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Control of chaos in excitable physiological systems: A geometric analysis
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Model-independent chaos control techniques are inherently well-suited for the control of
physiological systems for which quantitative system models are unavailable. The proportional
perturbation feedback~PPF! control paradigm, which uses electrical stimulation to perturb directly
the controlled system variable~e.g., the interbeat or interspike interval!, was developed for excitable
physiological systems that do not have an easily accessible system parameter. We develop the stable
manifold placement~SMP! technique, a PPF-type technique which is simpler and more robust than
the original PPF control algorithm. We use the SMP technique to control a simple geometric model
of a chaotic system in the neighborhood of an unstable periodic orbit~UPO!. We show that while
the SMP technique can control a chaotic system that has UPO dynamics which are characterized by
one stable manifold and one unstable manifold, the success of the SMP technique is sensitive to
UPO parameter estimation errors. ©1997 American Institute of Physics.
@S1054-1500~97!00504-1#
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Deterministic chaos is characterized by dynamical behav-
ior that appears to be random but actually is governed by
a nonlinear deterministic system. Although chaos is un-
predictable over long time periods, its deterministic na-
ture often can be exploited by control techniques to ob-
tain desired results. Chaos control techniques, which are
‘‘model-independent’’ because they do not require
knowledge of a system’s underlying equations, have bee
applied successfully to a wide range of physical systems
Such success has fostered interest in applying mode
independent control techniques to stabilize the fluctua-
tions of excitable physiological systems, which are often
well-understood qualitatively, but for which quantitative
relationships between system components are usually in
complete. In this study, we use a geometric modeling
analysis to demonstrate that model-independent control
of excitable physiological systems is, in fact, dynamically
feasible.

I. INTRODUCTION

Recent advances in the understanding of the dynam
mechanisms of physiological systems1–6 have fostered inter-
est in exploiting such mechanisms to control system beh
ior. Well-established model-based feedback control te
niques utilize a system’s governing equations~i.e., an
analytical system model! to control the dynamics of a
system.7 Unfortunately, although many physiological sy
tems are well-understood qualitatively, quantitative relatio
ships between physiological system components are usu
incomplete. Thus, because accurate analytical models ca
be developed for such systems, model-based control t
niques are generally not applicable in physiological settin
Fortunately, for nonlinear dynamical systems, there is a n
class of feedback control techniques, typically calledchaos
control techniques, that are model-independent, i.e., they
not require explicit knowledge of a system’s underlyi
Chaos 7 (4), 1997 1054-1500/97/7(4)/544/6/$10.00

ownloaded 19 Jul 2004 to 128.197.51.134. Redistribution subject to AIP lic
al

v-
-

-
lly
not
h-
s.
w

o

equations. Model-independent techniques extract neces
quantitative information from system observations and th
use this extracted information to exploit the system’s inh
ent dynamics to achieve a desired control result. Thus, th
techniques are inherently well-suited for the control of phy
ological systems. Here we use a geometric modeling anal
to examine the effectiveness of chaos control techniques
stabilizing excitable physiological systems.

II. OGY CHAOS CONTROL

In the seminal work in the area of model-independe
feedback control, Ott, Grebogi, and Yorke~OGY!8 devel-
oped a control technique for chaotic dynamical systems.
OGY technique is based on the fact that the state pointj of
a chaotic system fluctuates continuously as it moves betw
infinitely many unstable periodic orbits~UPOs! embedded
within the geometrically-finite state space known as the c
otic attractor. The goal of the OGY control technique is
stabilize the state point within one of these UPOs.

The OGY technique~see Fig. 1! exploits the fact thatj
always approaches the UPOj* 5@x* ,x* #T ~where super-
script T denotes transpose and@x* ,x* #T is a 231 column
vector! along a characteristic path~the stable manifold! and
departs fromj* along a different characteristic path~the
unstable manifold!. Although the system is nonlinear, th
stable and unstable manifolds are linear in the neighborh
of j* , where they can be approximated by the vectorses and
eu , respectively. Oncej wanders into the neighborhood o
the desired UPO~which is guaranteed because the chao
attractor is ergodic!, the OGY technique perturbs an acce
sible system parameterp by an amountdp such thatj* , es ,
andeu are shifted toĵ* , ês , andêu , respectively. The result
ant attracting force~due toês) and repelling force~due toêu)
move the state point from its current positionjn to its next
position jn11. At the end of the current control cycle~i.e.,
whenx is re-iterated andp is returned to its initial value!, the
544© 1997 American Institute of Physics
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UPO and manifolds return to their original locations (j* , es ,
andeu). The key to the OGY technique is thatdp is selected
such that the relocated state pointjn11 lies ones . Following
the control perturbation, the state point is subsequently
tracted towardsj* via the stable manifold. Control is re
peated at every iteration to preventjn from drifting away
from j* . Thus, the OGY parameter perturbations constr
the system’s state point within the locally-linear UPO neig
borhood by exploiting dynamics inherent to that UPO~spe-
cifically, the attracting property of the stable manifold!. Im-
portantly, j* , es , eu , and g are all estimated from pas
observations of the system. Thus, the OGY technique
practical from an experimental standpoint because it requ
no analytical model of the system.

