresponds to the out- (£(t)£(s))=2D 6(t—s), whereD is the noise intensity and
put signal-to-noise ratigSNR), which has been the tradi- the angular brackets ) denote ensemble averaging over the
tional SR measure. distribution of £. We express the input signal agt)=B

The correspondence betwe@p and the output SNR can  — g(t), whereB is the DC part corresponding to the signal-
be seen if we consider a periodic input sign&lt)  to-threshold distance, arf(t) is the zero-mean fluctuating
=Cos(wot+¢), wherewy is an arbitrary frequency and is  part. Below we show that modulatir@ with either S(t) or
some arbitrary phase. Consider the numerat@ ofiiven by  the output rate can enhance the SR effect in the FHN model.
SR:T‘lfgcos@H ¢)R(t)dtz§(w), whereT is an averaging Our results can also be generalized to other nonlinear sys-
window. If we computes(w) for finite T, it will be a random  tems.
variable that must be ensemble averaged. However, in the Previously, we showed that the FHN modeahd other
limit of infinite T, the variance goes to zero astw) be- neuronal modejsfor a subthreshold signal could be approxi-
comes a constant that captures the periodic component &fated by a one-dimensional barrier-escape probigfhe
R(t), while 82(w) represents the normalized powerR(t) ensemble—a\é(elgaged firing rate had the form of the Kramers
with frequencyw and phasep. [For a periodic signag(t), ~— ©5¢@P€ raté
the time averag&Rover infinite time is equivalent toSR), -0 A
the ensemble average of the time average over one period. (R(1))=Q eXF{FﬂL o SO
Similarly, in this limit, the denominator factor

: (3.3

where S(t) is the zero-mean input signalD is the
goise intensity,Q=B/2\/3¢ is a factor which sets the rate
ale,6=2./3¢B%/3 is the signal-to-threshold distance, and
A=2¢eB? is the signal sensitivity or gain. In Ref. 8, we
showed that a wide variety of models have escape rates with

(R(t)—R(t))?=r? corresponds to the normalized total
power contained in the zero-mean output signal. This is als
the total power in frequency space and we can express it

r2=s?+n?, wheres? represents the output power at the sig-
nal frequencyand phaseandn? represents the noise power. the general form of Eq3.3).

This leads to the relatio@{> SNR/(1+ SNR), where SNR We make the ansatz that the unaveraged rate takes the
=s?/n2. Thus,C, can be thought of as a “phasic” output form>5®

SNR, where both frequency and phase information is used.

For aperiodic input signals, the lack of a prescribed fre- R(t)=(R(t))+ n(1), 3.4
quency make€, andC; natural measures for characterizing \ynere 7 is a stochastic variable satisfyinmzo and
SR-type dynamicsi.e., ASR. In addition,C; is related to W: (D). For low firing rates, we can use the approxi-
the information transfer rate — for small signal amplitudes,mation that the firing is a Poisson process &¢D)
it is directly proportional to the square root of the Shannon_ K,Qexp(— 6D), andK is a constant proportional to the
transinformatior?. Here we investigate how these measure§,erse of the wi,ndow length used to obtaR(t).81°
can be optimized. In particular, we concentrate on enhancing Using the rate expression E€@.3) in the SR measures
the maximum values of, andC, as a function of the noise (2.1) and(2.2), we obtaifi®
intensity. L

Co=QAD ! exd — 6/D]S(t), (3.5
ll. ASR ENHANCEMENT K,D? exp( 6/D)] 2

— 3.6
A2QSA(1) ¢9

Our method for ASR enhancement is applicable to any Ci=|1+
generic excitable system that has two stable states. The sys-
tem is modulated by a subthreshold input signal which byHere we have assumed that the signal amplitude is small
itself cannot induce the system to change states. Howevecpmpared to the noise amplitude a8ft) is slowly varying
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compared to the slowest time scale of the system. It is im- —8=0 ------ 8=10 - =50 ----- 8=90
portant to note that these approximations are taken only to
facilitate the theoretical estimates and are not essential for 60 @ e e _
the phenomenon. Maximizing Eq€.5 and (3.6) with re- ’ ="