III. PPF-TYPE CONTROL OF EXCITABLE
PHYSIOLOGICAL SYSTEMS

The OGY technique, and other similar mode
independent chaos control techniques, have been applied
wide range of physical systems, including magneto-ela
ribbons,9 electronic circuits,10 lasers,11 chemical reactions,12

driven single pendulums,13,14 and a driven double
pendulum.15 The success of chaos control in stabilizin
physical systems has fostered interest in applying these t
niques to excitable physiological systems.16–22 In the first
such application, Garfinkelet al.16 stabilized irregular car-
diac rhythms in tissue from the interventricular septum o
rabbit heart. Unlike the physical systems controlled by

FIG. 1. Geometric depiction of the OGY control technique. A perturbat
made to an accessible parameter shifts the UPO33 j* and its stable (es) and

unstable (eu) manifolds toĵ* , ês , and êu , respectively. The resultant at

tracting force~due toês) and repelling force~due toêu) move the state point
from its current positionjn to its next positionjn11. At the end of the
control perturbation~i.e., when the parameter is returned to its initial valu!,
the UPO and manifolds return to their original locations, after which
state pointjn11 is located ones . The state point is subsequently attract
towardsj* via the stable manifold.
Chaos, Vol. 7,
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OGY technique, no system parameter was readily-access
for perturbation in the rabbit heart system. Garfinkelet al.16

therefore developed a technique known asproportional per-
turbation feedback~PPF! control, which is a modification of
the original OGY technique. With PPF control, perturbatio
are made directly to the controlled system variablex @where
x is an interbeat~cardiac! or interspike~neuronal! interval#,
rather than to a system parameter.23,24

PPF control attempts to force the system’s state po
towards the UPO by placing it directly onto the stable ma
fold. This goal is accomplished by inducing premature be
via suprathreshold electrical stimulation, thereby shorten
the expected value ofx to a value which places it onto th
stable manifold. The state point is subsequently attracted
wards the UPO via the stable manifold. It is important
note that because suprathreshold electrical stimuli ind
premature firings in excitable physiological systems~e.g.,
cardiac cells and neurons!, control of this type cannot
lengthenx. Thus, control stimuli can only be applied prior t
long intervals.

In addition to the fact that the PPF control techniq
applies perturbations to the variable under control rather t
to a system parameter, two other important differences
the frequency and size of perturbations — exist between
OGY and PPF control techniques. The OGY control tec
nique exploits the exponential sensitivity of chaos to init
conditions by using only small perturbations to stabilize t
desired UPO. However, because the exponential sensit
causes rapid departure from the UPO, OGY perturbati
must be applied at each Poincare´-map intersection to keep
the system’s state point from escaping from the UPO nei
borhood. Similarly, the PPF control technique could, in pr
ciple, use frequent small perturbations~as often as every
other beat!25 to constrain the chaotic intervals within a sma
neighborhood around the UPO. However, such an appro
is not ideal from a physiological perspective because a la
percentage of action potentials would be stimulus-indu
rather than spontaneous. Furthermore, such an appr
would offer little perturbation-frequency improvement ov
traditional pacing techniques, such as demand pacin26

which do not attempt to exploit underlying system dynam
and therefore require frequent stimuli to achieve a des
control result. Thus, the preferable PPF-control approac
to allow the system’s state point to wander away from
UPO along the unstable manifold until it reaches a maxim
allowable distance~the control threshold! from the UPO.
Once it crosses the control threshold, a PPF-interval per
bation ~one which is large in comparison to the scale
perturbations required by OGY control! is introduced to
force the state point onto the stable manifold. With this a
proach, PPF control uses relatively large, but infrequent, p
turbations.

A. The PPF control technique

To place the system’s state point onto the stable ma
fold of a UPO, the PPF control technique requires sev
steps. Initially, the algorithm must estimate~from pre-
No. 4, 1997
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recorded data!: 1… The UPOj* ~see Refs. 27–30 for UPO
estimation methods and related techniques!, 2… the stable
manifold es , 3… the unstable manifoldeu , and4… the sensi-
tivity of the UPO to perturbations:

g5dj* /dx. ~1!

Then, at each control intervention@depicted geometrically in
Fig. 2~a!#, the algorithm must:5… Predict the next system
value x̂n11 from xn as:

x̂n115lu~xn2x* !1x* , ~2!

wherelu is the eigenvalue of the unstable manifoldeu , 6…

computedx, the difference between the predicted next s
tem valuex̂n11, and the desired next system valuexn11 ~lo-
cated on the stable manifold! as:

dx5S lu

lu21D S 1

g•fu
D ~jn2j* !•fu , ~3!

where fu is the unstable contravariant eigenvector given
fu•eu51 and fu•es50, and 7… determine the intervention
~i.e., stimulation! time as:

xn115 x̂n111dx. ~4!

Note that becauseg andeu are estimated quantities, the com
putation ofdx by Eq. ~3! does not guarantee thatjn11 will
be placed directly ontoes via Eq. ~4!.

B. The SMP control technique

Here, we introduce an alternative to PPF control, cal
stable manifold placement~SMP!. We will refer to the SMP
and PPF control techniques as PPF-type control techniq
because both techniques place the system’s state point
the stable manifold of the desired UPO by delivering a p
turbation directly to the variable under control. While PP
control uses an OGY-based method for determining the
tervention time, SMP control simply computes the desi
intervention time directly from the algebraic equation of t
stable manifold. Initially, SMP control must estimate~from
pre-recorded data!: 1… The UPOj* , and2… the stable mani-
fold es . Then, at each control intervention@depicted geo-
metrically in Fig. 2~b!#, the algorithm only must:3… Deter-
mine the intervention~i.e., stimulation! time:

xn115ls~xn2x* !1x* , ~5!

wherels is the eigenvalue of the stable manifoldes . Note
that, as shown in Figs. 2~a! and~b!, the intervention times for
PPF control@Eq. ~4!# and SMP control@Eq. ~5!# are, in prin-
ciple, the same. However, because SMP control does not
on estimation ofeu or g, it guarantees~unlike PPF control!
that jn11 is always computed such that it will be place
directly onto the estimated stable manifoldes . ~With PPF
control, estimation errors ineu or g can lead to intervention
time errors.! Furthermore, the SMP technique requires on
two estimations (j* and es), compared to the four estima
tions (j* , es , eu , and g) required by the PPF technique
Thus, SMP control is more robust~because it guarantees th
Chaos, Vol. 7,
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jn11 is always placed directly ontoes) and less computation
ally intensive ~because it requires the estimation of few
system quantities! than PPF control.

IV. THE DYNAMICS OF PPF-TYPE CONTROL

In addition to the arrhythmic rabbit heart study,16 the
PPF control technique has been used to control irregular

FIG. 2. Geometric depiction of~a! the control perturbationdx required to
placejn11 onto the estimated stable manifoldes using the PPF technique
and~b! direct placement ofjn11 onto the estimated stable manifoldes using
the SMP technique. Provided that the PPF technique correctly estimag
andeu , the position ofjn11 will be identical for the two techniques. Note
that in~b!, the unstable manifoldeu is shown as a dotted line because neith
eu nor jn11 is estimated by the SMP technique.
No. 4, 1997
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terspike intervals~ISIs! from rat hippocampal neurona
networks17 and the FitzHugh-Nagumo neuronal model.18 A
shortcoming of these previous studies16–18 is that no distinc-
tion was made~in figures depicting control trials! between
spontaneous action potentials and those induced via co
stimulation. The lack of such a distinction eliminates t
possibility of viewing the dynamical results of individua
control perturbations, e.g., observing whether a perturba
is followed by the expected stable manifold approach to
UPO. Without such a distinction, it is impossible to dete
mine whether ‘successful’ control is the result of the P
control technique:1… Accomplishing its goal of utilizing sys-
tem dynamics,2… over-stimulating the system such that mo
~or all! of the action potentials were stimulus-induced~simi-
lar to traditional pacing techniques!, or 3… modifying the sys-
tem dynamics in a manner that lead to interval regulari
tion. A recent study,31 which showed that successful contr
~i.e., stabilization of fluctuations about a nominal interv
length! could be achieved with demand pacing of stochas
as well as deterministic, integrate-and-fire systems, lends
ther support to the contention that analysis of the dynam
results of individual control perturbations is essential.