spect toD gives maximum values of

40 ; Cmmeee= -

0
)

max Cqy)=QA 6~ Texp(—1)SX(1), (3.7

104x<C >
f
f

K,0%exp(2)] 2

=1l+————
maxCy) [1 4A2Q8X(t)
We now investigate ways to maximize Ed8.7) and
(3.9). We find that the maximum value &, andC; can be 0.8
enhanced by either decreasing the threshold distande- -
creasing the firing-rate fact@, or increasing the signal sen- 061 7 = = ==
sitivity A. The most direct way is to modify the input signal. + =
The effective signal-to-threshold distanée could be de- ;S
creased by adding a DC contribution to the input signal. In
fact, if enough DC were added, the signal could be pushed
above threshold(Jung considered the effects of noise on
suprathreshold signaf8 However, it is known that many _
types of sensory neurons adapt away the effects of DC 0.0 2.0 40 6.0 8.0 10.0
inputs?! For adapting neurons, the addition of DC to an in- 106x2D

put signal will not enhance the output SNR. The neuron will
FIG. 1. Coherence measur@s Cy(D) and(b) C,(D) for variousé values

simply readjust its threshold.
Pl ) for the FHN neuronal model with signal-modulated noise. The para-

Here we focus on enhancing SR dynamically by mOdu'meter values used in the simulations were0.005,A;= —5/(12,/3), and

lating the input noise intensity with the input signal or with g— 07 (Refs. 5, 8. The input signals(t) was Gaussian noise with a
the output rate through feedback. Neurons generally do naforrelation time of 20 s followed by a 10 s Hanning filter. The same input

adapt away the effects of noise. This has the effect of insignal S(t), with varianceo§=1.5x 10"° and total time length= 300 s,
creasing the signal sensitivity. It has been shown that sys- was used for all results presentédll error bars indicate the standard er-
tems can exhibit SR-type dynamics if the signal modulates

the noise multiplicatively*~*®Here we show that this effect

works cooperatively with conventional additive SR. We alsoWe see that maxy,) increases linearly witly, and maxC,)
generalize the effect to aperiodic signals and output rateincreases linearly for smalf but then saturates to unitjit
modulated noise. We should note that although we are addhould be noted that the theoretical maxima are likely not to
ing more information to the system through the noise modube attained because the expressions break down for 1
lation, it is not obvious that it will enhance the additive SR — §S(t)<0.] For largers, terms quadratic idS(t) will be-
effect. For instance, it was shown in Refs. 14, 15 that there isome more important so we should see deviations from the
no SR effect with noise modulation in a symmetric double-behavior given by Eqg93.10 and(3.11.

well system. To test these predictions, we performed numerical simu-

We first consider signal-modulated noise. Consider dations on the FitzHugh-Nagumé-HN) neuronal modéf
modulated noise intensi’ =D/(1— 5S(t)), whereS(t) is  for variouss values?® Plots ofC, andC; for various values
presumed to have zero mean. The noise intensity increase$ § are given in Fig. 1. AsS increases, both measures show
(decreaseswhen the signal increasédecreases For small  clear increases, witle; attaining a value close to 0.8 fdr
signal amplitudegor small §), this is equivalent to a linear =90.[For larger values o8, the condition 1- §S(t)<1 is
modulation D(1+ 8S(t)). We should note that the FHN violated] In Fig. 2, maxCy) and maxC;) are plotted versus
equation(3.1) using D’ now has a noise tern§(t) with a 6. We see thaC, increases linearly, with a slight deviation
constant amplitude contribution and an amplitude-modulatedor larger 6 values; it can also be seen th@f increases
contribution. Placing this into Eq3.3) yields the new rate linearly and then saturates, as expected. The solid lines are
expression theoretical fits from Eqgs(3.10 and (3.11). No free param-

, eters were used to fit the curves.