To examine the expected dynamics of PPF-type cont
we applied SMP control to a simple geometric model o
chaotic system in the linear neighborhood of the UPO. T
model represents the system’s state point once it has en
into the linear neighborhood of a given UPO, and thus is
valid for regions of the attractor outside of that neighb
hood. Nevertheless, because chaos control techniques ar
signed for control only within the linear UPO neighborhoo
this model is appropriate for the purpose of observing P
type control dynamics. In this model, the system’s state p
is defined as:

jn5@xn21 ,xn#T. ~6!

We used the SMP control technique to constrainjn within
the linear control region around the period-1 UPOj* , which
is characterized by one stable manifold (es , with eigenvalue
ls) and one unstable manifold (eu , with eigenvaluelu).
Such dynamics are similar to those reported in the exp
mental applications of PPF control.16,17 This geometric
model provides the freedom to vary the UPO location a
the manifold eigenvalues, and therefore enables one to
the effectiveness of the control technique for varying syst
dynamics. With this model, the next system valuexn11 is
mapped from the current system valuexn according to the
equation of an ‘‘effective’’ manifold (eeff , with eigenvalue
leff):

xn115leff~xn2x* !1x* 1zn , ~7!

wherezn is an iterate of a Gaussian white-noise time ser
with zero mean and standard deviationsz , andleff is given
by:

leff5
blu1als

a1b
, ~8!

wherea, as depicted in the schematic of Fig. 3, is the E
clidean distance betweenjn andeu , andb is the Euclidean
Chaos, Vol. 7,
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distance betweenjn andes . The use of such an ‘‘effective’’
manifold to map the state point makes the assumption
the stable and unstable manifolds exert attracting and re
ling forces, respectively, onjn that are proportional to thei
distances fromjn .32 Note that if jn lies on the stable or
unstable manifold, then the mapping of Eq.~7! is simply the
algebraic equation of the stable or unstable manifold. Ifjn

lies betweenes and eu , as depicted in Fig. 3, theneeff @as
computed via Eq.~8!# will not necessarily pass throughjn

@as in the case depicted in Fig. 3#.
For this study, the state point was chosen to start a

random location on the unstable manifold near the UP
Thus, the mapping of Eq.~7! initially dictated that the state
point march away from the UPO at the exponential ratelu .
The state point was permitted to progress outward along
unstable manifold untiljn moved below the control thresh
old, whereupon an SMP control perturbation was appli
This control perturbation placed the next state pointjn11

onto the stable manifold according to Eq.~5!. From that
point, the mapping of Eq.~7! pulled jn toward j* via the
stable manifold until the additive noisezn caused Eq.~7! to
repel the state point fromj* via the unstable manifold
When the state point crossed the control threshold agai
was pulled back onto the stable manifold with an SMP p
turbation.

Figure 4~a! shows the first-return map of the first 2
points of a trial with ls520.25, lu521.5, sz50.0005,
and j* 5@0.500,0.500#T. Figure 4~a! shows that the state
point marched away~on alternate sides! from j* along eu .
When the state point moved below the control threshold,
SMP control intervention that placed the next state po

FIG. 3. Schematic first-return map showing the effective manifoldeeff for a
given state pointjn as modeled in the linear neighborhood of a UPO.a is
the Euclidean distance betweenjn andeu , andb is the Euclidean distance
betweenjn andes .
No. 4, 1997
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onto ês was applied. The state point then progressed tow
j* until it was repelled via the unstable manifold. This pa
tern was repeated indefinitely, with quantitative differenc
between interventions resulting from the additive noisezn .
The time-domain depiction of the first 50 points of this s
quence is shown in Fig. 4~b!. In this depiction, the alternat-
ing, exponential divergence fromj* along the unstable
manifold, followed by an SMP perturbation-induced a
proach toj* along the stable manifold, can be clearly see
This dynamical pattern is the expected result of succes
PPF-type control.

Figure 5 ~where ls520.25, lu521.5, sz50.0005,
andj* 5@0.500,0.500#T) illustrates an example of the effect
of finite estimation errors, which are invariably associat
with experimental preparations. In this example, the re
stable manifoldes and the real UPOj* were misestimated as
ẽs and j̃* 5@ x̃* , x̃* #T5@0.505,0.505#T, respectively. Be-
cause of the misestimation, the SMP control perturbatio

FIG. 4. Geometric depiction of SMP control of a chaotic system in t
linear control region around a UPOj* , which is characterized by a stable
manifold es ~with stable eigenvaluels520.25) and an unstable manifold
eu ~with unstable eigenvaluelu521.5). The system is iterated according t
Eq. ~7! with sz50.0005, andj* 5@0.500,0.500#T. An SMP perturbation
@according to Eq.~5!# was introduced wheneverxn crossed below the con-
trol threshold (x50.49).~a! Shows the first-return map of the first 25 inter
vals xn of the iterated sequence.~b! Shows the time-domain progression o
the first 50 intervals, with SMP perturbation-induced pulses annotated
solid squares.
Chaos, Vol. 7,
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were determined by substitutingx̃* for x* in Eq. ~5! such
that:

xn115ls~xn2 x̃* !1 x̃* . ~9!