(R(1))=Q exf —6/D+A'/DS(1)], (3.9 We next consider enhancement by modulating the noise
where A’=A+ 56 and terms of order {§S(t))? have been intensity with the firing rate itself. Consider the noise inten-
ignored. Substituting\’ for A into Egs.(3.7) and(3.8) gives  sity with the form D’=D/(1—-4Dr(t)), where r(t)
the dependence of ma3{) and maxC,) on é: =(R(t) —(R(t)))/(R(t)). This expression can be substituted
into Egs.(2.1) and(2.2) and then maximized with respect to

(3.9 T

<C>
1
=
'S
]

max( Co)=Q(A+08) 6" exp( —1)S(1), (3.10 D. The equations need to be solved self-consistently. How-
K, 6%exp(2) -12 ever, for small signal amplitudes, the rate expression, Eg.

max C,)=| 1+ ) (3.1) (3.3, can be expanded ig(t)/D, yieldingr(t)=AS(t)/D.
4(A+ 6068)%2QSA(t) This then results in a modulated noise intensity of approxi-
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FIG. 2. Maximum coherenc&) max(C,) and(b) max(C,) versussé for the FIG. 3. Maximum coherenc@) max(C,) and(b) max(C,) versuss for the
FHN neuronal model with signal-modulated noise. The solid lines are theFHN neuronal model with rate-modulated noise. In this simulation, the bar-
theoretical fits from Eqgs(3.8) and (3.9), where the simulation parameters yigr heightB (see Ref. 5was 0.068 an®?=9.4x 10" .
listed in Fig. 1 and Refs. 5, 8 givA=1.27X10%, ©=2.97x10"%, Q
=0.80, andK;=0.12.

=D/(1—- 89(t— 7)), wherer is a time delay. The modified rate

matelyD'=D/(1— §AS(t)), at lowest order. The previous expression then becomes

analysis for signal-modulated noise then follows, culminat- (R)=Q exd —6/D+A/DS(t)+86/DS(t—7)], (3.12
ing in the expressions given by Eg®8.7) and (3.8). The which leads to

enhancement effect for rate-modulated noise, however, _

should not be as large as that for signal-modulated noise. (R(t))S(t)=Q exp(— 6/D)[A/DS(t)

This is mostly due to the fact thai(t) will possess large S
fluctuations which occasionally violate the condition that 1 +66/DS(H)S(t—7)]. 313

—6Dr(t)>0. Thus, the maximum value of that can be e note thatS(t)S(t— 7) = «S%(t), where is a constant

used is limited. These limitations could possibly be circum-jess than unity. Taking this into account, the expressions for
vented with a different form of rate modulation. We chosemax(C,) and maxC,) become

the above form because it corresponded to our analysis with
signal-modulated noise. The precise way in which the rate
modulates the noise intensity is not important — SR en- 201 a?) K, 62 exp(2)
hancement should occur provided the noise intensity i?nax(cl)z 1+ @ 1

modulated, on average, in proportion to the input or output (A+0ad)? 4AQS(t)(A+ ad)?
feedback. (3.15

Numerical simulations were performed on the FHN Neu-rhese expressions show that the maximum value€ and
ronal model with rate feedback. The spike train output fromC1 will still increase with 8 provideda>0. The maximum

the FHN neuronal model was lowpass-filtered with a Causailncrease is attained with= 1, which corresponds to no de-
filter to obtain the time-varying mean firing rate sigRél. '

This was then used to m508dulate the noise intensity. The the-~

oretical rate from Eq(3.3>° was used to zero-mean the rate.

The dependence of ma3{) and maxC;) on § are shown in IV. CONCLUSIONS AND IMPLICATIONS

Fig. 3. An enhancement is clearly observed, although itis not In this study, we showed that the conventional SR effect

as dramatic as the enhancement for signal-modulated noiger aperiodic signals in a model neuron can be enhanced by

shown in Fig. 2. Deviations from linearity are likely due to modulating the input noise intensity with either the input

the higher-order corrections not considered. signal or the unit's output rate signal. As noted earlier, this
The results do not change significantly if there are timeeffect may be biologically relevant, i.e., it may be exploited

delays in the noise modulation, provided the delays arén certain neurophysiological sensory systéfsikewise,

smaller than the correlation time of the input signal. Con-this effect could be incorporated into the design of signal-

sider the situation where the noise is modulated by  detection devices and techniques. For instance, it has been

max Cq)=Q exd —1]S%(t)(A+ )/ 6, (3.14

-1/2
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