In Fig. 5~a! it can be seen that the SMP perturbations plac
the state point onto the misestimated stable manifoldẽs .
After each perturbation, the state point obeyed the ‘‘rea
mapping of Eq.~7! ~i.e., obeyinges and j* , rather thanẽs

and j̃* ) until it crossed the control threshold and the ne
SMP perturbation was applied. Due to the misestimation,
state point never approached the UPO as in the ‘‘success
trial depicted in Fig. 4. In fact, the system was controlled
a ‘quasi’ period-4 rhythm, in which the state point jumpe
sequentially from regions 1→2→3→4 @shown in Fig. 5~a!#.
This behavior can be seen in the time-domain depiction

y

FIG. 5. Geometric depiction of SMP control of a chaotic system in
linear control region around a UPOj* , which is characterized by a stabl
manifold es ~with stable eigenvaluels520.25) and an unstable manifold
eu ~with unstable eigenvaluelu521.5). The system is iterated according
Eq. ~7! with sz50.0005, andj* 5@0.500,0.500#T. In this trial, the real

stable manifoldes and the real UPOj* were misestimated asẽs and j̃*

5@ x̃* , x̃* #T5@0.505,0.505#T, respectively. An SMP perturbation@accord-
ing to Eq. ~9!# was introduced wheneverxn crossed below the contro
threshold (x50.49). ~a! Shows the first-return map of the first 25 interva
xn of the iterated sequence. The system was controlled in a ‘quasi’ peri
rhythm, in which the state point jumped sequentially from regio
1→2→3→4. ~b! Shows the time-domain progression of the first 50 inte
vals, with SMP perturbation-induced pulses annotated by solid squares
No. 4, 1997
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Fig. 5~b!. Additionally, because of the misestimation, mo
frequent control perturbations were required, compared w
the ‘‘successful’’ trial depicted in Fig. 4. The resulta
period-4 rhythm is similar to the low-order periods th
Garfinkelet al.16 obtained when controlling the irregular rab
bit heart tissue. Thus, it is possible that the inability
achieve tight period-1 control in the rabbit heart cont
experiments16 may have been the result of small misestim
tions of the UPO dynamics.

V. CONCLUSIONS

Here we have shown that the SMP technique can be u
to stabilize a system that has UPO dynamics that are cha
terized by one stable manifold and one unstable manif
Figures 4 and 5 depict the dynamical results of PPF-t
control for such a system. These figures demonstrate tha
distinction is made between spontaneous and induced a
potentials, there is little ambiguity as to the effectiveness
the control. Additionally, such a presentation of results c
be used to illuminate the cause of control failure~as seen in
Fig. 5!. If the spontaneous and induced firings were diff
entiated in the three prior applications of PPF control,16–18

some of the controversy18,19 surrounding these studies ma
have been avoided. Thus, such a distinction should be m
in all future applications of PPF-type control.

There is experimental evidence that model-independ
control techniques can be used to eliminate pathological
diac rhythms.16,22 Given the results of the present study a
prior experimental applications of PPF control, it may
possible to use PPF-type control techniques to elimin
pathological rhythms in a clinical setting. However, impo
tant questions regarding the physiological feasibility of PP
type control must first be addressed. One issue18,19is whether
excitable physiological systems are actually characterized
UPOs with one stable manifold and one unstable manif
~as required by PPF-type control!. Another issue is whethe
the control stimulus significantly modifies the UPO dyna
ics, i.e., more than simply placing the state point onto
stable manifold. PPF-type control requires that the state p
obey the dynamics of the stable manifold once it is plac
onto that stable manifold. Thus, it is assumed that the p
turbation has no residual effects, i.e., the state point beh
as if it arrived on the stable manifold naturally. As me
tioned earlier,25 although a suprathreshold PPF-type stimu
can be a small perturbation tox, the stimulus is a large per
turbation to the excitable-system dynamics. Because of
fact, it is not clear that the system dynamics will instan
neously return to those of the unperturbed system~such that
the system’s state point will obey the dynamics of the sta
manifold! after a PPF-type control perturbation. Further
vestigation is needed to address these issues and dete
whether or not the dynamics of successful PPF-type con
as demonstrated in this modeling study, are physiologic
feasible.
Chaos, Vol. 7,
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